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The Short Bearing Approximation for 
Plain Journal Bearings 


By G. B. DuBOIS! ano F. W. OCVIRK,' ITHACA, N. Y. 


A method of analysis of short plain journal bearings is 
presented which eliminates the need of leakage factors and 
makes use of charts which have both analytical and experi- 
mental support. Eccentricity ratio, oil-film thickness, 
peak pressure, friction, and oil flow are obtainable for a 
given temperature. A method of estimating a maximum 
bearing operating temperature is suggested. Methods 
of evaluating the effect of elastic deflection and misalign- 
ment are alsoincluded. A method of determining a factor 
of safety is explained. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


cq = diametral bearing clearance, in. 
c,/D = clearance ratio, in/in. of diam 
radial clearance = c,/2, in. 


uN’ (2) ( L y 
ni er = = 
capacity numb my, D 


2 
D 
load number = (? 


uN’ D 


inlet oil-pressure number = — 


bearing diameter, in. 

eccentricity, in. 

minimum oil-film thickness at point of closest ap- 
proach if shaft and bearing are parallel Amin = 
c, —e = c, (1 — n), in. 

peak pressure ratio in oil film, k = Pmax/p 

bearing length, in. 

length-diameter ratio 

eccentricity ratio = e/e, 

rotative speed, rpm 

rotative speed, rps 

unit pressure on projected area p = P/LD, psi 

inlet oil pressure, psi 

total load. lb 

oil-flow factor from Fig. 5 

oil flow, 


Q = DLe,N'n)/2, cu in/sec 


T = friction torque 
stationary element, T = 7o(7/T»), lb-in. 
rotating element = 7 + Pe,nhor, lb-in. 
(nhor from Fig. 2) 
T» = friction torque at no load and zero eccentricity, |b-in. 


To = (Petroff) 


1 NACA Plain Bearing Research Project, Machine Design Labora- 
tories, Sibley School of Mechanical Engineering, Cornell University. 

Contributed by the Research Committee on Lubrication under the 
auspices of the Lubrication Activity and presented at the first annual 
ASME-ASLE Lubrication Conference, Baltimore, Md., October 
18-20, 1954, of Tue American Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuseript received at ASME Headquarters, July 
28,1954. Paper No. 54—Lub-5. 
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T/T» = friction ratio from Fig. 4 
Z = viscosity in centipoises, dyne sec /em? 
M = viscosity in revns, lb sec /in.? 
@ = attitude angle from Fig. 2, deg 


INTRODUCTION 


The following describes a method of analysis of plain journal 
bearings based on the “short bearing approximation”? with em- 
phasis on the use of the charts rather than on the research meth- 
ods by which they were obtained. The charts are based on data 
and curves in two technical notes (1, 2)? published by the Na- 
tional Advisory Committee for Aeronautics which sponsored a 
research project conducted by the authors in the Machine De- 
sign Laboratory at the School of Mechanical Engineering at 
Cornell University. The charts have been replotted in reciprocal 
form to facilitate their use. The charts show the basic perform- 
ance of the oil film in the hydrodynamic sense. Variation of 
clearances in manufacture, elastic deflection, and temperature 
reduction of viscosity may cause marginal film thickness which 
can be evaluated numerically by the use of the chart information. 
Practical considerations such as conformability of the bearing 
material become important. One of the objects of this paper is to 
obtain wider use of the charts in order to gain experience in inter- 
preting practical operating limits of the basic variables involved. 

Background of the Load Number. The charts are plotted against 
a basic variable, the load number, and a brief explanation of its 
origin may be of interest. Perhaps the oldest variable is ZN /p 
where Z is viscosity 1n centipoises. This variable is useful for a 
given bearing, but changing the clearance and length-diameter 
ratio moves the line. In the Sommerfeld number, the ZN/p 
variable is multiplied by the clearance ratio term (D/c,)*. In the 
load number, a second modification consists in multiplying by 
the length-diameter ratio term (L/D)? as shown in Figs. 3 and 4. 
In both the Sommerfeld number and load number, viscosity yu is 
given in reyn, the English equivalent of the metric centipoise. 

The determination of the Sommerfeld number uN’/p (D/c,)* 
was based on a solution of the Reynolds equation obtained by 
A. Sommerfeld (3) in 1904, in which the term related to the endwise 
flow of oil in the bearing was neglected in order to permit an 
integration. The Sommerfeld number theoretically applies 
best to a bearing of imfinite axial length where the endwise flow 
of oil out of the ends of the bearing is negligible. The usefulness 
of the Sommerfeld number as a variable for plotting experimental 
data has become widely recognized. 

The possibility of a second solution which would include the 
endwise oil flow and which would apply best to narrow bearings 
was suggested by Michell (4) as early as 1929, but was little 
appreciated because it was thought that this solution neglected 
the entire circumferential oil flow. It was not until 1950, when 
it was found that dropping the other term in the Reynolds equa- 
tion retained a considerable part of the circumferential flow, that 
this solution was completely worked out. This solution is 
called the short bearing approximation (1) and includes 
the endwise flow, and that part of the circumferential flow due 


2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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to rotation and film thickness, neglecting only that part of the 
circumferential flow due to the effect of the pressure gradient 
on the circumferential oil flow. The relative effect of the term 
neglected in the short bearing approximation is minimized in 
narrow bearings, and the short bearing approximation is there- 
fore especially useful in modern practice where the length to 
diameter ratio is 1 or less. This solution supplements the Som- 
merfeld solution in the narrow bearing range, and the two may 
be considered as two halves of the same type of solution. How 
ever, the short bearing approximation omits the negative half 
of the mathematical pressure distribution in the oil film which 
does not appear to exist experimentally. 

Experimental data taken at Cornell University (2) on bear- 
ings of L/D of '/s, '/2, and 1 show reasonable agreement with 
the analytical curves of the short bearing approximation, as 
shown in Figs. 2, 3, and 4. 

The Load Number. The short bearing approximation re- 
quires the inclusion of a length-diameter ratio term L/D, in the 
Sommerfeld number S, to give the capacity number C, = 
S (L/D)*, For use as a parameter for plotting curves, the re- 
ciprocal 1/C, has the advantage of expanding the important 
heavy load region and making the load increase to the right. 
The load number is derived analytically in the following form by 
the short bearing approximation 


P \ea D Tn (1 —n*) + 16n? | 


load number = (%) (2) 


As shown by the experimental data on eccentricity ratio in 
Fig. 3, the experimental curve falls slightly above the analyti- 
cal curve as it should theoretically. The experimental data for 
L/D of '/,, 1/2, and 1 considered individually are practically indis- 
tinguishable. The spread of the data is reasonable considering 
the experimental difficulties involved. 

Effect of Bearing Clearance. In the load number the bearing- 
clearance term is squared, so that small variations of the clear- 
ance have a considerable effect on the result. In experimental 
work it is difficult to obtain a bearing surface which does not 
depart from a true cylinder when measured with precision meth- 
ods, and it is also difficult to estimate the effect of differential 
thermal expansion on the actua! bearing clearance under oper- 
ating conditions. This becomes especially important if the bear- 
ing is made of aluminum or other metal which has a higher rate 
of expansion than the shaft. 

For a new design, some tolerance on the bearing clearance is 
necessary to facilitate production. In addition, some allowance 
for wear in service must be considered. For example, if the 
minimum clearance desired is 0.002 in. per in. of diameter, the 
tolerance might be 0.001, and the allowance for wear 0.001, mak- 
ing the maximum clearance ratio 0.004. This gives a two-to-one 
change in clearance ratio and results in a four-to-one change in the 
load number. To be safe, it is desirable to make calculations at 
both extremes of the clearance range, since the effects on tem- 
perature and oil flow are confusing. 


DEscRIPTION OF CURVES 


The following analysis and charts apply to plain bearings 
under a steady load, in the range of L/D of '/;, !/2, and 1, covered 
by the experimental data given in reference (2). 

Fig. 1 shows a diagram of a plain bearing with the bearing 
clearance exaggerated so that the eccentric displacement e 
of the shaft in the bearing clearance can be visualized. The 
basic variable is the eccentricity ratio n = e/c,. 
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Fie. 2 


In view A, Fig. 1, the eccentricity e is shown in relation to the 
clearance circle. When e reaches a value where n = 1.0, the 
shaft makes metallic contact with the bearing. 

Fig. 2 is an enlargement of view A in Fig. 1, showing experi- 
mental data in polar co-ordinates. The experimental displace- 
ments of the shaft center are grouped around the analytical curve 
of the short bearing approximation. The attitude angle of the 
shaft displacement can be determined from this curve if n is 
known. 

Fig. 3 shows the eccentricity ratio n plotted against the load 
number with experimental data shown for L/D of '/;, '/2, and 
1. If the bearing dimensions, the load, viscosity, and speed 
are known, a practical value of the eccentricity ratio can be ob- 
tained from the experimental line rather than the analytical 
curve. The data represent the displacement of a shaft which 
remains theoretically straight and parallel with the bearing. 
The eccentricity ratio at the end of a bearing is increased by 
elastic deflection or misalignment, and calculated corrections can 
be introduced. The curve in Fig. 3 of eccentricity ratio at the 
end of a bearing is illustrative only, since the amount of correc- 
tion depends on the conditions in a particular bearing. 

Fig. 4 shows the variation of the friction ratio T/T) with 
the load number. Multiplying this by the Petroff friction at no 
load 7), an equation for which is in the nomenclature, gives the 
friction torque on the stationary element, or in these experiments, 
the bearing friction. The friction torque on the rotating member, 
or journal, is larger than the bearing-friction torque, since it in- 
cludes the load couple caused by the load multiplied by the lateral 
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component of the eccentricity. The increase can be calculated 
as shown in the example by using Fig. 2 to convert the polar 
value of n to its horizontal component. It is the larger friction 
torque on the rotating element which generates heat and causes 
power loss. 

Fig. 5 gives an oil-flow factor to be multiplied by a calculated 
volumetric displacement of oil per second to obtain the estimated 
total oil flow from a pressure-lubricated bearing. The oil-flow 
factor is empirically obtained as shown in reference (2); the calcu- 
lated volumetric displacement is the analytical net oil-flow rate 
issuing from the loaded half of the bearing. On the basis of ex- 
perimental data from reference (2) and McKee (5), curves are 
shown for bearings with a single oil hole opposite the load and 
with an axial groove through the oil hole. 

Fig. 6 gives the analytical peak pressure in the oil film in rela- 
tion to the pressure on the projected area, with experimental 
data taken from reference (1) and McKee and McKee (6). 

Fig. 7 illustrates a heat-balance diagram which is of assistance 
in estimating the probable maximum oil-film temperature based 
on the heat-generated and heat-dissipated quantities calcu- 
lated from the friction and oil flow. 
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Figs. 8, 9, and 10 illustrate the effect of elastic deflection and 
misalignment on the eccentricity ratio at the ends of a bearing, 
where initial metallic contact theoretically originates. 


oF SOLUTION 


Bearing Temperature. The performance characteristics are 
directly obtainable if the operating temperature of the oil film is 
known. This is usually taken by « thermocouple imbedded in 
the bearing surface or by oil-out temperature before dilution. If 
the operating temperature is unknown, an estimate of the tem- 
perature can be made by calculating performance at two or more 
assumed temperatures, and drawing a heat-balance diagram as 
suggested in Fig. 7. The intersection point gives a maximum 
temperature assuming that heat losses other than to the oil flow 
are negligible. This approximates a maximum operating tem- 
perature under severe conditions in hot surroundings where con- 
duction, radiation, and convection cooling effects are small. 

In the absence of a known temperature, it is suggested that 
the upper and lower temperature limits be assumed, representing 
the desired or allowable operating range. The lower tempera- 
ture should be above the inlet oil temperature. Temperatures 
such as 100 and 180 deg F may be assumed using a columnar 
calculation form. The heat-balance diagram will indicate the 
location of a third trial. 

Bearing Clearance. Upper and lower limits of bearing clear- 
ance should include manufacturing tolerances, and an allowance 
for wear as discussed in the foregoing. It is the bearing clear- 
ance at running temperature that is desired, and if the bearing 
material has a different coefficient of expansion than the shaft, 
such as that of aluminum, an estimate of this effect should be in- 
cluded. These factors often cause a four-to-one range in the 
load number. Each change of clearance or temperature requires 
a new column of calculations. 

Sample Calculations. To illustrate the use of the charts, a 
numerical example will be given to show the steps in the analysis 
of a bearing at one assumed temperature and one clearance. 

Example: Calculate the performance of a bearing 2 in. diam, 
1'/: in. long, carrying 1800 lb load at 2400 rpm, with a diametral 
clearance of 0.002 to 0.003 in. To simplify the example, only 
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one set of calculations is shown for a clearance of 0.003 in. using 
SAE 20 oil at 180 F 


L = 1.5 in. D = 2in. L/D = */, 
cg = 0.003 in. c, = 0.0015 in. 
(c4/D)* = (0.003/2)? = 2.25 x 10-* 
N’ =40rps P = 1800lb p = 1800/2 X 1.5 = 600 psi 
. po = 40 psi oil-inlet pressure 
1 SAE 20 oil at 180 deg F, 12 centistokes 
2 Viscosity in centipoises 
= centistokes X specific gravity 
= 12 X 0.862 = 10.33 centipoises 
3 Viscosity in reyns 
= centipoises X 1.45 X 1077 
= 10.33 & 1.45 X 10-7 = 1.5 X 10~* reyns 


| 
4 num agi un’ \D L 


600 
1.5 X 40 X 107% 


(2.25 X 10~*) (1.78) = 40 


5 Eccentricity ratio from Fig. 3, n = 0.86 
6 Minimum oil-film thickness hmin 
(assuming shaft and bearing remain parallel) 
hmin = ¢, (1 — n) = 0.0015 (1 — 0.86) = 0.000210 in. 
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Friction torque at no load T 
To = 
= 9.87 (1.5 X 10~*) 40 (1.5) 28/0.003 = 2.36 lb-in. 
8 Friction ratio (7'/T>) from Fig. 4, 1.48 
9 Friction torque on stationary member, T bearing 
T rearing = To (T/To) = 2.36 (1.48) = 3.5 lb-in. 
Load couple = P c, (lateral component of n from Fig. 2 forn = 
0.86) 
= 1800 (0.0015) (0.35) = 0.95 Ib-in. 
Friction torque on rotating element, T'journsi 
T journa! = T pearing + P Mhor 
= 3.5 + 0.95 = 4.45 lb-in. 
Horsepower loss = 24 N’‘T'/550 X 12 
= 2740 (4.45)/550 X 12 = 0.17 hp 
11 Heat generated = hp X 42.4 
= 0.17 X 42.4 = 7.18 Btu/min 
Inlet oil-pressure number 1/C,, 
1/C,, = 1/C, (po/p) 
= 40 (40/600) = 2.67 
Oil-flow factor g from Fig. 5, 0.32 
Oil-flow rate Q 
Q = 
= 0.32 (r X 2 X 1.5 X 0.003 K 40 X 0.86)/2 = 
0.156 cu in/sec 
In lb/min = 0.156 X 60 X 0.36 X 0.862 = 0.29 Ib/min 
15 Heat removed by oil flow (assuming oil-inlet temperature 
of 120 F) 
H= we( tout — tin) 
= 0.29 (0.42) (180 — 120) = 7.3 Btu/min 
Since the heat removed by the oil flow (7.3) is larger than the 
heat generated (7.18), the bearing operating temperature will 
stabilize below 180 F. 
16 Peak pressure ratio k from Fig. 6, 4.05 
17 Peak pressure pmax 
Pmsx = kp = 4.05 X 600 = 2430 psi 


Heat-Balance Diagram. Fig. 7 illustrates a heat-balance 
diagram which can be constructed from the values of heat gener- 
ated and heat removed by the oil calculated in items 11 and 15. 
Values at three or more assumed temperatures are needed to 
establish the curved lines. After two points are computed, 
roughly sketched curves will indicate the approximate location 
of the intersection point to be used for the third calculation. 

In some cases data may be available for estimating the heat 
removed by conduction, convection, and radiation by reference 
to the heat-balance diagram on a previous application where the 
running temperature is known. The data given by Lasche (7) 
may be useful. The portion of the heat generated that is re- 
moved by the oil flow varies from zero in bearings having no oil 
flow to nearly 100 per cent in some applications in internal- 
combustion engines where the temperature of the surrounding 
walls approximates the bearing temperature. 

In severe applications in hot surroundings it may be accepta- 
ble to assume that all of the heat is removed by the oil flow. 
This gives a ‘“‘maximum”’ operating temperature that will be re- 
duced somewhat by any other heat transfer present. This 
assumption simplifies the heat-balance diagram and makes it a 
useful tool for analysis of bearing designs even if complete infor- 
mation is lacking. Unavoidable variations in bearing clearance 
have a marked effect on bearing temperature so that precise 
estimates are impractical. 

Oil Grooves. Fig. 5 includes a curve based on data published 
by McKee (5) indicating the increase in oil flow obtained by an 
axial oi] groove on the unloaded side. The groove increased the 
area for admission of oil, but was shorter than the bearing length 
to provide a seal to maintain oil pressure. The use of an axial oil 
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groove reduces the operating temperature by increasing the oil 
flow, as shown in Figs. 5 and 7. 


Discussion 


Oil Starvation. If the value of the oil-flow factor q is less than 
1, the inlet oil-flow rate is less than the theoretical volumetric 
displacement flow rate issuing from the 180 deg of the converg- 
ing wedge. This means either that the entering corners of the 
converging wedge are unfilled, or that some oil leaving the bear- 
ing returns to enter the diverging wedge by way of a bead of oil 
at the ends of the bearing. Partial starvation is evidently 
fairly common and causes only a small loss in load capacity since 
the empty entering areas contribute little to the oil-film pressure. 

Effect of Elastic Deflection and Misalignment. As illustrated 
in Fig. 8, the effect of shaft deflection may be either a curvature 
of the shaft within the bearing length, case a; or an angular 
misalignment, case b. In either case, the effect is to increase the 
eccentricity at the ends of the bearing as shown in Figs. 9 and 10. 
While this increase is numerically small, it represents an appre- 
ciable effect on the eccentricity of the shaft in the bearing clear- 
ance. The correction to be applied depends on the conditions 
of the particular application involved. 

If the shaft is deflected in an elastic curve but remains parallel 
with the bearing axis as in Fig. 9, the height of the deflection curve 
within the bearing length can be estimated. Assuming the de- 
flection curve is a fourth-order parabola, four-fifths of the height 
of the deflection curve gives the displacement from the average 
location of a straight line, which is that shown in Fig. 3. 

For the angular misalignment case as in Fig. 10, the slope of the 
deflection curve may be calculated, and the displacement in one 
half of the bearing length estimated. For both Fig. 9 and Fig. 
10, dividing the displacement by the radial clearance converts 
it to an increment of eccentricity ratio which then may be 
plotted in Fig. 3 as a point above the experimental line corre- 
sponding to the eccentricity ratio at the end of the bearing for 
that particular load and speed. 

This method may be unnecessarily severe, considering that 
soft bearing materials may run-in to conform with a steady de- 
flection curve. Also, in some cases, the deflection of the bearing 
mounting can be designed to counteract the deflection of the 
shaft. However, the deflection due to sudden increases in load 
evidently acts in this way. 

A series of points indicating the eccentricity at the ends of a 
bearing will form a line above the experimental curve as indi- 
cated in Fig. 3, and will intersect the top line where n = 1 at 
a finite-load number, whereas the analytical curve extends to in- 
finity. The intersection point with the top line is evidently 
related to the hook point commonly found on friction curves where 
metallic contact causes a sharp increase in friction. 

Safety Factor for Plain Bearings. The safety factor can be 
defined as the ratio of the load number at failure to the load num- 
ber under design conditions. The failure load number would be 
the load number at experimentally determined failure points. 
It also should be indicated in Fig. 3 by the intersection of the line 
indicating ‘eccentricity ratio at the ends of the bearing” with the 
top line of the chart where n = 1.0. The load number under 
design conditions can be determined without calculating deflec- 
tion. Usually the ncrmal maximum operating conditions would 
be chosen as the design point. 

As an example of the factor of safety, the master rod bearing of 
certain World War II radial engines experienced experimental 
failures on a centrifugal test machine at a failure load number of 
the order of 200. The bearing was preshaped to counteract shaft 
deflection similar to that shown in Fig. 9. With the design load 
number censidered to be about 60, this gives a factor of safety of 
200/60 or about 3.3. 


? 
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While the eccentricity ratio is the fundamental variable and 
could be used as a reference tool, an examination of Fig. 3 will 
show that a 50 per cent increase in the load number from 60 to 90 
corresponds to a change in eccentricity ratio from 0.90 to about 
0.93. 

The load number is suggested as a better reference number. 
It varies in direct proportion to the unit bearing load and may be 
considered as the unit load properly weighted so that a fair com- 
parison can be made between bearing applications. 

Load Number for L/D Above 1. In using the load number, it 
should be noted that the experimental data shown in the curves 
is limited to the range of L/D from '/, to 1. The range above 
L/D of 1 has been investigated recently as reported in reference 
(8) in which it is shown that Fig. 3 can be used to determine 
eccentricity ratios for L/D ratios between 1 and 2 by substituting 
1 for the (D/L)? in the load number. 

Friction Ratio Versus Friction Coefficient. The method of 
estimating bearing friction by multiplying the friction at no load 
by the friction ratio from Fig. 4 has the advantage of focusing 
attention on the items on which friction directly depends, includ- 
ing the cube of the diameter. A similar ratio, called the power- 
loss ratio 7, was presented by Wilcock and Rosenblatt (9) in 1952. 
The bearing friction varies only moderately with the load as 
shown by Fig. 4. The journal friction has a greater dependence 
on the load, since it equals the bearing friction plus the load 
couple. 

The friction shown analytically by the short bearing approxi- 
mation neglects the effect of the circumferential pressure gradient 
in the oil film, but this effect on bearing friction is evidently small 
as shown by the experimental data. Raising the oil-inlet pressure 
at light loads will increase the friction and the eccentricity con- 
siderably, as though a load were applied. 


CONCLUSIONS 


It is hoped that this discussion will encourage wider use of the 
basic variables suggested so that experience will be gained in 
interpreting practical operating limits. Upper limits of eccen- 
tricity ratio or load number cannot be suggested since these 
evidently must be guided by experience with successful appli- 
cations in service. However, the variables offer a rational method 
of comparison of existing experience. 
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Appendix 


The equations of the analytical curves shown in Figs. 2, 3, 4, 
and 6 are the following: 


1 — n?)'/2 
Fig. 2 tan = from reference (1) 
Fig. 3 Equation [1] reference (1) 
T F 1 
Fig T. Fo reference (10) 
sin Omax 
Fig. 6 
wees Gen? reference (1) 


where 


Discussion 


F. T. Barweu.* Everyone who has given serious considera- 
tion to the problem of making bearing theory available to de- 
signers in a usable form will be grateful to the authors for their 
exploration of the potentialities of the narrow bearing approxi- 
mation for this purpose. 

It is noted that the authors find it necessary to add the load 
couple to the estimated bearing-friction torque in order to arrive 
at a value for horsepower dissipated by the shaft. Clearly, this 
energy must be dissipated in the viscous action of the bearing 
film and there is something unsatisfying about a value obtained 
by adding the two components as though they were mutually 
independent. The difficulty is a direct consequence of the as- 
sumptions of the narrow bearing analysis in so far as the pressure- 
induced flow in the bearing film is neglected. As shown by Reyn- 
olds this has the effect of diminishing the viscous drag on the one 
member and increasing it on the other member. While the writer 
is entirely in agreement with the authors that the difference will 
be equivalent to the load couple, would it not be fairer to assume 
that the short bearing analysis gives a mean of the bearing and 
shaft torque? Would the authors agree that a closer approxi- 
mation to shaft torque would result if a quantity equivalent to 
half the load couple were added to the calculated bearing torque? 


Avtuors’ CLOSURE 


Mr. Barwell raises an interesting comment in regard to the re- 
lation of the friction torque on the rotating element, and on the 
stationary element, to the friction torque given by the short 
bearing approximation, which of necessity does not distinguish 
between the two, because of its fundamental assumption. This 
question has been studied in more detail and is reported in refer- 
ence (8). Experimental data obtained by other experimenters 
using four-bearing-type test machines indicate that the full value 
of the load couple should be added to the friction torque from Fig. 
4 to obtain the friction torque on the rotating element. Also, the 
points obtained by the relaxation method for the friction of the 
rotating element by Cameron and Wood at L/D of 1/4 '/2, and 1 
check almost exactly on the curve obtained by adding the load 
couple to the torque from Fig. 4, as described in the foregoing. 

We were also pleased with some experimental data on peak 
pressure ratio supporting the curve in Fig. 6, which were presented 
in an oral discussion of the paper by Dr. E. R. Booser of the Thom- 
son Laboratory of the General Electric Company, Lynn, Mass. 


3 Lubrication and Wear Division, Mechanical Engineering Re- 
search Laboratory, Thorntonhall, Glasgow, Scotland. 
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Studies in Lubrication—X 


The Complete Journal Bearing With Circumferential 
Oil Inlet 


By M. J. JACOBSON,' A. CHARNES,? ano E. SAIBEL* 


An approximate pressure solution is developed for the 
Reynolds equation for the case of the end-lubricated com- 
plete journal bearing. This solution is used to obtain ex- 
pressions for the load-carrying capacity, coefficient of 
friction, axial thrust, and rate of flow of lubricant. Finally, 
this solution is extended to the case of the circumferential 
oil inlet. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


6 = polar angle of bearing measured from point of 
maximum clearance 
axial variable measured from central axial section 


y = 
r = radius of journal 
R = radius of bearing 
2L = length of bearing 
c = R—r = radial clearance 
e = eccentricity 
n = e/c = attitude 
p = pressure 
U = linear velocity of journal periphery 
= viscosity 
INTRODUCTION 


The pressure distribution in the lubricating film of a finite jour- 
nal bearing and its operating characteristics have been found to be 
poorly described by the solution to the infinite bearing. For ex- 
ample, the theory of the infinite bearing can lead to values of the 
load capacity that err by more than 100 per cent on the optimistic 
side (1).4 Further, when side leakage is neglected, negative 
pressures are predicted in the film. For reasons such as these, the 
problem which is regarded as most important is the one which 
includes the effect of end flow. It is the object of the present 
paper to develop an approximate solution for the finite bearing 
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when the lubricant is introduced through an end or through a 
circumferential inlet. 

Following the approach of Charnes and Saibel (2), the basic 
assumption is made that the film thickness, which is expressed as a 
trigonometric function of the polar angle of the bearing, can be 
sufficiently well approximated by an exponential function of the 
polar angle. The pressure distribution is determined in a form 
which is essentially the sum of the solution to the corresponding in- 
finite bearing and a rapidly convergent series of Whittaker func- 
tions. The mathematical solution is valid over the entire range 
of values of the attitude. 


PRESSURE SOLUTION 


The Reynolds equation for the slider bearing (3), when ex- 
tended to the case of the journal bearing of finite length, becomes 


1 op re) op 6uU dh 

— — — — [ht —] = — —.... 

r? 00 ( oy ( cr dé 
where ch = c(1 + 7 cos @) is the thickness of the lubricating film, 
see Fig. 1. 
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Introducing the dimensionless variable w = y/r, this becomes 
re) op op 6uUr dh 
— h? — = — —...... 2 
The following boundary conditions are to be satisfied by p 


p(—t, w) = p(t, w) 


06 06 
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In Equations [5] and [6], w = L/r where 2L is the length of the 
bearing, and pp is the assumed constant pressure of the inflowing 
lubricant. Equations [3] and [4] assure the continuity of the 
pressure and its first derivative in the circumferential direction, 
while Equation [6] states that the pressure at the free end of the 
bearing is atmospheric. 

In order to remove the inhomogeneous term in Equation [2], 
set 


w) = P(O, w) + f(8) 
where f(@) satisfies the equation of the infinite length journal 
bearing 
ra + 7 cos 
and satisfies the boundary conditions 
S(—®) = f(r) and = 


6uUr d 


a 7 + 7 cos 8)... [8] 


The solution of Equation [8], subject to these conditions, is 


6uUrn 
+ 


where K isaconstant The function P(6, w) satisfies 


(2 + 7 cos sin 
(1 + 7 cos 6)? 


= 


re) oP re) oP 


and the boundary conditions 
P(—4, w) = P(x, w) 


oP(—1, w) oP(m, w) 
06 


= —f(8) + Po 
P(8, wo) = 


Approximating (1 + 7 cos @)* by the form de®” reduces Equation 
[10] to 


where the constant b is of necessity negative. We seek a solution 
of Equation [15] in the form of a series whose individual terms 
satisfy Equation [15] and are of the form 


w) = Q(0)W(w) 
Separating variables in the customary manner leads to 


and 


where we have set 0 = (—2b)~!/2z, a = \/2b, and \ isa constant 
to be determined. From Sturm-Liouville theory, it is known that 
Equation [18], with the boundary conditions to be applied here, 
possesses a sequence of solutions Q; corresponding to a sequence 
of real, non-negative eigenvalues \,* (4). For A; = 0, the solu- 
tions of Equations [17] and [18] are, respectively 
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W, = A, cosh (A,w) + B; sinh (A,w) 


Q; = + <2) 


where A,, B,, C;, and D; are constants, and O, and E, are given by 
(5) 


(a; + 1a, + 3)... (a, + 1) 
O(z)=2+ >> (Qn +! 


n=l 


and 


E,(z) — a,(a; 2) + (a; +2 —3) [22] 


(2n)! 


For r; = Xo = 
We = Ao + Bw 


and 
x? 
= 
e? + Do 
where Ao, Bo, Co, and Dy are constants We require that each Q, 
satisfy 


[25] 
and 


dQ; 


dz 


_ 
dz | 


where a = (—2b)'/*x, in order that the conditions expressed by 
Equations [11] and [12] be met by our solution. Noting that O; 
and E£; are odd and even functions of z, respectively, we have 
from Equations [20], [25], and [26] for i * 0 that 


= 0 


and D,E;'(a) = 0 
Since f(@) is an odd function, Equations [13] and [14] require that 
P be an odd function at w = +w» and an odd function plus a 
constant atw = —wo. If C; = 0, then P is an even function of z 
so that, from Equation [27], we require 


Similarly, 0P/dz must be an even function of z for w = +a. 
Since E,'(z) is odd, we have from Equation [28] that D; = 0. 
Equation [29] may be solved for the eigenvalues A,* by evaluating 
O, in Equation [21] at z = a, rewriting as a series in increasing 
powers of a,, and successively applying Whittaker’s formula (6) 
for the root having the smallest value. It can be shown (7) that, 
for n sufficiently large, , is approximately n/2. When Equa- 
tions [25] and [26] are applied to Equation [24], it is found that 
Qo = Do. If we absorb the constant Dy into A» and By and absorb 
C;, into A, and B,, then the function P takes the form 


P = Ay + Bw + > O,(z)[A, cosh (Aww) + B; sinh (A,w)) 


i=l 


The constants Ao, By, A;, and B; will now be determined by em- 
ploying Equations [13] and [14]. It can be shown that the Q; are 
orthogonal with respect to the weighting function e~**/? over the 
interval (—a, a); that is 


My 

............. . (20) 

2n+1 

|_| 

%| 

an 

oP 

062 dw? 06 

= 0.................. [17] 

= 


= 0 for alli #j......... [31] 
Further, from Equations [18] and [26] 
f * =0 forj 0........... [32] 


Equation [13] states that 


Ay — + O(2) + O,(2)[A, cosh 
i=l 
— B, sinh (A,we)] = po. . [33] 
while Equation [14] gives 


Ay + + + 0,(2)[A, cosh (A,wo) 
t=1 
+ B, sinh (A,wo)] = 0. . [34] 


where O(z) denotes the trigonometric term in Equation [9]. The 
constant K in Equation [9] has been incorporated into A». If we 
multiply Equations [33] and [34] by e~7’/?, integrate over 
(—a, a), and apply Equation [32], then the following two equa- 
tions are obtained 


and 


Similarly, if we multiply Equations [33] and [34] by e~**/20(z), 
integrate over (—a, a), and make use of Equations [31] and [32], 
then 


+ (A, cosh (Awe) — Be sinh 


f = 0......1371 
and 
f + [Ay cosh + By sinh 

f = 0......[38) 


Adding and subtracting Equations [35] and [36] gives 


and 


and 


From Equations [7], [9], [30], and the four results of Equa- 
tions [39] to [42], the following expression is obtained for the 
pressure distribution 


p= (ay —w) + Oz) + Ay cosh [43] 


It should be mentioned that the power-series representation for 
the O;, Equation [21], converges slowly for large values of z. If it 
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is noted that O; is related to the Whittaker M function (7) by 


3 x? 
Ofz) = 1 1 (+) [44] 
2 


then a rapidly convergent expansion of the Whittaker function in 
terms of tabulated Bessel functions may be employed (7) to give 


a; 
(—1)M1 +m(1— ‘) 
= : sFeli+n (=) 


3 
where ;F: is a hypergeometric function defined by 


and the terms in Equations [45] and [46] with n or p subscripts 
are defined by 


(rT) = 1 
(r), = + + 2]... [7 +(8s—1)] 


Recalling Equation [44], we may employ an asymptotic form for 
the M-function (8) to obtain an approximate form for the O; 
which is useful when X, is large. It is found that O,; is given ap- 
proximately by 


A ConpITION ON THE INLET PRESSURE 


The pressure at the outflow end of the bearing has been taken 
to be zero and it is important to note that if Op/dw > 0 atw = 
@p , air will be sucked into the bearing, causing a breakdown of the 
lubricating film (9). Thus we require that 

Op(z, wo) <0 


If the solution is approximated up to the first eigenfunction, then 


PO + simh <0........-. [48] 


Po > sinh 


for all z such that —a < x < a. The condition of no air con- 
tamination of the film is therefore equivalent to the condition that 
the inlet pressure be greater than, or equal to, the minimum value 
prescribed by Equation [49]. Greater accuracy on this lower 
bound can be found by including higher eigenfunctions. 


Loap-CarRYING CAPACITY 


The components of force applied to the journal along and per- 


pendicular to the line of centers are, respectively 


and 


| 
Adding and subtracting Equations [37] and [38] gives ass 
cosh (A,w) 
|| 
Py =r pcos 150) 
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where D represents the domain —1/2 < @ < 4/2 and —L < y 
< L. If pis substituted from Equation [43], and these integrals 
evaluated making use of the oddness of O and O,, it results that 


and, to one eigenfunction 
Py = 
cX2 + V1 — 


1 a 
sinh (Aro) f O, sin [(—2b)~3z]dz ... . [53] 
1 0 


Since Py = 0, the load acts perpendicular to the ray through the 
sections of maximum and minimum film thickness. This same re- 
sult has been found for the infinite bearing. The first term in 
Equation [53] arises from the term O(x), Equation [43], and 
therefore represents the load-carrying capacity of the correspond- 
ing infinite bearing. Therefore the second term may be regarded 
as @ quantity which corrects for the finiteness of the bearing. It 
can be shown (7) that O,(z) is positive over the interval O < x 
< a and negative over —a < x < O, so that the second term in 
Equation [53] is negative, giving the result that the load-carrying 
capacity of the finite bearing is less than that of the corresponding 
infinite one. This conclusion is consistent with that found by 
Muskat and Morgan (9). 


COEFFICIENT OF FRICTION 


The total frictional force F on the journal is given by 


where the integrand represents the surface traction on the journal 
in the circumferential direction. If we integrate the first term by 
parts, apply Equation [3], and recall Equation [53], then 


_ 4rr*nUwo 


or 


The coefficient of friction f for the journal is defined as the ratio 
of F to the total load. Since Py = 0, the total load is simply Py, 
and 


. [55] 


Ax1aL THrust ON JOURNAL 
The axial force G on the journal is defined by 


+ cos 8) op 


where the integrand represents the axial shearing stress on the 
journal. Integrating and applying Equations [5] and [6] gives 


so that the axial force on the journal varies linearly with the en- 
trance pressure, the radial clearance, and the radius of the journal. 


Rate or Fiow or LusBricant 


If r represents the radial variable measured inward from the 
circumference of the bearing, and if Q denotes the rate of flow of 
lubricant per unit time in the axial direction, then 
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c(1 + 9 cos 6) 1 | 


(r +e—r) dr dé 


where the quantity in square brackets is the velocity of the lubri- 
cant in the axial direction, and the remaining terms represent an 
element of area in polar co-ordinates. It results that 


3 


Recall that = e/c and 0 < e <c. 
is at most —*/sc and the second term is at most 3r. 
all terms of order c gives 


The first term in the brackets 
Neglecting 


Q= 24 p00. (39? + 2) 


Thus the rate of flow of lubricant through the bearing is directly 
proportional to the inlet pressure, inversely proportional to the 
viscosity and bearing length, and is a quadratic function of the 
attitude. Note that, neglecting terms of order c, the rate of flow 
is a minimum when the journal and bearing are concentric (7 = 0) 
and a maximum when the journal occupies an extreme position 
(n = 1). In fact 


Equation [49] gave the minimum value of the inlet pressure for 
effective lubrication. Substituting this minimum value for po 
into Equation [61] gives the minimum rate of flow of lubricant 
for effective lubrication for any value of the attitude 


CompLeTe JoURNAL Beartne Wits CIRCUMFERENTIAL OIL 
FEED 


Now that an approximate solution has been found for the end- 
lubricated bearing, the solution for the more general case of cir- 
cumferential oil feed under constant pressure can be determined 
directly. Consider a bearing of length 2L, + 222, where a given 
axial section is located by the axial variable y measured from an 
end of the bearing. Let the lubricant be introduced at constant 
pressure p» through a circumferential groove at y = 2Z,. The pres- 
sure solution given by Equation [43] is applied to the two 
regions 0 < y < 22, and 2, < y < 2k, + 21h to give 


cot 


for0 < y < 2, and 


Pe 
P= 97, + vl + O(z) 
+ 


cosh [a 
for < y < + where 
a 


| 

ee... .. . (59) 
of 
60] 

(56) 
H r cP V1 
Poy 
cosh | — 


The operating characteristics computed for the end-lubricated 
bearing may now be determined for the circumferentially lubri- 
cated bearing in an analogous fashion. It also should be men- 
tioned that while the methods in this section have been extended 
only to the case of a single circumferential groove, the solution for 
the journal bearing with multiple grooves can be similarly ob- 
tained. The only fundamental change would occur in Equations 
[5] and [6] since, in the most general case, different constant pres- 
sures may be present at the ends of each region bounded by 
circumferential grooves. 


EXAMPLE 

The approximate solution to one eigenfunction for a particular 
problem of an end-lubricated complete journal bearing will now 
be found. Suppose 


D = 220 mm—diameter of bearing 
2L = 300 mm—length of bearing 
D—d = 0.58 mm—diametral clearance 
U = 6.93 m s~—linear velocity of journal 
uw = 0.005 kg m s~*—mean dynamic viscosity 
= 0.50—attitude 


If we match the curves 


z = (1 + 9 cos 6)8 and z = de™ 


—— (/+.5 036)’ 


2375 


Fic. 2 A Comparison oF (1 + 9 cos 6)? Wits de>? ror THE CAsE 
» = 0.50 


at 6 = 0 and @ = 7, it is found that b = —0.334, Fig. 2. Sub- 
stituting into Equation [29] gives a, = —1.37 and \, = 0.922. 
From Equation [46] the values for ;/2 are as given in Table 1. 


TABLE 1 VALUES OF ;F: 


n 0 1 2 3 4 5 6 
sF2 1 1.083 1.145 1.190 1.227 1.258 1.285 


Substituting into Equation [45] gives 


2 2 2 
Oz) = E (=) — 4.725I2 (=) + 11.85; 
2 2 2 
— 22.751, (+) + 37.75 Is — 57.121. (=) 


+ 81.087; (+) [67] 


The Bessel functions J, are fully tabulated (10). For small 
values of z, the power series expansion for O,(x) represented by 
Equation [21] is more useful 
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Oz) = x — 0.0617z* — 0.00503zr5 —......... [68] 


With this information, the constant A; may be computed from 
Equation [41] using graphical or numerical integration. The 
pressure solution to one eigenfunction is then known from Equa- 
tion [43]. This solution has been computed at the central axial 
section (w = 0) using an inlet pressure of 2 atm. The result is 
compared in Fig. 3 with the solution to the corresponding infinite 
bearing, as given by Equation [9], with K = 1. 


+ 
as 10 “s 20 25 30 
(radians) 
Fie. 3 A Comparison or Proposep p at CENTRAL AXIAL 
Section Wirx So.uTion p oF CoRRESPONDING INFINITE BEARING 


The values for the pressure, calculated to one eigenfunction, 
should be reasonably accurate compared to those of the complete 
solution in a region about the central axial section since the func- 
tion cosh (A,w) is small there. Also, the function O,(2z) is of such 
an oscillatory nature for i > 1 as to make the numerator of Equa- 
tion [41] for A; small for i > 1. However, near either end of the 
bearing, the results are not so satisfactory and higher eigenfunc- 
tions must be included for greater accuracy. 
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On the Solution of the Reynolds Equation for 
Slider-Bearing Lubrication—IX 


The Stepped Slider With Adiabatic Lubricant Flow 


By F. OSTERLE,' A. CHARNES,? ano E. SAIBEL,? PITTSBURGH, PA. 


Treating viscosity as a function of temperature and 
pressure and taking approximate account of the varia- 
tion of density, the load-supporting capacity of the 
stepped slider bearing with adiabatic lubricant flow is 
found. The importance of the “density-wedge” effect 
is noted and a numerical example is worked out illustrat- 
ing the effect of different locations of the step on load 
capacity and comparing the performance of the stepped 
slider with the flat inclined-plane slider. 


INTRODUCTION 


N THE slider-bearing problem the merits of many slider 
I profiles have been investigated. In these investigations 

the important considerations have been the effects of the 
profile on (a) the ease of construction of the slider, (6) the load- 
supporting capacity and friction force exhibited by the resulting 
slider bearing, and (c) the mathematical tractability of the 
hydrodynamic equations governing the performance of the bear- 
ing. 

The slider profile of stepped form (see Fig. 1) is one of those 
given serious attention. For one thing, as Archibald (1)* points 
out, it enjoys “‘great constructional simplification over the tilt- 
ing-block bearing, or even over those bearings in which the taper 
is machined into one of the elements.” The stepped profile 
was first suggested by Rayleigh (2) who showed that for iso- 
thermal flow of the lubricant the profile which would make the 
load-supporting capacity of the slider bearing a maximum was 
just this form. In his analysis Rayleigh neglected the varia- 
tion of lubricant viscosity with pressure. However, it has 
been shown by the present authors (3) that when this variation is 
taken into account the optimum profile remains unchanged. 

As pointed out previously by the authors (4) and others, the 
lubricant flow through a slider bearing is not isothermal but rather 
more nearly adiabatic, so that the “optimum” property, just 
mentioned, of the stepped profile is of doubtful practical signifi- 
cance. However, because of its constructional simplicity and 
the inherently simple nature of the governing hydrodynamic 
equations, the stepped slider bearing still warrants considera- 
tion. In the light of this, an analysis of the stevped slider bear- 
ing under the more realistic condition of adiabatic rather than 
isothermal lubricant flow is considered in this paper. 
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THEORY 


For a lubricant film which shows no side leakage. the Reynolds 
equation of hydrodynamic lubrication theory reduces to 


d { ph* dp 


where p is the lubricant pressure which will be measured above 
the common pressure at inlet and outlet, u is the lubricant vis- 
cosity, p is the lubricant density, A is the film thickness, and U 
is the velocity of the moving surface (bearing) in the z-direction, 
Fig. 1. 


Fie. 1 


The energy equation governing the adiabatic flow of the lubri- 
cant is formulated (4) by equating the work done on an element 
of the fluid by the shearing forces and the pressure forces to the 
increase in the internal energy of the element. For the case of 
no side leakage this energy equation is 


h + 12u “az \ 2 [2] 


where c is the lubricant specific heat, and ¢ is the temperature 
of the lubricant measured above the temperature at inlet. 
Integration of Equation [1] leads to 


dp ( Po ) 
= ——h,}...... 


where h,, is the constant of integration, and po is the lubricant 
density at inlet. Substituting Equation [3] into the energy 
Equation [2] there results 


= —— —6—h| 3[—A 

dz [an ab + [4] 

We now introduce the following viscosity variation relation- 
ship (4) 
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where jo is the lubricant viscosity at inlet, and a and y are the 
pressure and temperature coefficients of viscosity, respectively. 

The lubricant density also varies with pressure and tempera- 
ture, increasing about 0.3 per cent for a pressure rise of 1000 psi, 
and decreasing about 2 per cent for a temperature rise of 50 deg 
F. It is difficult to take this density variation into account ex- 
actly. However, it was shown by the present authors (5) that 
the load capacity resulting from density variation (density-wedge 
effect) is usually equivalent to that brought about by the film- 
thickness variation (geometric-wedge effect) resulting from an 
inlet to outlet film-thickness ratio of only slightly greater than 
1, and since ratios of about 2 would be reasonable for the stepped 
slider, the expected smallness of the density-wedge effect 
would seem to justify an approximate treatment. It will be 
assumed that the density varies exponentially with distance along 
the slider, i.e. 


This variation is almost linear since € is small. The reasonable- 
ness of this assumption will be checked later. The constant € 
must be related to the outlet temperature (t2) by 


with 8 the coefficient of cubical expansion of the lubricant. The 
subscripts 0, 1, and 2 will henceforth refer to the inlet, step, and 
outlet sections of the slider, respectively. 

Differentiating Equation [5] with respect to x and combining 
it with Equations [3], [4], and [6] we obtain 


d (Mo —h 

dz (2) hs 

2yU 4h? — Ghh,,e%7/8 + 3 h,,? 
Poe h,,h? 


+ . [8] 


If we introduce the following dimensionless notation 


hm 


and consider the stepped slider of Fig. 1, Equation [8] becomes 


dM HetX — 4s* — 6sHetX + 
ax 33 +? 


M=—, 


- [10] 


0o< X¥ <b 
b<X¥<1 


where 8 =a, 


=1, 


and with A= ho? ’ 


Equation [10] integrates to 
H(et* — — — 


2yuoUB 


w= 


4es*(X — n) — 6sH(e*X — e) + H%(e2X — ¢2en) 


.. [12] 


»=0,0< X¥<b 
=bb<X<1 
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Note that M, = 1. If the fact that the pressure and temperature 
are continuous at the step is taken into account we have that 
M, = 

Replacing the exponentials in Equation [12] by their power- 
series expansions and retaining only terms in the first power of 
€ (since € is quite small), there results 

M=M + ed,(X* — 
with 
m = M, + ¢,(X — n) 


where 


Note that m is the value of M when density variation is neglected 
and that 


M, = my, edob? 
For this stepped slider, the Reynolds Equation [3] becomes 


dp _ s— H(1 + €X) 
dX he? + ed,(X? — n?)] 


Equation [15] must be integrated with respect to X to determine 
the pressure distribution. The constant H is determined by 
the condition that the pressure vanish at the inlet and outlet 
ends of the slider and be continuous at the step. With this value 
of H, the pressure distribution may be integrated with respect 
to X to determine the load capacity. The temperature rise 
through the bearing may then be calculated and the constant ¢€ 
adjusted to satisfy Equation [7]. This direct procedure is 
tedious and quite time-consuming. A relatively simple iteration 
procedure for finding the load capacity will now be described, 
the first step of which will prove to be sufficient for almost all 
cases. 
First APPROXIMATION 

If the density variation is neglected (i.e., € taken as zero), it 

is apparent that since there will be no density-wedge effect the - 


resulting load capacity will bound the actual load capacity from 
below. For this case Equation [15] becomes 


dp s —H 
dX ho? 
Integrating Equation [16] with respect to X, we obtain 


—H 


Inm, 0<X¥<b 


me 


The condition that the pressure be continuous at the step requires 
that 


1—H 


In — 


Equation [18] determines the constant H. Integrating the 


pressure as given by Equation [17] with respect to X to obtain 
the load-supporting capacity W, we have 


wy 
| 
| 
: 
| 
s*H 
7 
‘ 
Pe 
< 
= 
as 
5 
< 
+ [16] 
= 
where 
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, ja—H 
W =- he® ac? [m, In (m, 


m 


1 


Thus, if the geometrical configuration of the slider is known 
(B, a, b), the operating conditions are known (ho, U), and the 
lubricant properties are known (jo, @, Y, Po, ¢), Equation [19] 
gives a lower bound to the load-supporting capacity W once H 
is determined from Equation [18]. 

From the definition of mz it is obvious that the total tempera- 
ture rise experienced by the lubricant in flowing adiabatically 
through the stepped slider bearing is given by 


to this first approximation. 
Seconp APPROXIMATION 


If the temperature rise as given by Equation [20] is substituted 
into Equation [7] to determine an ¢, a second approximation 
to the load capacity can be obtained by substituting this value 
of € into Equation [15], integrating this equation to obtain the 
pressure distribution, determining H by requiring continuity — 
of pressure at the step, and with this H integrating the pressure 
distribution for the load capacity. If greater accuracy is desired 
the cycle of operations can be repeated. 


NuMERICAL EXAMPLES 


This method of successive approximations will now be illus- 
trated by a numerical example. Consider a stepped slider with 
the optimum profile for isothermal flow (a = 1.8660, b = 0.7182; 
see reference 2 or 3) and a length B of 2 in., operating with a mini- 
mum film thickness (ho) of 0.001 in., and a bearing velocity U 
of 320 ips, and using a lubricant with the following properties: 


Mo = 9.25 microreyn 

a = 0.00015 sq in. per lb 
y = 0.029 per deg F 

po = 0.0325 pci 

c = 4200 in-lb per lb deg F 
68 = 0.0004 per deg F 


By the methods of the first approximation the following results 
are obtained: 

Load capacity (W) = 1662 lb per in. of width 

Temperature rise to step (t;) = 24.0 deg F 


Pressure at step (p:) = 1615 psi 
Temperature rise to outlet (#2) = 35.5 deg F 


On the basis of the pressure and temperature distributions of this 
first approximation, the lubricant density is found to decrease 
about 1.5 per cent through the bearing, roughly one third of this 
decrease occurring in the first two thirds of the bearing length. 
Thus the density variation is not exactly linear, but in the light 
of the smallness of the density change the linearity assumption 
seems reasonable as an approximation. The second approxi- 
mation to the load capacity works out to be 1680 lb, an increase 
of only 1 per cent. The smallness of the density-wedge effect 
is thus quantitatively expressed for a typical example of a stepped- 
profile slider bearing. It would seem therefore that the first ap- 
proximation generally would be sufficient for the prediction of the 
load-supporting capacity of stepped sliders provided a is not too 
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close to 1 and b is not too close to zero or 1. If a equals | or b 
equals zero or 1, the surfaces are parallel and the methods of refer- 
ence (5) can be used to determine the load capacity. 

Rayleigh’s constant-viscosity theory (2) predicis a load of 
2444 lb per in. of slider width for this stepped slider bearing, a 
value 45 per cent above the prediction of the variable-viscosity 
theory of this paper. 
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In Fig. 2 the variation of the first approximation (lower bound) 
to the load-supporting capacity (W’, in lb per in. of slider width) 
and the total temperature rise of the lubricant (4’, in deg F) 
with the step location (b, in per cent of slider length) is plotted 
for a stepped slider bearing with a step ratio (a) of 2—the slider 
length, minimum film thickness, bearing velocity, the lubricant 
properties being the same as in the previous example. Also 
shown on this plot are the load capacity (W”) and temperature 
rise (t2”) which would result if the stepped profile were replaced 
by a flat inclined-plane profile with the same inlet and outlet film 
thicknesses. These values were taken from the numerical 
example of reference (4). 

It is evident from Fig. 2 that under these conditions it is pos- 
sible to support 31 per cent more load with the stepped slider 
than with the flat inclined-plane slider. Another interesting 
observation is that the stepped slider could be made to support 
the same load as the flat inclined-plane slider while experiencing 
19 per cent less temperature rise. 
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A method of measuring total emissivity is presented with 
a description of the apparatus used. Data are presented 
showing the emissivity of several metals and ceramic 
coatings as functions of temperature, surface treatment, 
and previous history of the material. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


e, = total emissivity 

€, = spectral emissivity 

F = constant arising from the thermopile calibration, equal 
to 


F, = dimensionless factor defining geometry of a particular 
thermopile, as it concerns radiant heat transfer 
Amv = thermopile emf in mv, corrected for the “zero” read- 
ing when viewing a hot body 
Amv, = thermopile emf in mv, corrected for zero reading 
when viewing a black body 
Amv, = thermopile emf in mv, corrected for zero reading 
when viewing a nonblack source 
T = temperature of a body, deg R 
T, = ambient temperature, deg R 
Tz = radiation temperature of a body at true temperature 7, 
deg R 
= radiant flux density from a black body, Btu/ft? sec 
= radiant flux density from a nonblack source, Btu/ft? sec 
o = Stefan-Boltzmann constant, Btu/ft? hr deg R‘ 
= reflectance of a hot body for radiation at its own tem- 
perature 
reflectance of a hot body at some temperature for radia- 
tion at a different temperature 


INTRODUCTION 


This paper presents a means of measuring the total emissivities 
of various gas-turbine combustor materials and gives data ob- 
tained for some of these materials. A more thorough knowledge 
of this field will permit selective use and treatment of materials to 
take full advantage of emissive properties to reduce combustor 
wall temperatures. The overheating of combustor walls causing 
“thot spots’’ is one of the primary causes of combustor failure. 

It is evident that the emissivities of both the inner surface 
(flame side) and outer surface of a combustor wall have an effect 
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Measurement of Total Emissivities of Gas- 
Turbine Combustor Materials 


By S. M. DE CORSO! anp R. L. COIT? 


on the temperature of the wall. Combustion tests made by one 
of the authors (1)* showed that the radiant heat transfer from the 
flame is quite important. These tests showed that a change from 
diesel fuel oil to residual fuel oil caused combustor wall tempera- 
ture increases ranging from 250 to 500 deg F. 

To evaluate different flame-tube materials and coatings it is con- 
venient to measure their thermal emissivities under controlled 
conditions which are independent of those existing during actual 
operation or combustion testing. The temperature range chosen 
for these measurements was 800 to 2100 F. 

The device selected for determining total emissivities consists 
of a thermopile which views a radiating source through an aper- 
ture of fixed dimensions. The thermopile receives radiation al- 
ternately from a black-body source and from the test specimen, 
both at the same temperature. A comparison of the respective 
thermoelectric emf provides a value of the total emissivity. The 
general method and procedure followed are similar to those of 
Sully, et al. (2). 


THEORETICAL Basis oF METHOD 


The total emissivity e, is defined as the ratio of the total radiant 
flux from a source to that from a black body at the same tempera- 
ture, i.e. 


The general arrangement of the thermopile, black-body 
source, and specimen is shown in Fig. 1. The thermopile emf, 
measured by means of a potentiometer, will be some function of 
the temperature difference between the hot and cold junctions of 
the thermopile. This temperature difference in turn is a function 
of the net radiant energy falling on the receiver element (which 
contains the hot junctions). Let 7’ be the temperature of the 
source, and 7’, the ambient temperature, both in degrees R, then 
the net radiant heat transfer to the receiver when it views a black- 
body source is 


F,o(T* — T,*) 


since the receiving element has a coating which can be considered 
black. This follows from the Stefan-Boltzmann law. F; is a 
geometry factor which is characteristic of the particular thermo- 
pile and aperture dimensions. As concerns the thermopile, the 
ambient temperature refers to the temperature of its surroundings, 
i.e., the thermopile housing and shutter. 

The net radiant heat transfer to the receiving element when it 
views a nonblack body is (3) 


The term p’T’,‘ represents radiation which originates from the sur- 
roundings at 7’, and is reflected from the hot body to the receiving 
element. p’ is the reflectance of the hot body for radiation from 
the ambient surroundings and, in general, differs from p, which is 
the reflectance of the hot body for radiation at its own tempera- 
ture. If the hot body is assumed to be a “gray body” then p’ is 
equal to p. 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Fig. 1 ARRANGEMENT OF FuRNACE, SPECIMEN, AND THERMOPILE 


From Newton’s law of cooling and the fact that the tempera- 
ture difference between the receiver and the thermopile body is 
small, we may say that the temperature difference between the 
hot and cold junctions will vary directly with the net radiant heat 
transfer to the receiver. Since the emf versus temperature curve 
for the constantan-chromel thermocouples of the thermopile is 
nearly a straight line in the temperature range encountered in the 
thermopile, then it follows that Amv, the emf, will be proportional 
to the net radiant heat transfer to the thermopile receiver. 

The ratio of emf obtained from the thermopile viewing a non- 
black and a black-body source is then 


Am», F,o(e,T* + p’'T,* — 
Amp», F,o(T* T,*) 


This reduces to 
Am», (p — p’) 


If the viewed body is approximately gray or if the temperature of 
the source greatly exceeds the ambient temperature then the 
term on the right in the foregoing equation will be small and the 
emf ratio will represent the emissivity of the specimen. 

That Equation [4] holds for the thermopile arrangement used 
here can be seen from the calibration curve obtained, Fig. 2. 
Here it was found that 


where F = const. Also we may say 


and consequently 


If F were not a constant, suitable corrections would have to be 
made at each value of 7. While the foregoing treatment which 
represents an ideal thermopile leads to Equation [4], it has been 
found by Burgess and Foote (4) that, in general, F may vary with 
heat input to the thermopile, depending on the thermopile design. 
Thus a calibration of the thermopile over the range of use is 
necessary. 

The value of e, obtained in our tests is the normal emissivity of 
the test specimen. 

If one considers absorption of radiant energy by the gas inter- 
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vening between the radiating source and the thermopile, only the 
water vapor present in the air need be considered (5). This cor- 
rection would vary with the humidity, but since it cannot exceed 
about 1 per cent it has been neglected. 


DESCRIPTION OF APPARATUS 


Thermopile. The thermopile consists of eight thermojunctions 
of 3-mil-diam constantan and chromel wire, with the hot junc- 
tions fastened in good thermal contact between two thin platinum 
disks of '/;, in. diam. The face of one of the disks is blackened 
with a mixture of varnish and lampblack to form a black-body re- 
ceiver. The cold junctions are located away from the hot junc- 
tions and are well shielded from incoming radiation. A Leeds and 
Northrup double-range portable millivolt-indicator Type 8662 
was used to measure the emf generated by the thermopile. 

Fastened to the open end of the thermopile housing was a 
water-cooled shield which contained a centrally located circular 
aperture of fixed size (0.25 in. diam for these tests). This aper- 
ture was always held in a fixed position relative to the ther- 
mopile receiving element, thereby determining the solid angle 
from which radiation reached the receiver. Sliding in flanges 
on this shield, a water-cooled shutter could be moved so as to 
cover the afore-mentioned aperture. Water from a constant- 
temperature bath was circulated continuously through the shield 
and shutter to insure that radiation from these parts was always 
at a constant intensity. When the thermopile was set to view the 
test strip instead of the black body, an additional water-cooled 
shield was interposed between the test strip and the primary 
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shield to reduce the cooling load on the latter. The face of this 
additional shield which confronts the test specimen was black- 
ened with soot to avoid repeated reflections between the test strip 
and the shield. If the face were not blackened, the emissivity ob- 
tained would not be that of the strip alone but that of the strip- 
shield configuration. 

Black-Body Source. The heating coil of the black body con- 
sisted of a spiral of Kanthal wire enclosed by insulation. The fur- 
nace is shown in Fig. 1. The Kanthal wire coil is supported by a 
ceramic cylinder which is insulated by magnesia held in a metal 
jacket. Pipe insulation was used outside the metal jacket at the 
ends in order to reduce the heat loss at the ends of the furnace. 
The inner walls of the furnace form a cylinder 3 in. in diam and 21 
in. long, with a */,-in. viewing hole at oneend. A target disk was 
located, as shown in Fig. 1, at a distance of 13 in. from the viewing 
end of the furnace. The disk was made of stainless steel and the 
face was serrated with vee-shaped grooves having an included 
angle of 45 deg to increase the emissivity of the face of the disk. 
Since the disk was the principal source of radiation from the fur- 
nace cavity to the thermopile, it was important that its emissivity 
be a close approximation to that of a black body and that its 
temperature be uniform and accurately measured. Hence five 
0.012-in-diam chromel-alumel thermocouples were peened into 
the target disk in order to determine the temperature. After 
oxidation at 2100 F the emissivity of the target disk can be taken 
as greater than 0.98 so that radiation from other surfaces inside 
the furnace is of secondary importance (6). 

Test-Strip Arrangement. The test specimen was heated by 
passing an electrical current through it using a constant-voltage 
supply with a maximum power of 7000 watts at 700 amps. The 
arrangement of the specimen holder is shown in Fig. 1. The area 
viewed by the thermopile lies within a circle of '/2 in. diam at the 
center of the specimen. This area was kept at a minimum to re- 
duce the possibility of large temperature gradients across it. The 
specimen strips are 1'/2 in. wide X 5 in. long and approximately 
0.040 in. thick with the ends clamped in electrodes. 

Three thermocouples of 0.005-in-diam chromel-alumel wire 
were peened into the specimen from the side opposite the thermo- 
pile and lying within the circle which encloses the viewed area. 
The conduction error of the thermocouples was found to be 
negligible. This conduction error was determined by comparing 
the temperature readings of two thermocouples peened into the 
strip at a point from opposite sides. The leads on one of 
the thermocouples were led out normal to the surface while on 
the other they were kept close to the surface of the heated strip. 

Since the thermocouple beads ranged from 20 to 30 mils and the 
specimen thickness ranges from 30 to 50 mils, the temperature at 
the bead can be taken as the temperature at the face of the 
specimen. When a ceramic coating was used a correction was 
made based on the thickness of the coating, its thermal conduc- 
tivity, and the temperature of the metal strip. 

The thermal conductivity of the ceramic coating was obtained 
in the following manner. With the test specimen heated to some 
arbitrary temperature a temperature reading of the coating sur- 
face was obtained using an optical pyrometer operating at 0.665 yw. 
A pyrometer reading also was obtained for the black or uncoated 
side of the specimen. Since the emissivity of the uncoated metal 
was known and that of the ceramic coating could be calculated ap- 
proximately from the data, a correction of the readings could be 
made to obtain the temperatures of the coated and uncoated sur- 
faces. The difference of these was taken as the temperature drop 
through the coating. The heat-transfer coefficient at the surface 
of the ceramic coating was calculated and the thickness of the 
coating was known; then equating the heat flow at the surface of 
the coating to the heat flow by conduction through the coating 
yields a value of thermal conductivity. 


The two sizes of chromel-alumel thermocouples used (0.005 
and 0.012 in.) were calibrated against a standard platinum- 
platinum 10 per cent rhodium thermocouple obtained from the 
National Bureau of Standards. The curve obtained is shown in 
Fig.3. In this figure the sequence in which the readings were taken 
is indicated by the numbers next to the points. Note that upon 
initial heating there is only a slight correction, but at tempera- 
tures above 1800 F the correction required becomes larger. Once 
the thermocouples have been heated above 1800 F, the corrections 
required at all temperatures are larger than the initial correc- 
tions. The corrections shown in Fig. 3 were applied to all tem- 
peratures measured with chromel-alumel couples to obtain cor- 
rected temperatures. If this temperature correction is ignored 
a maximum error in emissivity of 1.5 per cent would result. 
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Test PRocEDURE 


With the thermopile in position opposite the hot radiating 
source the procedure followed in obtaining emf readings was to ob- 
tain successive emf readings with the shutter closed, open, and 
closed again. The average of the first and third readings was con- 
sidered to be a zero reading. The difference of the second reading 
and the zero reading was Amv, the emf due to radiation from the 
source. 

It was found that instead of viewing alternately the black-body 
source and the test strip, the most convenient procedure was to 
view the black body over the full range of temperatures, after 
which the apparatus would be considered calibrated. The testing 
of specimens could then proceed with only an occasional return 
to the black body for a check of the origina! calibration. 

The results of this calibration with the furnace as the black- 
body source are show» in Fig. 2 where the ordinate is 


Am», 
T \4 
(soo) 
and the abscissa is the black-body temperature in degrees F. 
The emf readings with the thermopile opposite the test strip 
were obtained in the same manner as just indicated, with the ratio 
of Amv,/ Am», being the emissivity of the test strip. 


To obtain spectral band emissivities four filters were used. 
These filters were CaF:, LiF, fused quartz, and pyrex glass. From 
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tests with the black body, effective cutoff wave lengths of these 
filters were found to be 8.9, 5.8, 3.7, 2.55 mu, respectively. 


Discussion OF EXPERIMENTAL RESULTS 


Heat-Resistant Alloys. In order to determine the effect of time 
and temperature upon emissivity, as-rolled specimens of Inconel, 
Nichrome V, and Type 310 stainless steel were tested over the range 
from 800 to 1500 F, then heated at 1500 F for additional time in- 
crements. After each period at 1500 F the emissivity as a func- 
tion of temperature was measured. After completing the tests at 
1500 F, the same specimen was heated at 1800 and 2100 F and 
the effect of time at these temperatures was evaluated. Results 
of these tests are shown in Figs.4 and 5. Figs. 4(a) and 5(a) present 
the emissivity versus temperature after oxidation at 1500, 1800, 
and 2000, or 2100 F for various lengths of time. The effect upon 
emissivity at 1400 F of prolonged heating at 1500, 1800, and 1500, 


TURE Upon THE Emissivity or NICHROME V 
Sueet at 1400 Dec F 


1800, 2000 F is shown in Figs. 4(b) and 5(b) for Inconel and 
Nichrome. For the Nichrome specimen the emissivity increases 
only slightly after the first 40 min. For the Inconel specimen the 
increase in emissivity is slight after the first 15 min. 

The emissivity of Nichrome V, Inconel, and Type 310 stainless 
stee] was measured as a function of temperature, surface condi- 
tion, and previous oxidation. The sequence used in obtaining the 
test points was as follows: 

Obtain readings from 900 to 1500 F. 

Oxidize at 1500 F for 15 min. 

Obtain readings from 900 to 1500 to 1800 F. 
Oxidize at 1800 F for 15 min. 

Obtain readings from 900 to 1800 to 2100 F. 
Oxidize at 2100 F. 

Obtain readings from 900 to 2100 F. 
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This procedure was used to obtain the data plotted in Figs. 6, 7, Discussion or RESULTS 
and 8. These figures provide a comparison of Nichrome V, In- Table 1 gives values of emissivity increase as a result of sand- 


conel, and Type 310 stainless ste! in the as-rolled and sandblasted — pJasting. These were obtained at 1300 F for Nichrome, Inconel, 
condition. Each of the curves except the below 1500 F curves and Type 310 stainless steel. 

show a nearly linear increase of emissivity with temperature with 

the slope of the curves decreaging as the oxidation temperature is TABLE 1 VALUES OF EMISSIVITY [INCREASE AS A RESULT OF 
increased. In the as-rolled condition for corresponding conditions 
Inconel had the highest emissivity, with Type 310 stainless next, 


and Nichrome V having the lowest emissivity. This effect was eh eo = Pa 
more pronounced the lower the temperature. In the sandblasted  Nichrome..... {1800 0.60 0.83 0.23 
condition no such relationship is evident. It is evident that sand- 3100 0.& 0. OF 
blasting increases the emissivity of the materials, there being a {1800 0:14 
larger increase at the lower temperatures. 2100 0.88 0.91 0.03 on 
This increase due to sandblasting is greatest in the case of 1500 0.56 0.82 0.26 a 
Nich sith : Type 310... . {100 0.67 0.91 0.24 
Nichrome with Type 310 and Inconel] next in order. 2100 0.89 0.93 0.04 P 
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Thus, for applications of Nichrome and Type 310 at oxidation 
temperatures below 1800 F, a considerable increase in emissivity 
can be obtained by sandblasting. The behavior of Inconel ap- 
pears to be unusual in that the increase due to sandblasting was 
not as large as for the other two specimens. It is interesting to 
note that well-oxidized Type 310 sandblasted at 2100 F closely 
approaches a black-body radiator. 

Mild-Steel Specimen. In Fig. 9 emissivity data for mild steel 
(SAE 1020), as-rolled, are plotted for the temperature range 800 to 
1500 F. The emissivity on the initial run increases from 0.83 at 
800 F to a peak of 0.97 at 1140 F and falls off to 0.92 at 1500 F. 
A second run on the same specimen showed that oxidation at 1500 
F had lowered the emissivity slightly over the whole range. 

Radiation Suppressive Coatings. Several types of ceramic 
coatings were evaluated with the object of obtaining a suita- 
ble coating of low emissivity. The coatings were obtained from 
several sources which included the Solar Aircraft Company; 
University of Illinois, Department of Ceramic Engineering; and 
the Fulmer Research Institute, England. The two latter groups 
have published descriptions of their coatings (7, 8). 
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A commonly used coating, National Bureau of Standards A-418, 
which was developed primarily to withstand corrosive effects, was 
tested and the emissivity data are shown by the curves in Fig. 10. 
While its emissivity decreases with increasing temperature, it did 
not go below 0.86 in our tests. 

Fig. 11 (coating 5210-TA1K) presents the emissivity of another 
type of coating tested. The change in emissivity after heating is 
probably caused by the fusion of some elements in the coating. 
This type and the A-418 do not have emissivities low enough 
to be considered in a radiation-suppression application. 

The emissivity of a third type of coating is shown in Fig. 12. 
The emissivity of this coating reaches a value of 0.58 at 1600 F. 
Upon further heating the emissivity increases, indicating that 
fusion of the coating is occurring. Heating to 2030 F in this case 
destroyed the low emissivity properties of the coating, as is shown 
by the upper curve of Fig. 12. 

Fig. 13 presents the emissivities of a fourth group of coatings. 
The lowest total emissivity attained by this group is 0.42 for 
coating 216 at a temperature of 1800 F. The characteristics 
of coating 216 were not changed appreciably by heating the speci- 
men to 2000 F as is shown by curve D, Fig. 13. 
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Comparison of Spectral Emissivities of Inconel Sheet and 
Ceramic Coating A—417/235. The variation of spectral emissivity 
with wave length for Inconel sheet and coating A—417/235 is shown 
in Fig. 14. The emissivities used here were obtained for a band of 
wave lengths using the four filters described previously. In Fig. 
14 each band emissivity is plotted at a wave length which 
equally divides the black-body energy in that band. 

The data for Inconel were obtained at two temperatures, 1400 
and 1500 F, while the data for the ceramic coating were obtained 
at several temperatures ranging from 800 to 1800 F. The spectral 
emissivity should not vary with temperature where a particular 
surface condition is maintained. This is seen to be true for the 
coating A—417/235, and constitutes a check on the method and 
apparatus used. 
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In going from 2yu to 12y the spectral emissivity of Inconel de- 
creases from 0.8 to 0.21 while that of coating A—417/235 increases 
from 0.3 to 1.0. Neither material can be considered gray over 
this range of wave lengths. 

If the spectral distribution of the radiation from the flame is 
known, spectral emissivity data, such as those shown in Fig. 14, 
can be used to calculate the effectiveness of a radiation suppressive 
coating by taking e, = a for the wall. For example, consider the 
case of a combustor wall and a flame as two large parallel sur- 
faces, with the flame taken as a black body at 3500 F. The ratio 
of the net radiant heat transfer to the combustor wall for an In- 
conel wall to that for the ceramic (A—417/235) wall ranges from 2.1 
to 2.8 for wall temperatures of 1000 and 1500 F, respectively. 
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REsULTs AND CONCLUSIONS 


A procedure and apparatus for measuring emissivities of strip 
material and ceramic coatings are presented. The method utilizes 
a thermopile which views the test specimen through an aperture 
in a controlled-temperature shield. The apparatus is calibrated 
periodically by means of a black body, which is described. The 
calibration of the thermopile arrangement showed that the ratio 
of the thermopile emf to the fourth power of the absolute tem- 
perature of the black body is a constant over the temperature 
range 800 to 2000 F. This enables one to take as the emissivity 
of a source simply theratio of the thermopile emf, when viewing the 
source, to the black-body emf at the corresponding temperature. 

Emissivity data are presented for sheet material in the as-rolled 
and sandblasted condition, for Type 310 stainless steel, Inconel, 
Nichrome, and mild steel. In addition, data were obtained for 
several types of ceramic coatings on the same metals. Values of 
spectral emissivity versus wave length are shown for Inconel sheet 
as-rolled and a typical radiation-suppressing coating. The spec- 
tral emissivity increases with decreasing wave length for the In- 
conel while the opposite is true for the ceramic coating A—417 /235. 

The data presented show that combustor wall temperatures can 
be reduced by sandblasting of the external surfaces and applica- 
tion of a suitable ceramic coating on the internal surfaces. If a 
black-body flame at 3500 F is assumed inside the combustor, 
ceramic coating of the inside of an Inconel combustor will reduce 
the radiant heat transfer to the combustor wall to nearly one 
third of that of the uncoated combustor. 
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Discussion 


A. H. Suuiy‘ anp E. A. Branpes.‘ The experimental tech- 
nique which the authors have adopted is similar to that used by 
the writers in a similar series of measurements® and their results 
are in gratifying agreement with those which we have reported 
on similar metals and refractory coatings.* The only comments 
which we wish to make on the experimental procedure is to point 
out that the measurements of emissivity in selected bands of the 
emission spectrum may be subject to minor errors if it is assumed 
that the filter materials have 100 per cent transmission at all 
wave lengths up to the cutoff wave length and that this is sharply 


‘Fulmer Research Inst., Stoke Poges, Buckinghamshire, England. 
5 Reference (2) of the Bibliography of the paper. 
* Reference (8) of the Bibliography of the paper. 
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defined. This assumption is not correct. The transmission de- 
creases over a range of wave length up to the cutoff limit. Cal- 
cium fluoride, for example, has a transmissivity of 95 per cent for 
a 0.1-cm thickness at a wave length of 8 u and this slowly falls but 
is still 30 per cent at 12 4.7 Fused silica of the same thickness 
transmits 82 per cent at 3.7 4 and this does not fall to zero until 
the wave length is 4.8 y.° 

In our calculation of radiation-suppression efficiencies an al- 
lowance was made for this effect by calculation from the measured 
or known variation of transmission with wave length for the filter 
materials which we used. The error introduced by the authors’ 
assumption is, however, not a large one and we are in general 
agreement with their conclusion that, by comparison with oxidized 
Inconel or nickel-chromium alloy, the use of a coating of the type 
exemplified by our coating A—417/235 results in approximately a 
two-thirds reduction of radiant heat transfer for a flame tempera- 
ture of 3500 F. 

A further minor point is that the authors’ method of calculating 
the thermal conductivity of the coatings is approximate only 
since in measuring the apparent temperature of the refractory 
surface they utilize a value for the emissivity of this surface which 
in itself involves an error due to the temperature drop through the 
coating. In our measurements this temperature drop was com- 
puted more accurately from the measured variation of apparent 
emissivity with thickness. For a coating 0.007 in. thick the tem- 
perature drop is only of the order of 5 deg C. 

We would like to remark upon the fact that for service as radia- 
tion suppressors in gas-turbine flame tubes the coatings, as well as 
possessing the requisite low emissivity, must be capable of with- 
standing the thermal shock and fatigue to which they are subject 
in service. Coating 235, applied over an undercoat of NBS Coat- 
ing A—417, is one of a number of such coatings which have been 
formulated to withstand such onerous conditions. Attention must 
be paid to the correct conditions of application. The coatings 
may be sprayed on in an aqueous suspension and the most effec- 
tive method of application is one in which the coating is built up 
to its required thickness of 0.005 to 0.007 in. as a number of thinner 
layers. It is important to avoid ridges in the coating or build-up 
at discontinuities such as the edges of air holes. If properly ap- 
plied the fatigue properties and resistance to thermal shock are 
excellent. 

In fatigue tests on coated nickel-chromium alloy strips vibrated 
at high temperature, fatigue failure of the basis metal normally 
occurs before any spalling of the coating takes place. Thermal- 
shock tests using gas and electrical heating followed by quenching 
in compressed air or in water mist have shown that the coatings 
successfully withstand repeated heating and cooling at rates 
higher than those encountered in flame-tube service. The A—417 
undercoat enables them to withstand reducing conditions such as 
occur when there is direct-flame impingement on the flame-tube 
wall, and their properties are not.significantly affected by heating 
for periods up to at least 1000 hr. 

The authors correctly point out that the heat transfer by radia- 
tion represents a higher proportion of the total heat transfer with 
high-flame luminosity, such as results from the combustion of 
marginal fuels, than with the lower-flame luminosity resulting 
from the combustion of distillate fuel. The degree of wall-tem- 
perature reduction in experimental combustion systems, using 
low-emissivity coatings in experiments with which we have been 
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* “The Infra-Red Absorption Spectra of Quartz and Fused Silica 
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associated, has shown this correlation. Temperature reductions 
have varied from 90 F for kerosene flames to as much as 360 F for 
high-temperature marginal-fuel flames. 

It is necessary, however, in this connection to utter a word of 
warning. The adhesion of these refractory coatings is sometimes 
adversely affected by contact at high temperatures with ash con- 
taining substantial quantities of vanadium pentoxide or of sul- 
phates which results from the combustion of certain nondistillate 
fuels. Whenever possible it is advisable to prevent as far as 
possible ash deposition on the surface of the coating. No difficulty 
is experienced with distillate fuels. On the contrary it has been 
noted that the coatings appear to make a minor contribution to 
combustion efficiency with the result that, as we have noted, 
carbon deposition does not seem to occur on the surface of the low- 
emissivity coatings under conditions in which it occurs to some 
extent on the unprotected metal. 


AuTHorRs’ CLOSURE 


The discussion provided by Messrs. Brandes and Sully 
provides much valuable additional information concerning the 
application of low emissivity coatings, for which we are grateful. 

That the error due to use of an equivalent cutoff wave length 
is not large is evident irom the low scatter in the data points 
of Fig. 14. The increased scatter of the 12u points is due to the 
relatively small quantity of radiant energy reaching the thermo- 
pile in this spectral region. 

We are in agreement with the discussers’ value of coating tem- 
perature drop of 5 C or 9 F if given at a specimen temperature of 
1450 F. At higher specimen temperatures larger temperature 
drops were found. For example, at the 2100 F specimen tempera- 
ture for a 0.007 in. thick coating a temperature drop of the order 
of 25 F was obtained. 
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Modified Residual Fuel for Gas Turbines 


By B. O. BUCKLAND’! ano D. G. SANDERS,* SCHENECTADY, N. Y. 


Sodium in gas-turbine fuel causes rapid deposit forma- 
tion as well as corrosion. Besides naturally contained 
sodium, sea-water contamination during transportation 
introduces additional amounts. In order to obtain the 
benefits of a low-sodium fuel, 90 per cent or more of the 
sodium is washed out of the fuel by a scheme described. 
The results of the desalting show that calcium also can be 
reduced substantially. Turbine tests of 50 to 1500 hr 
duration using these desalted fuels show that deposit can 
be almost eliminated by keeping both the sodium and the 
calcium below 10 parts per million. The steady-stage de- 
crease in turbine efficiency resulting from burning these 
low-sodium, low-calcitum fuels is shown to be about 2 
per cent and the reduction in regenerator effectiveness 
about 5 points. A specification is proposed, defining a 
fuel which can be obtained at the point of use by means of 
the desalting method described and by adding a water 
solution of magnesium sulphate to the fuel just before 
it is burned. - Treating vanadium-containing fuels with 
calcium or magnesium shows that, below 1650 F, mag- 
nesium is a better inhibitor than calcium and, since 
magnesium does not cause deposit, it is used. Lead in 
the fuel in sufficient quantities is shown to spoil, some- 
what, the inhibition of vanadium by means of mag- 
nesium. There now appear to be at least two methods 
available for modifying residual fuel to make it suitable 
for long-life gas turbines, one of which is described herein. 


INTRODUCTION 


URING the past two years a number of General Electric 
gas turbines have been burning modified residual fuel with 
little or no corrosion of the nozzles and buckets. The 

units in locomotive service have accumulated in excess of 100,000 
hr and have burned about 35 million gallons of this fuel. The 
life of the first-stage nozzles is no longer limited by oil-ash cor- 
rosion. Three units in power-generation service have burned 
about four million gallons of residual fuel modified at the user’s 
plant with no apparent corrosion of the first-stage nozzles due 
to the fuel. 

During 1952 and most of 1953 the fuel used on the locomotive 
units was inhibited by means of a calcium additive put in at the 
refinery and delivered to the railroad in the modified condition. 
No corrosion was detected on the 28 per cent chrome (446) nozzle 
partitions, but some corrosion was observed on the 8-590 buckets 
at 5000 hr service from the use of the calcium-inhibited fuel. 
In addition, a great deal of deposit accumulated on the nozzles 
and buckets, resulting, of course, in a substantial loss in capacity. 

Late in 1953 fuel was supplied to the locomotive units modified 
in accordance with a new specification in which magnesium was 
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used in place of calcium to prevent vanadium-pentoxide cor- 
rosion. This change was made because it was found that in the 
temperature range below 1650 F magnesium is a better inhibitor 
for vanadium corrosion than calcium. It was found also that 
calcium in the oil promoted the accumulation of deposits, whereas 
magnesium did not, or at least did so in a much lesser degree. 
The deposits resulting from the magnesium-inhibited fuel on the 
locomotive units were minor and no appreciable loss in capacity 
occurred. 

At present, the fuel being supplied to the locomotive units is 
a new kind of residual which has a very low ash. It is a heavy 
oil consisting of still bottoms resulting from cracking in a unit 
charged with distillate stock. It is ideal from a corrosion and 
ash-deposit standpoint because it contains only 1 or 2 ppm of 
sodium and vanadium. Thus far, no deposit or corrosion has 
occurred on the locomotive units from the use of this fuel. 

All the fuel used by the locomotive units is transported by 
means of pipe line and tank car; hence the oil can be desalted at 
the refinery, and no subsequent sodium contamination will take 
place. The three power-generation units, however, are located 
in New England where the economical means of transportation 
is tankers. It is useless in this case to remove the sodium at the 
refinery because of the subsequent salt-water contamination 
which occurs in transport. Oil delivered in New England has 
been very bad from a corrosion as well as a deposit standpoint, 
both because of the sodium introduced during transport and be- 
cause of the naturally contained sodium. This problem also 
plagues marine boiler users, the Navy, and those utilities burning 
bunker C, because of the accumulation of bad boiler and super- 
heater deposits and, in some cases, because of superheater corro- 
sion. Although vanadium, when uninhibited, causes corrosion, 
it also retards that corrosion which is due to sodium sulphate. 
This was the reason for proposing the requirement of having the 
sodium-vanadium ratio three-tenths or less. Since such a re- 
quirement was difficult to attain in some oils—particularly when 
salt-water contamination occurred, additives were sought to in- 
hibit sodium-sulphate corrosion when the sodium content of the 
oil was high. The addition of chromic acid to a high-calcium 
fuel was tried on a plant scale, and although satisfactory from a 
corrosion standpoint, the treatment was not useful for this fuel 
and was discontinued because it produced extremely hard and 
rapidly accumulating deposit. 

In order to obtain the noncorrosive benefits of a low-sodium 
fuel, the possibility of reducing the sodium content at the point 
of use by washing or other desalting means had been considered 
since the summer of 1951, and help from separator manufacturers 
was sought from time to time. After the plant-scale tests showed 
that sodium and chromium together caused bad deposit, and after 
the tests of Bowden, Draper, and Rowling* showed that sodium 
added to gas oil also caused bad deposit, it was decided to learn 
how to reduce the sodium content of the oil by a substantial 
amount at the point of use. With the co-operation of the Cen- 
tral Vermont Public Service Corporation and the De Laval Sepa- 
rator Company this has been done on a plant scale, and a 
method of removing the salt and reducing both the sodium and 
the calcium content of the oil has been found. 


*“The Problem of Fuel-Oil Ash Deposition in Open-Cycle Gas 
Turbines,” by A. T. Bowden, P. Draper, and H. Rowling, Proceed- 
ings of The Institution of Mechanical Engineers, London, England, 
vol. 167, 1953, pp. 291-300. 
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This paper describes the method now in use at the Rutland 
plant of the Central Vermont Public Service Corporation for re- 
moving most of the sodium and part of the calcium. It gives 
some of the modifications in the fuel obtained with the washing 
equipment, as well as the results of operating the turbine on oils 
washed by several means and having several different ash com- 
positions. A specification is proposed to define a gas-turbine 
fuel which would have the beneficial features found by the tur- 
bine tests. Some pertinent data obtained on a small-burner rig‘ 
are presented and the proposed specification is discussed in the 
light of these data. 


DESALTING SYSTEM 


The scheme used for sodium removal consists of mixing the oil 
intimately with water or a water solution of a suitable salt and 
then centrifuging the mixture. The heart of the washing system 
is a continuously self-cleaning concentrator type of centrifuge 
which is shown in cross section in Fig. 1. It discharges clean oil 
at the top of the bowl while a sludge of wash solution, oil, and 
suspended solids flows out through a number of small nozzles 
at the periphery of the bowl. Because the solids are carried out 
through these nozzles by sufficient liquid, the bow! is essentially 
self-cleaning and can be run for many hours, if not indefinitely, 
without shutting down. 

A diagram of the system in which the centrifuge is used is 
shown in Fig. 2. Raw oil is heated, mixed with an emulsion 
breaker to improve separation in the sludge tank and centrifuge, 
mixed with wash solution, passed through the centrifuges in series, 
and stored in a clean-oil tank. Sludge from both machines goes 
to a settling tank from which the upper layer is continuously 
pumped back to the recycle inlet at the bottom of the first centri- 
fuge. In this way the oil-rich part of the sludge is recirculated 
until all the oil is finally separated from the water and solids and 
discharged with the clean oil. The solids collect in the bottom 
of the settling tank and the water is drained away. In the 
process the wash solution picks up most of the sodium in the oil, 
and with a suitable wash solution, such as magnesium sulphate, 
a substantial fraction of the calcium can be removed also. It 
is necessary to have a density difference in order of 2 to 6 per cent 
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between the oil and the wash solution at the centrifuging tem- 
perature, depending on the viscosity of the oil and the degree of 
sodium reduction required. Since some bunker C oils are about 
as dense as water, the requirement in such cases is fulfilled by 
using a wash solution of some salt to provide the necessary 
density difference, and magnesium sulphate has been found to be 
very satisfactory for this purpose. 


Resutts oF WaAsHING TEstTs 

Including the oil washed for the turbine tests, some 200 wash- 
ing tests were made. Table 1 shows a group of tests selected 
from these in order to show typical results over the range of 
variables covered. The oil viscosity varied from 12 to 28 centi- 
stokes at 210 F and the oil specific gravity varied from 0.973 to 
1.018 at 60 F. The flow rates varied from 500 to 2100 gph, and 
solutions of calcium nitrate, aluminum sulphate, and magnesium 
sulphate as well as water were used for washing. In general, dur- 
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TABLE 1 TYPICAL REDUCTION IN SODIUM AND CALCIUM OBTAINED BY WASHING SEVERAL 
RESIDUAL OILS 


on WASH SOLUTION METALS PPM METALS—% 
Remaining 

Test isccsity CS|Sp. Gr.| Flow | Type [% Sol. [Sp. Gr.| Before Wash | After Wash RV* 
No Name F]210 F] 60 F |GPH| Sol. |in Oil} 60 F [Na Ca | Na | Ca] Na Ca | AyX 106 
41 679 | 23 | 0.984 | |11/4 | 1.0 86 225 | 8 |139 9.3 | 62] 0.48 
41 679 | 23 | 0.984 | 600] H90 |21/2 | 1.0 86 225 | 7 | 92 8.1 | 0.48 
41 os 679 | 23 | 0.984 | 600] HO |5 1.0 86 225 | 6 | 83 7.0 | 37] 0.48 
41 o.s 679 | 23 | 0.984 | 750| H9O |11/4 | 1.0 86 225 |} 10 |112 | 11.6 | 50] 0.61 
41 679 | 23 | 0.984 | 750] 1.0 86 225 |} 10 | 90 | 11.6 | 40} 0.61 
41 o.s 679 | 23 | 0.984 | 750] Hoo |5 1.0 86 225 | 7 | 66 8.1 | 38] 0.61 
42 Os 679 | 23 | 0.984 | 600] None |0 ne 86 225 | 20 |110 | 23.2 | 49]... 
42 679 | 23 | 0.984 | 750] None |0 86 225 | 21 24.4 49)... 
47 N.S. 1170 | 28 | 1.001 | 720 | CaNOg| 21/2 | 1.155 | 106 109 | 13.3}172 | 13 |158]| 0.12 
48 N.S. 1170 | 28 | 1.001 | 720 | CaNO3}/21/2 | 1.155 | 102 115 | 19,.2/212 | 19 | 184] 0.12 
50 | 0.S+10% #2 oil| 270 | 15.7 | 0.974 | 600| |5 1.0 78.4 | 197 | 3.2] 60.2] 4 31 | 0.26 
55 | N.S+10% #2 oil] 435 | 20 | 0.994 | 780| HO [5 1.0 192 | 10.3] 81.6] 11 42 | 0.82 
58 | O.S+10% #2 oil] 270 | 15.7 | 0.974 | 780] H90 |5 1.0 14 206 | 4 | 76 5.4 | 37] 0.33 
71 | N.S+15% #2 oil] 279 | 16 | 0.990 | 600 A804 10 1.02 6.2 | 77] 2.2] 1.5] 35 2| 0.23 
89 D1 354 | 17.1 | 0.973 | 1080 | Hoo |10 1.0 32 3] 2.7] 25] 8 85 | 0.5 
118 o.s 679 | 23 | 0.984 | 1320 |MgSO, | 6 1.03 68 220 | 7 | 41 10 19 | 0.52 
123 os 679 | 23 | 0.984 | 1320 |MgsSO, |7 1.025 | 68 183 | 6.6| 37.1] 10 20 | 0.57 
130 D1 354 | 17.1 | 0.973 | 1500 | H,O |5 1.0 24.5 5 | 2.5] 3.8] 10 76 | 0.69 
165 D2 328 | 11.5 | 0.990 | 1500| Hoo |5 1.0 17 <2 2 | 10 40 | 0.77 
176 N.S 1170 | 26 | 1.001 | 1320 mS, 5 1.05 16 143 | 7 | 25 9 17 | 0.60 
225 D3 231 | 11.5 | 0.990 | 1440 |MgSO, |5 1.02 25 4] 4 3 | 16 75 | 0.41 
226 D3 231 | 11.5 | 0.990 | 1680 |MgSOq | 4 1.025 | 27 5| 4 3 | 15 60 | 0.42 
235 S.C 680 | 24 | 1.018 | 2100 |Mgso, | 4 1.035 | 18 13 | 4 7 | 22 50 | 1.71 
235 S.C 680 | 24 | 1.018 | 2100 |MgSOq |2 1/2 | 1.04 18 12 | 8 | 10 | 44 80 | 1.71 


*R = rate of oil flow, oe 
V = viscosity at 210 F, centistokes. 


Ay = difference in specific gravity between oil and wash solution at 190 F. 


ing both the tests and the periods of oil washing for turbine use, 
the system was operated so as to produce washed oil having a 
water content of no more than 0.2 to 0.5 per cent, depending on 
the sodium reduction required. 

The tests have shown that for a fairly representative group 
of residuals, a reduction in sodium content of 10 to 1 or more 
can be obtained when the system is operated to give a relatively 
low water content in the washed oil. 

Further, the tests indicate a relationship, expressed in the 
following formula, which might be used to establish an initial 
adjustment in the variables in order to start a washing test on a 


particular oil 
0.8 VR 
) (= x =) 


= fraction of original sodium remaining 

= per cent of wash solution 

= viscosity of oil at 210 F in centistokes 

rate of oil flow, gph 

difference in specific gravity between oil and wash solu- 
tion at centrifuging temperature 


cb 


However, the final adjustment will have to be made by the re- 
sults obtained in the washed oil for the particular case. 


TuRBINE TESTS 


Procedure. After it was discovered how to reduce the sodium 
in the oil to 10 ppm or below by the scheme described in the 
foregoing, a number of turbine tests were run to assess the results 
of modifying the fuel. An ash was sought which would be non- 
corrosive and at the same time have a tolerably low rate of depo- 
sition and, if possible, be water-soluble also. The tests con- 
sisted of operating the turbine on oil washed in a given manner 
and observing the increase in bowl pressure. At the end of the 
test the combustion chambers were removed and photographs 
were taken of the ash deposit on the first-stage nozzle. The 
nozzle was then cleaned in preparation for the next test by using 
a jet of hot water and steam from a small portable steam boiler. 


This, together with some scraping with a set of screw drivers 
shaped for the purpose, produced a reasonably clean first-stage 
nozzle. Oil was washed and stored in clean tank cars until an 
ash analysis was made, after which the test was started. 

The turbine units in this plant are two-turbine, two-com- 
pressor, intercooled and regenerative, having a 9 to 1 pressure 
ratio and being fired to 1500 F inlet or bowl temperature. They 
have been described by Howard and Walker.* 

At intervals of about 3 hr throughout the test, readings were 
taken from which a nozzle-area index number was calculated. 
This is a number which is proportional to the first-stage nozzle 
effective flow area. The basic observations which determine it 
are the air flow and the turbine bowl pressure. However, a 
number of auxiliary readings are required to correct these two to 
constant conditions. The flow was obtained by observing the 
low-pressure compressor speed and the ambient conditions, and 
the inlet guide-vane setting at the compressor inlet. From these, 
and from a flow-speed curve which had previously been estab- 
lished on factory test by means of a flow nozzle, the flow through 
the unit was determined. The nozzle-area index number was 
plotted against time, and in the early tests, after about 60 hr of 
operation, the test was concluded. This is a rather short time 
for such a test but was sufficient to establish trends and was 
used in order to proceed rapidly. As the ash conditions were 
improved, longer time tests were run, and one test on unit No. 
2, still in progress (October, 1954) has been run for a period of 
about 2500 hr. 


Errect or Repuction or Soptum AND CaLcruM IN 


Twelve such tests were run, eleven on unit No. 1 and one on 
unit No. 2. Typical nozzle-area index numbers for the short- 
time tests are shown in Figs. 3, 4, and 5, and for a longer time test 
in Fig. 9. The first-stage nozzle appearance at the end of three 
typical tests is shown in Figs. 6, 7, and 8. 

The first three tests were made with an oil relatively high in 
calcium content, but with a sodium content of approximately 
8 ppm. Test 1-2, Fig. 3, is typical of these. No tests com- 


s“*4 5000-Kw Gas Turbine for Power Generation,’ by Alan How- 
ard and C. J. Walker, ASME Paper No. 48—A-83. 
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Fie. 8 Frrst-Srace Nozzie Arrer 63 Hr Operation on Low- 
Sopium, Low-Catctum Fuge.. Test 1-8, Ca = 10 Ppm 


parable to these were made when the sodium content of the oil 
was high and before modification of the fuel by washing. How- 
ever, it is known from operating experience on these units with 
the same kind of oil, but with sodium in the neighborhood of 100 
ppm, that the nozzle-area index fell off 30 per cent or more in 
60 hr. Thus the reduction in sodium content of the fuel resulted 
in a marked reduction in deposition rate. 

At the end of each test, samples of the deposit were removed 
from the first-stage nozzle by means of a vacuum cleaner having 
hollow, chisel-shaped tools for scraping the deposit from the par- 
titions with a small cotton sample bag in the hose to catch the 
deposit. These samples were analyzed for metallic constituents, 
with the results as given in Table 2. In the early tests on high- 
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calcium oil, such as Test 1-2, approximately two thirds of the 
deposit appeared to be calcium sulphate; the oil ash also appeared 
to be two thirds calcium sulphate. For this reason, efforts were 
made to reduce the calcium content of the oil to determine if 
this would not reduce the rate of deposition. In order to keep 
the oil inhibited against vanadium corrosion, magnesium was 
substituted for the calcium removed. This was done, first, by 
water-washing oil that had previously been washed with calcium 
nitrate as in Test 1-5, and later by washing with an aluminum- 
sulphate solution as in Test 1-8. In addition, an entirely dif- 
ferent oil, naturally low in calcium, was tried as in Tests 1-10 
and 2-1. As already indicated in Figs. 3, 4, 5, and 9, each re- 
duction of the calcium in the fuel resulted in a lower rate of de- 
crease in the nozzle-area index number. 

The change in nozzle-area index number due to the deposit on 
all of the eleven tests on unit No. 1 and the first test on unit No. 2 
can be represented by the following formula 


KCq8 


where 
a = reduction in effective flow area divided by clean-nozzle 
area 
K = product of two factors: (a) A function of nozzle geometry 
and (b) a ratio of average thickness of deposit in nozzle 
throat to average thickness of deposit over entire noz- 
zle surface. XK in this case is taken to be 
86.0 X in.-* 
C = ratio of ash which deposits on nozzle to ash which flows 
to nozzle 
q = rate of fuel flow 
8 = ash as a fraction of fuel weight 
y = weight of ash deposit per unit volume (assumed to be 
one-half specific weight of material deposited to ac- 
count for porosity) 
k, = ratio of rate at which deposit sheds off nozzle to weight 
of deposit on nozzle (k, = 0,005 hr~') 
t = time from beginning of test 
Such an expression for the change in nozzle area results if it is 
assumed that the deposit is continually laid on at a rate measured 
by the factor C, which is a function of the stickiness of the ash, 
and is continually shed at a rate equal to the product of k, and 
the weight of ash deposited on the nozzle. Tests 1-2, 1-5, 1-8, 
and 2-1 (Figs. 3, 4, 5, and 9) are typical of the way the formula 
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TABLE 2 METALS MEASURED IN OIL ASH AND IN TURBINE DEPOSIT EXPRESSED AS ASSUMED COMPOUNDS 


(Cu, Zn, Sn, Ti, Ag, also measured, aggregate less than 8 ppm) 
Oil 


Test parameters 


Oil—O.8, 

Wash—Ca(NOs): 
Additive—none............ 
Firing temp—1400 F. 

Hours on bunker C—60 


Total ash calculated 
Total ash measured 


Oil—O.8. 
Wash—Ca(NOs): 
Additive—none 

Firing temp—1486 F 
Hours on bunker C—57 


Total ash calculated 
Total ash measured 


Ww NOs): 
Additive—none.... 
Firing temp—1! 

Hours on bunker C—45 


Total ash calculated 
Total ash measu 


.—washed with Ca- 
( 

Wash—H:0 + 10% No. men 
Additive—Mg(NOh):.. 

Firing temp—1412 F. 

Hours on bunker C—23 


Total ash calculated 
Tota) ash measured 


Oil—O.8. & O.S. washed with 
Ca (NOs): 

Wash—H:0 + 10% No. 2 Oil 

Additive—Mg(NOs)s 

Firing temp— 1530 F 

Hours on bunker C—67 


Total ash calculated 
Total ash measured 


ash—H.20 
Additive—Als(80.)s + Mg- 
(NOs) 


Firing temp—1524 F 
Hours on bunker C—27 


Total ash calculated 
Total ash measured 


Oil—O.58. & N.S. 


Firing temp—1505 F 
Hours on bunker C—63 


Total ash calculated 
Total ash measured 


Additive—Mg(NOs)s 
Firing temp—1515 F 
Hours on bunker C—79 
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Test Test parameters 


Total ash calculated 
Total ash measured 


1-10 Oil—D-1 
Wesh— 
Additive— —Mg(NOs)s.. 
Firing temp—1507 F 
Hours on bunker C—96 


: 
Zs 
Oe 


Total ash calculated 
Total ash measu 


Wash—MgSO, 
Additive—Mag(NOs): 

Firing temp—1495 F 

Hours on bunker C—328 


Car oucnwu 


uo 


Total ash calculated 
Total ash measured 


Oil—D-2 and D-3 
Wash—H:0 and MgSO, 
Additive —MgSO, 

Firing temp—1473 F 

Hours on bunker C—1249.... 


RS 


Total ash calculated 
Total ash measured 


to > S100 m 


fits the observed data. The factor C from this formula is plotted 
as a function of the calcium content of the fuel in Fig. 10. The 
rate of ash deposition as represented by the factor C is shown to 
be a marked function of the calcium content of the oil and rela- 
tively independent of the other constituents, particularly mag- 
nesium, which ranges from 10 to 130 ppm. 

Most of the metallic constituents in the oil and in the nozzle 
deposit were found by analysis, and from these the sulphates and 
oxides shown in Table 2 were computed. The results scatter 
somewhat, but they show that the sodium, calcium, and magne- 
sium metals appear in the deposit on the nozzle in about the same 
proportion as they are found in the oil ash. The fraction of 
vanadium pentoxide in the deposit, however, is only about 40 
per cent of the fraction found in the oil ash. 


SpEcIFICATIONS FOR Gas-TURBINE FUEL 


As Fig. 10 shows, magnesium did not cause deposit, or at least 
did so to a lesser degree than calcium. Fortunately, it also hap- 
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pens that, in the temperature range below about 1650 F, mag- 
nesium is a better inhibitor for vanadium corrosion than calcium. 
This is shown in Fig. 11 in which the weight loss of a 25-Cr, 20- 
Ni specimen tested in a small-burner rig‘ is plotted against tem- 
perature with a fuel having approximately 350 ppm of vanadium. 
The three bottom curves give the results for the same oil with 
calcium and magnesium additives used separately and in com- 
bination. It can be seen that, at approximately 1650 F, the cal- 
cium and the magnesium additives are equivalent, but that at 
1500 F and below, the magnesium is considerably better. 

The lack of protection in the low-temperature region when 
calcium is used, as shown by the small-burner tests, is borne out 
also by observation of buckets in service on the locomotives. 
When the oil was inhibited with calcium, the buckets, which 
are at a lower temperature than the first-stage nozzles, were 
observed to corrode faster. 

In order to define a gas-turbine fuel which would have the bene- 
ficial features of no oil-ash corrosion and a low rate of deposition, 
the foregoing experience was incorporated into a proposed fuel 
specification in October, 1953. The paragraph concerning the 
character of the ash is extracted from the specification and given 
in Table 3. Basically, the specification limits the sodium and 
calcium content of the fuel to 10 ppm or less in order to reduce 
the deposition rate to acceptable values. It substitutes magne- 
sium as an inhibitor against vanadium-pentoxide corrosion for 
the calcium formerly used. 

The specification is written to include both modified residual 
fuels and distillate fuels. The distillate fuels contemplated are, 
in general, also low-ash fuels with the ash quantities ranging from 
values possibly as low as 3 ppm to values as high as 100 ppm. 
It is expected that the important considerations to prevent cor- 
rosion with distillate fuels, as with any other fuel, will be the 
ratios of the ash constituents as limited in the specification, even 
when the total quantities of these metallic materials are very low. 
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* TABLE 3 CHARACTER OF ASH* 


_ (a) The ratio of the weight of sodium in the ash to the weight of vanadium 
in the ash should not be greater than 0.3. _If this ratio is not satisfied by the 
original oil, it can be obtained by removing sodium by means of washing, 
centrifuging, filtering, electrostatic precipitating, or by any other desalting 
means. 

(b) The sodium conteat of the oil should not exceed 10 ppm, and a value 
of 5 or less is preferred. When the sodium content is 5 ppm or less, the 
foregoing weight ratio of sodium to vanadium need not be maintained. 


(c) The ratio of the weight of magnesium to the weight of vanadium in 
the ash should not be less than 3.0. Oil-soluble materials can be added to the 
fuel to obtain this ratio, in case it does not satisfy the condition naturally. 
In cases where the oil is modified at the point of use, water solutions of 
suitable magnesium salts, such as magnesium nitrate or magnesium sulphate, 
may also be added to obtain the desired ratio, but they must be thoroughly 
mixed with the fuel to obtain a fine and uniform dispersion, and the oil must 
be burned sufficiently soon after treatment to avoid partial separation, or 
settling out, of the water solution. 


When the vanadium content is 2 ppm or less, the foregoing weight ratio of 
ium to v dium need not be maintained. ay . 


* Copied from fuel specification dated Oct. 21, 1953. 


Fig. 12 shows evidence supporting this expectation. It shows 
the effect of varying vanadium concentration on the corrosion 
rate as measured by the small-burner tests for four residual oils. 
A rapid increase in corrosion rate occurs as the vanadium content 
increases, and any amount of vanadium, uninhibited, will cause a 
corrosion rate higher than when the vanadium is inhibited in the 
proper ratio by means of, say, magnesium. Thus it is believed 
that the best results will be obtained when the ash constituents 
have the ratios specified for all quantities of total ash, regardless 
of how small. Many distillate-type fuels will contain 2 ppm of 
vanadium or less. Since the rate of corrosion at these concentra- 
tions, when uninhibited, is low, the requirement of maintaining 
the proper magnesium-vanadium ratio is removed for this con- 
centration of vanadium and below. 

Data showing the way in which the corrosion rates increase 
with increasing sodium content in low-concentration ranges are 
being obtained. Also, corrosion by sodium sulphate is influenced 
strongly by the presence or absence of carbon as well, perhaps, 
as by the presence of chlorides. Thus there is as yet no very 
accurate way of specifying a value of sodium below which safety 
will be assured without the protection afforded by a suitable 
sodium-vanadium ratio. However, in some cases at least, little 
or no corrosion has occurred with 5 ppm of sodium when the 
sodium-to-vanadium ratio was not maintained; consequently, 
until further evidence is at hand, this concentration is chosen as 
the value at and below which the sodium-vanadium ratio need 
not be maintained. In borderline cases, where this discontinuity 
in the specification would be unreasonably discriminating, it may 
be possible to rate the oils in question by the small-burner tests. 

Since October, 1953, additional evidence from the small-burner 
tests has shown that it may be desirable to add a clause to the 
specification limiting the lead content of the fuel. Lead in suffi- 
cient quantities appears to spoil, partially, the beneficial effect of 
magnesium, or even to corrode by itself. This is shown in Figs. 
13 and 14 where the effect of lead additions to two magnesium- 
inhibited fuels is given, one of high and one of low-ash content. 
The high-ash oil seems to be able to tolerate a larger quantity of 
lead than the low-ash oil. The effect of lead is not sufficiently 
well explored to warrant changing the proposed specification now. 
However, such exploration is in progress and enough evidence is 
at hand to indicate that some modification may be required and, 
until the requirement is better defined, it is suggested that the 
lead content of the gas-turbine fuel be limited to approximately 
5 ppm. 

The limit of 10 ppm of calcium might also be increased to 20, 
together with a statement that, although a tolerable rate of dep- 
osition will result with 20 ppm, the deposit is about proportional 
to the calcium content and, therefore, the lower this value the 
better the fuel. 


TRANSACTIONS OF THE ASME 


NOVEMBER, 1955 


SMALL BURNER CORROSION TEST 
EFFECT OF VANADIUM CONCENTRATION IN FUEL OIL 
25-20 (AISI TYPE 310) SPECIMENS I600*°F 100 HOURS 


SPECIMEN WEIGHT LOSS - MILLIGRAMS 


“350 


Fie. 12 Corrosion Ostatnep Havine Re.ativety Low-Sopium Conrents, 
Suow1ne Errect or VANADIUM CONCENTRATION FoR TREATED AND UNTREATED One Hicu-Sopium 


Ow Is SHown Tocetruer Wirth Same O1 Arrer Repuctnc Sopium spy WasHINa. 


Tests Mape on 25-Cr, 


20-Nr Specimens ror 100 Hr at 1600 F 1n Smatt Burner Rica 


Drop tn Erricrency BETWEEN CLEANINGS WITH SPECIFICATION 
FuEL 


In the fall of 1953, when unit No. 2 was opened up for a bearing 
modification, it was put in a substantially new condition. The 
buckets had no corrosion, and any nozzles, which were not new 
and uncorroded when cleaned, were replaced. When the unit 
was again put into service a test (2-1) was started, using oil 
washed to obtain low sodium and calcium contents and using 
magnesium-sulphate solution as an inhibitor. The test, which 
is still in progress, has now (October, 1954) accumulated a total 
time of 2500 hr. At intervals during the first 475 hr of the run, 
six heat-rate tests were “made in order to establish the change 
in efficiency which occurred due to the ash deposit. The turbine 
efficiency, shown in Fig. 15, was found to drop approximately 
1.9 per cent during this period, and it is estimated that the 
steady-state change will be about 2.1 per cent. A drop of 2.1 
per cent in turbine efficiency corresponds to 5.7 per cent decrease 
in thermal efficiency and 7 per cent in output. 

In addition to a change in turbine efficiency, it was noted that 
the regenerator effectiveness decreased approximately 4.4 points 
in the same period, and it is estimated that the ultimate change 
will be 5 points. The curve of regenerator effectiveness against 
time is shown in Fig. 16. A decrease in regenerator effectiveness 


of 5 points causes 2 per cent decrease in thermal efficiency. 

The regenerator on unit No. 2 has never been cleaned or in- 
spected. However, the regenerator on unit No. 1 was cleaned 
after bunker C operation, at which time the ash deposit in the 
regenerator was found to be confined to a distance of about 30 
in. along the inlet of the tube bundle. This would seem 
to indicate that the deposit does not adhere at temperatures 
somewhat under that of the turbine exhaust. The deposit is 
also relatively easy to clean from this location. 


CoNCLUSIONS 


Efforts by the authors’ company to develop a completely suc- 
cessful residual-fuel-burning gas turbine by means of factory tests 
and experience in the field are continuing. In the early stages of 
this experience there was doubt in some minds that a cheap and 
practical scheme to inhibit ash corrosion or deposit, or both, 
could be found. It seems to the authors, however, that at least 
one such means is now at hand. Certain of the equipment and 
techniques described here are in daily use at the Rutland plant, 
and observations made thus far show the corrosion and deposit 
conditions to be good. The total cost of the fuel treatment, in- 
cluding the heat, most of which is required in any case, is approxi- 
mately 14 cents per bbl, and an excellently cleaned oil is obtained 
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for which no credit has been taken in this treatment cost. 

Efforts by others also appear to have produced practical results 
along somewhat different lines. Dr. Peter T. Sulzer of Sulzer 
Brothers, Winterthur, Switzerland,* reports successful use of re- 
sidual fuel in their gas turbine installed at Weinfelden where 
“Kaolin with metallic additives” was used. Details of the dis- 
persion and emulsifying means used and the nature of the metal 
in the kaolin are not given, so that the method cannot be com- 
pared in detail with the scheme reported in this paper. How- 
ever, costs of treatment of approximately 12 cents per bb! are 
given, and it is the authors’ opinion that this is probably another 
practical scheme for using residual oil in a gas turbine. 

In addition, there is the scheme probably first suggested by 
Bowden, Draper, and Rowling* of controlling deposit by pro- 


¢ “The Influence of Control of Combustion on Oil-Ash Deposition 
Occurring in Industrial Gas Turbines,” by P. T. Sulzer, Schweizer 
Archiv fiir angewandte Wissenschaft und Technik, vol. 20, 1954, pp. 
33-41. 
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ducing a small amount of incomplete combustion. This scheme 
has been studied by Dr. Sulzer* and others, but it has not been 
used intentionally in a gas-turbine plant. It might, perhaps, 
be further developed to a point where it would be practical either 
by itself or as a supplementary measure. It seems to the au- 
thors, therefore, that there are now available at least two schemes 
of burning residual fuel in long-life gas turbines in a commer- 
cially acceptable manner and that, as development proceeds, 
more schemes may be available. It is possible, also, that with 
further development the cost of treatment might be reduced 
to 3 to 5 cents per bbl where it would be of interest to large utility 
users of fuel. Furthermore, when, as, and if residual oil disap- 
pears, the lessons learned in burning it can be more or less di- 
rectly applied to the burning of the coke, pitch, or whatever 
other petroleum product appears in its place, because the » Penne 
will contain the same ash constituents. 
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Discussion 


P. T. Suuzer.? Just as in the case of the investigations made 
by Bruce O. Buckland and Donald G. Sanders, we also have 
found, in many test rigs and in practical tests on the semiclosed 
20,000-kw gas-turbine plant of the NOK at Weinfelden, that 
the presence of sodium compounds in residual fuels favors the 
formation of oil-ash deposits. 

Our tests were carried out with heavy oils, containing normally 
about 500 ppm ash, 200 ppm V,0;, and 100 to 200 ppm Na,0. 
Former test runs in the Weinfelden plant showed that the 
adoption of such a fuel leads to serious trouble because of the 
formation of deposits. The residual oil, as an experiment, was 
then treated in a manner analogous to that which has long been 
customary in diesel-engine plants working with heavy oils (wash- 
ing with steam and centrifuging). The Na,O content of the fuel 
could be reduced to about 10 ppm. A subsequent trial run with 
the plant for about 100 hr showed a greatly reduced formation 
of deposits, but considerably more corrosion. The mean tem- 
perature at the turbine inlet was 650 C. 

A more accurate investigation gave the following results: Be- 
cause of the deposits formed when burning the nontreated fuel 
(deposits consisting for the most part of Na,SO,, Fe,O;, and V:0;), 
the blade material is protected to a certain extent; the diffusion 
flow of oxygen to the metal is checked by the layers. After the 
sodium compounds had been washed out, the remaining V,0,; 
together with the remainder of the ash components (mainly iron 
and traces of calcium and silicon) formed only badly adhering 
deposits, which continually fell off.8 This phenomenon appears 
to us to explain the considerably stronger corrosive properties 
of a fuel with high vanadium content and few sodium components. 

Removal of the sodium components from a fuel with high 


7 Sulzer Brothers, Ltd., Winterthur, Switzerland. 

* These tests are fully described in a paper by J. G. Bowen, London. 
England, and P. T. Sulzer, Winterthur, Switzerland, read in 1955 
at a Gas-Turbine Meeting of the ASME. 
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vanadium content is desirable in cases where additives are intro- 
duced into the fuel during the washing process or after it. Ac- 
cording to our tests, however, the addition of magnesium com- 
pounds caused heavy deposits, especially at high pressures (20 
atm abs). Possibly this phenomenon has some connection with 
the simultaneous presence of sodium compounds. Further, the 
greater formation of SO; at a high pressure should favor the for- 
mation of MgSO, deposits. Systematic tests are being carried 
out regarding the formation of MgSO, deposits in dependence on 
pressure, temperature, and Mg content of the fuel. 

According to our experience, it might be of interest to add bar- 
ium compounds to the fuel Barium additives are also cheap and 
act similarly to magnesium, but form only minor deposits even 
at a high pressure. 

As we have stated already, the admixing of kaolin to the fuel 
in fairly large amounts (5 to 10 times the amount of ash) gave the 
most favorable results. The introduction of traces of metallic 
dusts, for instance, aluminum powder (about 1 to 2 per cent of 
the amount of kaolin) reduced the formation of deposits in the 
combustion chamber and in the tubes of the air heater, which 
is situated between the combustion chamber and the high-pressure 
turbine. The gas temperature when entering the turbine is about 
1050 C. 

It may be assumed that the necessary amount of additive 
(kaolin) could be considerably reduced when using a fuel from 
which the sodium previously has been removed. 


Autrsors’ CLOSURE 


The authors are pleased to know that Mr. Sulzer, in his plant 
tests, also finds that washing the sodium out of the fuel reduces 
the deposit. We are particularly interested to hear that this 
sodium reduction in his case also increases the corrosion because 
we can predict this to happen from our crucible and small-burner 
tests. His fuel, unwashed, has a sodium to vanadium ratio of 
about 1.0 and when it is washed, this ratio is about 0.07. From 
Fig. 25 of the paper describing the crucible tests,‘ it can be es- 
timated that the corrosion might be expected to increase by a 
factor of 3 or 4 to 1 when going from a sodium to vanadium ratio 
of 1.0 to 0.07 at 1300 F. This, of course, is for an ash composed 
entirely of sodium sulphate and vanadium pentoxide and for a 
25 Cr-20 Ni steel exposed for only 20 hr. 

From Fig. 12 of the present paper the same result might be 
predicted. This figure shows the small-burner-test results for 
100 hr and at 1600 F on 25 Cr-20 Ni specimens. An oil having 
159 ppm of vanadium and 243 ppm of sodium was tested both 
unwashed and washed. Unwashed, the sodium-vanadium ratio 
was 1.63 and, washed, it was 0.04. This change produced a 
twelvefold increase in corrosion. 

Mr. Sulzer’s explanation that the layers of sodium sulphate 
reduce the corrosion by preventing the diffusion of oxygen to the 
steel seems to us not to be borne out by our tests. In the crucible 
the specimen is entirely surrounded by the synthetic ash and the 
portion thus surrounded corrodes. Furthermore, even when the 
oxygen is thus excluded, a substantial increase in corrosion occurs 
on reducing the sodium as described. In any case, the reduction 
in corrosion due to the vanadium pentoxide produced by having a 
high ratio of sodium to vanadium is not sufficient to be useful for 
gas turbines, especially when the metal temperatures are 1300 F 
or more. Additives to prevent the vanadium type of corrosion 
are sufficient, however, as shown by both Mr. Sulzer and ourselves. 

In this case, though, it is desirable even from a corrosion stand- 
point alone, and if the deposit features are ignored, to have a low 
ratio of sodium to vanadium. It is not given in the paper, but 
evidence is at hand which shows that, when the vanadium is 
inhibited by additives such as, say, magnesium, a sodium-sul- 
phate type of attack can occur if the sodium to vanadium ratio is 
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too high. Our small-burner tests show that with ratios of sodium 
to vanadium of '/, or more, a 25 Cr-20 Ni specimen shows sub- 
stantial sulphide attack in 600 hr with temperatures as low as 
1400 F. 

Barium compounds, as Mr. Sulzer suggests, have shown good 
ability to inhibit vanadium-pentoxide attack in our crucible 
tests. In the single small-burner test we ran they did not show 
as much promise as magnesium. Perhaps, this one test is not too 
conclusive and we should do further work with this additive. 

As Mr. Sulzer has found, we, too, have found that aluminum 
and silicon are excellent in preventing deposit. In addition, in 
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a small burner test with aluminum and silicon added in large 
quantities as oil-soluble compounds, a substantial reduction in 
corrosion of a relatively high vanadium oil was observed. We 
have not yet developed a means of introducing these materials 
in their solid and inexpensive form, however, in a manner that 
results in an acceptable maintenance of the fuel pumps, fuel 
nozzles, and other fuel-handling equipment. 

This failure caused us to abandon the plant-scale tests which 
were started using an aluminum-oxide additive and to turn to the 
use of a water-soluble material which could be emulsified easily 
with the fuel. 
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Experimental Determination of the Thermal- 
Entrance Length for the Flow of Water 
and of Oil in Circular Pipes 


By J. P. HARTNETT,' MINNEAPOLIS, MINN. 


Thermal entrance-length results are presented for the 
flow of two different fluids, water and oil, in a */;-in. 4-ft- 
‘ong tube with a constant heat input per unit length. A 
hydrodynamic calming section of 97 tube diameters pre- 
ceded the test section. Pressure-drop measurements in 
the water tests indicate that the condition of fully estab- 
lished flow at the test-section entrance was closely approxi- 
mated, if not actually attained. Confidence in the entry- 
length heat-transfer results is indicated by the agreement 
of the asymptotic heat-transfer performance of both test 
fluids with the generally accepted correlation equations. 
The resulting thermal-entrance lengths were from 10 to 
15 tube diameters over the Reynolds modulus range of 
10‘ to 10° and agreed favorably with the analytical results 
of Deissler and Latzko. When compared at the same 
Reynolds modulus, the water and oil-entrance lengths 
were in excellent agreement over the range of Reynolds 
number common to both fluids (17,000 to 48,000), thereby 
indicating a negligible influence of the Prandt] modulus 
on the thermal-entrance length for Prandtl numbers above 
unity. In the transition region, experimental entry- 
length values are reported for the flow of oil. As the 
Reynolds number was increased from 2000 to 10,000, the 
thermal-entrance length steadily decreased from a large 
value representative of laminar flow down to a value of 
approximately 10 diameters. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
A = heat-transfer area, sq ft 
a = thermal diffusivity of fluid at ¢,, ft?/sec 
cy = Fanning friction factor 
cy = specific heat of fluid evaluated at ¢,, Btu/lb-deg F 
D = inside diameter of test section, ft 
h, = local heat-transfer coefficient, Btu/hr-sq ft-deg F 
h, = asymptotic heat-transfer coefficient, Btu/hr-sq ft- 


deg F 
k = thermal conductivity of fluid at ¢,, Btu/hr-sq ft-deg 
F/ft 
k, = thermal conductivity of stainless-steel tubing at 
Btu/hr-sq ft-deg F/ft 
L = heat-transfer length of test section, ft 
L, = thermal-entry length, ft 
L,/D = dimensionless thermal-entry length, tube diameters 
(L,/D)s% = dimensionless 5 per cent entry length, tube 


diameters 


1 Assistant Professor, Department of Mechanical Engineering, 
University of Minnesota. Assoc. Mem. ASME. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of THe AMERICAN oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
26, 1954. Paper No. 54—A-184. 


qd. = net electrical input, Btu/hr 
qy = heat gain indicated by flow rate and temperature 
rise of fluid, Btu/hr 
Q = heat generated per unit volume of tube, Btu/hr-cu 
ft 
r, = radius to outer surface of heat-transfer tube, ft 
r; = radius to inner surface of heat-transfer tube, ft 
t1 = temperature at entrance to calming section, deg F 
‘11 = temperature at exit of test section, deg F 
t,, = outside tube temperature at longitudinal position 
a, deg F 
t, = mean fluid temperature, arithmetic mean of inlet 
and exit temperatures, deg F 
tye = local mean fluid temperature at longitudinal posi- 
tion xz, deg F 
t, = test section inner wall temperature, deg F 


toe = test section inner wall temperature at longitudinal 
position z, deg F 

mean bulk velocity, fps 

weight rate of flow, lb/hr 

distance along test section, ft 

fluid viscosity evaluated at t,, lb/hr-ft 

fluid kinematic viscosity evaluated at t,, ft*/hr 

fluid weight density evaluated at t,, lb/ft* 


Dimensionless Ratios 
Nu = Nusselt number hD/k 


Re = Reynolds number uD/v 
Pr = Prandtl number c,u/k 


u 
Ww 
z 
v 
p 


INTRODUCTION 


A thermal-entry length is present whenever a fluid is heated or 
cooled as it flows through a conduit. At the position where heat- 
ing (or cooling) starts, the heat-transfer coefficient begins at a 
very high initial value and decreases in the direction of flow until, 
for the case of constant fluid properties, a constant value is 
reached. For the cases considered in this paper, the thermal-en- 
trance length is that distance, from the start of heating, necessary 
to attain the constant heat-transfer coefficient and is dependent 
on the character of the flow and the nature of the wall-tempera- 
ture variation. 

The two hydrodynamic conditions of major analytical interest 
in the study of thermal-entry length are (a) when the velocity dis- 
tribution is fully established at the entrance of the heated section, 
and (6) when the velocity distribution is uniform at the heated 
entrance, that is, a simultaneous initiation of the thermal and 
hydrodynamic boundary layers. The cases of constant heat rate 
and constant wall temperature are the most frequently imposed 
boundary conditions in the theoretical considerations. A specifi- 
cation of the thermal-entrance length for these hydrodynamic and 
wall-temperature conditions could be used as a guide for other 
conditions encountered in actual practice. 

For flow in circular ducts the constant wall-temperature case 
has received the major consideration with theoretical analysis 
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presented by references (1, 6, 8, 21, 28, 31, 35)? and experimental 
data reported by references (3, 14, 15, 23, 29, 37). The most ex- 
tensive investigation in the case of turbulent pipe flow is that of 
Boelter, Young, and Iversen (3) who report results for the flow of 
air with many different hydrodynamic entrance conditions. 

For the constant-heat-rate boundary condition few investiga- 
tions are reported. Theoretical consideration of this boundary 
condition is available in references (5, 19, 36), while an experimen- 
tal indication is obtainable from the results of (9, 12, 17, 18). 

Although the foregoing experimental and analytical investiga- 
tions are available, there exists no experimental study of the case 
of established turbulent flow at the entrance. The effect of 
Prandtl modulus, although indicated by theoretical considera- 
tions, has not been demonstrated experimentally. Consequently, 
this investigation was undertaken with the object of experi- 
mentally determining the thermal entrance for established turbu- 
lent flow in a circular pipe over a range of Reynoids and Prandtl 
numbers. : Since it is more readily obtained experimentally, the 
constant-heat-rate boundary condition was imposed. 


APPARATUS 


Separate flow systems were used for the water and oil heat- 
transfer tests with only the test heat exchanger and hydrodynamic 
entrance section being common to both systems. 

The flow circuit for the oil heat-transfer tests is shown in Fig. 1. 
The medium-heavy crystal oil (Freezene oil) flowed by gravity 
from a baffled head tank to the suction side of a gear pump which 
pumped the oil through the calming section and into the test sec- 
tion. From the test section the oil flowed through a cooler and 
finally into a weigh tank, which normally drained into the head 
tank. A gate valve on the weigh tank was closed whenever a 
flow-rate measurement was obtained. The flow rate was con- 
trolled by adjusting a valve on a by-pass line from the discharge of 
the pump to the head tank. 

Tap water was used for the water heat-transfer tests and was 
supplied directly from the city water lines. The water flowed 
through the calming and test sections and then into a weigh tank, 
which discharged into the city drain line. 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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The test section, shown in Fig. 2, was a 47'/,-in. length of type- 
304 stainless-steel tubing with 0.652-in. ID, 0.750-in. OD. The 
position of the test section was vertical with the fluid entrance at 
the bottom. At 20 positions along the tube, iron-constantan 
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thermocouples (No. 24 gage) were spot-welded on opposite sides 
of the tube, thereby allowing 40 determinations of the tube-wall 
external temperature. A '/,-in. pressure tap was drilled at the 
top of the test section, and a '/s-in. pipe stub was silver-soldered 
in position over the hole. Heating was accomplished by passing 
low-voltage high-amperage alternating current through the test 
section. 

The two electrical terminal connections at the extremes of the 
test section were 10-in-square '/s-in-thick copper plates. In the 
center of each plate a */,-in. hole was drilled, and the plate was 
placed in a press which produced a sharp edge around the periph- 
ery of the hole. As shown in Fig. 2, the sharp edge was heliarc- 
welded to the test section using a small welding bead, thereby 
yielding a well-defined entrance and exit for the current flow. 
Thermocouples were peened into small holes drilled in the tops of 
the terminal plates, with six thermocouples in the bottom plate 
and three in the top. 

The hydrodynamic calming section which preceded the test 
section was 63 in. in length and was constructed of the same-size 
tubing as was used in the test section. An intervening Teflon in- 
sert, carefully machined to insure continuity of the flow surface, 
electrically and thermally isolated the entrance and test sections. 

Pressure taps of '/,-in. diam were drilled at 12-in. intervals in 
this entrance section. The pressure drop from the last tap in the 
entrance section to the tap at the exit of the heat exchanger also 
was measured. 

The temperature at the inlet to the calming section was meas- 
ured in a thermocouple well positioned immediately after the 90- 
deg bend. Temperatures along the calming section were measured 
by six thermocouples spot-welded at 12-in. intervals along the 
length. The exit temperature was determined in a thermocouple 
well which was preceded by a mixing chamber. 

The test-section power as supplied by an 18-kva transformer 
was measured on a calibrated wattmeter used in conjunction with 
a current transformer. As shown in Fig. 1, the input power could 
be controlled by a variac located on the primary side of the trans- 
former. 


Test ProcepURE 


The thermal-entry-length experimental program consisted of 22 
water runs in which both heat-transfer and pressure-drop data 
were obtained, followed by 21 heat-transfer tests with oil. Check 
runs with water were then obtained to investigate the repro- 
ducibility of test results. 

A measure of the heat losses through the test-section insulation 
was obtained by passing current through the empty test section, 
the ends of which were plugged with rubber stoppers. The power 
input and test-section tube-wall temperatures were recorded. In 
this manner the losses were determined as a function of the wall- 
to-surroundings temperature difference. 

The operational procedure for the water tests involved the in- 
itiation of circulation followed by a check of all fluid and wall 
temperatures, which always agreed to '/; deg F. The test section 
was then energized, and the flow rate adjusted to the desired 
amount which could be quickly checked by weighing the discharge 
for a l-min period. Approximately 2 hr were then allowed for the 
attainment of steady state, which was confirmed by the con- 
stancy of observed temperature readings. Several sets of tem- 
peratures, flow rate, power, and pressure-drop readings were then 
recorded over a 1-hr period. 

The range of variables covered in the test program is given in 
Table 1. 


ANALysis oF Data 


The specification of the thermal-entrance length requires the 
knowledge of the local heat-transfer coefficients along the length 
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TABLE 1 RANGE OF VARIABLES COVERED IN TESTS 
Warer Heat-Transrer Tests 
Asymptotic heat-transfer coefficient, Btu/hr-sq ft-deg F . 700-3! 
Mean fluid temperature, de; 60-74 
Fluid temperature rise, deg 2-23 
Wall-to-fluid temperature ce <b 8-72 
Net electrical heat flux, ....... 27000-56000 
Ow Heat-TrRANsrer Tests 

Asymptotic heat-transfer F 70-870 
Mean fluid temperatures, de 108 260 
Fluid temperature rise, F 2-7 


Wall-to-fluid temperature difference, 
New electrical heat 20000-48000 


Reynolds modulus. . 1600-47000 
Asymptotic Nusselt modulus............. fest 50-726 
of the test section. The local heat-transfer coefficient h, is de- 
fined as 
/A 
bos 


The expression g,/A represents the local heat input per unit 
area. If this quantity were constant along the length, the re- 
sulting voltage distribution would be linear. Reference to Fig. 3 
reveals the linearity of the measured voltage except in the imme- 
diate vicinity of the entrance, thereby justifying the assumption 
that the local heat input per unit area is equal to the ratio of the 
total heat input to the total tube inside-surface area. Heat losses 
to the surroundings were measured and found to be approximately 
50 watts, which is less than '/; per cent and therefore, negligible. 

The local inner-wall temperature ¢,, is obtained from the 
measured outer-wall temperatures. The governing differential 
equation for a cylindrical tube being heated by passing current 
through it may be stated 


Boundary conditions di/dr = 0 at r = r, 


Since small increments of the tube are considered, the tempera- 
tures are assumed independent of the axial position, z. Test 
measurements indicate a circumferential temperature variation of 
approximately | to 2 deg F in the turbulent region, but this varia- 
tion is neglected in the differential equation, and the outer wall 
temperature is assumed to be constant at the average value. Since 
the temperature drop through the tube wall is small, the thermal 
conductivity k, is assumed independent of r and is evaluated at 
the local measured wall temperature. 

If it is assumed that the heat generated per unit volume is in- 
dependent of the radius, and further, that the mean fluid tempera- 
ture increases linearly along the tube a specification of the local 
heat-transfer coefficient is obtainable from the solution of Equa- 
tion [2] in conjunction with Equation [1] 


— 


q./A 


h, = — 


tie — (tr + 2/L(tn — — 


It is essential to demonstrate that the steep temperature curve 
at the inlet as shown in Fig. 3 is due primarily to a thermal-entry 
effect and not to conduction losses. The copper terminal plate 
at the entrance was, therefore, instrumented to function as an 
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effective heat meter. These heat-flow measurements showed a 
loss through the terminal plate of approximately 100 Btu/hr for 
the oil runs and a heat gain of 30 Btu/hr for the water runs. 
Since the heat generated within the tube was 850 Btu/hr per inch 
of the tube, this heat leak influenced at most only those measure- 
ments taken over the first tube diameter. Thus the only wall 
temperatures which possibly include an axial conduction effect are 
those at z/D values of 0.19 and 0.58. These conclusions also are 
substantiated by reference to the simple infinite rod solution (5). 

For each run the twenty local values of the heat-transfer co- 
efficient are plotted versus the dimensionless tube length z/D and 
a smooth curve is drawn through the results, as shown in Figs. 8 
to 12. The thermal-entrance length L,/D is defined as the posi- 
tion along the tube where this curve becomes parallel to the 
abscissa. The asymptotic heat-transfer coefficient h, is also 
selected from this curve as the value of the coefficient where the 
curve becomes parallel to the abscissa. The calculated co- 
efficients are divided by this value and yield the dimensionless co- 
efficient h,/h,, which is estimated to be accurate to +5 per cent. 

The specification of the thermal-entry length, as obtained in the 
manner indicated, is admittedly somewhat arbitrary since the 
position at which the heat-transfer coefficient levels off is not well 
defined. The values so obtained, however, are certainly indica- 
tive of the order of magnitude. A more well-defined intercept of 
the heat-transfer coefficient versus length curve is the position at 
which the local coefficient deviates 5 per cent from the ultimate 
value. This is designated as the 5 per cent entry length, (L,/D)5%. 

An increase of the local heat-transfer coefficient in the vicinity 
of 60 diameters from the entrance may be noted, Figs. 9 and 12. 
In this vicinity the tube-wall temperature deviated slightly from 
a linear increase with length. Since the deviation was greatest at 
60 diameters and decreased at 70 diameters this is not attributed 
to end conduction. A local variation in tube-wall thickness ap- 
pears to be the most probable explanation, and this was re- 
flected in a slight departure from linearity of the measured local 
voltage in this vicinity. The results as shown are still within the 
probable error of 5 per cent and the influence of this local effect on 
the thermal-entry-length specification is considered to be negligi- 
ble. 

The correlating parameters, including Nusselt, Reynolds, and 
Prandtl numbers, are obtained in the usual manner, and all prop- 
erties are evaluated at the average of the mixed mean terminal 
fluid temperature unless otherwise noted. 

The heat-balance ratios of 1.00 + 0.03 found for the water 
tests compare favorably with the computed probable error of 2 to 
7 per cent at the maximum and minimum flows, respectively. 
The heat-balance ratios for the oil tests, except for three values, 
lie in the range from 0.90 to 1.02, while all values cover the range 
from 0.84 to 1.06. 
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REsULTS 


The magnitude of the thermal-entrance length is dependent 
on the hydrodynamic condition at the entrance of the heat ex- 
changer. A measure of the relative development of the flow in 
this region is indicated by the pressure-drop measurements ob- 
tained in the water test program. These results, reported as 
Fanning friction factors, are in Fig. 4 where separate representa- 
tion is given to the three friction factors based on the individual 
pressure-drop measurements over the last 3 ft of the calming 
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section. The values based on the test-section pressure-drop 
measurements also are presented. The three friction factors in the 
calming section are in agreement within +5 per cent, with few 
exceptions, for any individual run; however, the values for the 
test-section friction factors are 10 per cent lower. Although the 
results are somewhat ambiguous they do indicate that the con- 
dition of a fully developed flow at the test-section entrance was 
closely approached. 

The asymptotic water heat-transfer results are presented in 
Figs. 5 and 6. In Fig. 6 these experimental asymptotic coeffi- 
cients are compared on a dimensionless basis with McAdams’ 
equation (24), and, with the exception of two runs, the experi- 
mental values agree with the predicted performance within +10 
per cent. In Fig. 7 the asymptotic heat-transfer coefficients for 
the oil tests are compared to the prediction of Sieder and Tate 
(24) on a dimensionless basis. The experimental values are ap- 
proximately 10 per cent higher than the prediction. In the 
transition region the anticipated deviation from the turbulent- 
flow prediction is apparent in the experimental results. This 
general agreement of the experimental oil results for established 
thermal conditions with the predicted performance, which also 
was found for the water heat-transfer results, lends confidence to 
the entry-length values reported in this investigation. 

The thermal-entrance-length values, as obtained in the manner 
indicated in the Analysis of Data, are tabulated in Tables 2 and 3. 
The thermal-entrance length for water over the Reynolds-num- 
ber range of 17,000 to 90,000 is approximately 10 tube diameters; 
the length necessary to attain a heat-transfer coefficient deviating 
5 per cent from the ultimate value is approximately 2 to 3 diam- 
eters. The entry-length values for oil are longer than the tube 
(72 tube diameters) in the laminar range and decrease uniformly 
to a value of approximately 10 tube diameters for Reynolds num- 
bers from 10,000 to 48,000; the 5 per cent entry length, (L,/D)5s%, 
decreases from 70 tube diameters down to approximately 2 to 
3 tube diameters over the same range. There is no discernible 
effect of Prandtl number over the range of Reynolds numbers 
17,000 to 48,000, which region is common to both oil and water. 
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Discussion oF RESULTS 


Pressure-Drop—Water. The pressure-drop measurements for 
the water tests are shown as friction factors in Fig. 4. The agree- 
ment of the three friction-factor values over the last 3-ft intervals 
of the calming section suggests that established flow conditions 
prevailed in this region. However, these friction-factor values 
in the entrance region are 10 per cent higher than the values for 
the test section, thereby casting some doubt on the condition of 


TABLE 2 THERMAL-ENTRY-LENGTH RESULTS—WATER 


uD/» 
10* cpp/k Le/D (Le/D)5% 
Before oil tests 
16.9 6.8 10.7 5.2 
21.3 6.7 3.7 
22.7 6.5 7.7 3.2 
28.1 7.2 7.7 3.2 
30.3 7.0 7.7 2.6 
33.6 7.0 1 £3 4 2.9 
44.0 7.5 9.2 2.6 
44.3 7.3 9.2 2.6 
45.3 7.4 9.2 2.8 
45.8 8.0 9.2 2.5 
46.8 7.3 6.1 1.5 
46.8 8.0 10.7 2.3 
50.3 7.4 13.8 3.5 
50.3 7.4 9.2 2.6 
51.2 7.4 10.7 2.2 
57.4 7.5 10.7 2.8 
59.6 7.8 12.3 3.4 
62.7 7.5 10.7 2.4 
75.9 7.5 11.7 2.0 
84.9 7.9 13.8 2.4 
86.2 7.9 13.8 3.4 
89.2 7.5 15.0 3.1 
After oil tests 

19.3 6.5 10.7 3.1 
54.7 6.6 9.2 1.7 
55.2 6.9 10.7 2.5 
54.6 7.0 14.0 3.1 
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established flow. These ambiguous results may be due to the 
1/,-in. pressure taps drilled in the */,-in. tube which are larger than 
good practice dictates. These large openings conceivably could 
have caused local disturbances which are reflected in higher frie- 
tion-factor values over the 1-ft intervals of the calming section 
than for the 4-ft length of the test section. This interpretation 
of the results is complicated, however, by the agreement of the 
inlet-section friction factors with the predicted values. It is 
possible that the predicted values are not truly representative 
for the present tube, as there appears no other feasible explana- 
tion for the low values across the test section. 

The greater deviation in the friction factors noted at the lower 
Reynolds-number range, Fig. 4, may be attributed to inaccuracies 
in the pressure measurements, since in this range the deflections 
on the mercury-water manometer were less than */, in. 

Previous investigations, both experimental and analytical, 
indicate that the flow should become fully established in the calm- 
ing section. Experimental measurements of the velocity distri- 
bution reported by Schiller and Kirsten (33) and Folsom and 
Iversen (10) indicate that established conditions prevail at ap- 
proximately 55 tube diameters. Analytical studies of Elser (7) 
and Pascuceci (26) indicate a very short hydrodynamic-entrance 
length, approximately 10 pipe diameters. 

On the basis of the present results and those reported in the 
foregoing, it appears reasonable to conclude that fully established 
flow conditions were at least closely approached. 

Heat Transfer—Water. The experimental asymptotic heat- 
transfer coefficients for water, Fig. 6, are somewhat higher than 
predicted by McAdams’ equation (24). With the exception of 


TABLE 3 THERMAL-ENTRY-LENGTH RESULTS—OIL 


108 cpp/k Le/D (Le/D)5% 
1. 459 74° 58 
1.94 480 74° 58 
2.57 379 74° 69 
3.44 350 41 31 
4.29 336 41 

5.50 223 29 14 
7.83 260 15.3 7.2 
10.1 206 13.8 5.7 
13.3 170 16.9 4.6 
14.8 157 13.8 4.4 
16.2 90 10.7 3.7 
16.3 135 7.4 4.1 
17.2 138 13.8 3.7 
17.3 87 13.8 3.7 
22.9 98 viv 2.2 
24.6 107 10.7 2.8 
24.6 107 15.3 2.6 
29.8 88 7.8 2.0 
34.6 63 13.8 2.8 
46.4 63 6.9 1.5 
46.6 61 8.4 1.7 


* Thermal-entry length actually greater than tube lengti. 
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two runs, however, the agreement is within the calculated ac- 
curacy of 10 per cent. 

The j-function representation was selected to allow a direct 
comparison of the pressure-drop and heat-transfer results by use 
of the momentum analogy. If this analogy, j = c,;/2, were ap- 
plied to the experimental friction factors, it is obvious that the 
resulting heat-transfer prediction would be approximately 15 
per cent lower than the experimental values. 

The thermal-entry lengths found in the water tests range from 
6 to 15 diameters and are tabulated in Table 2. The 5 per cent 
entry lengths, as defined in Analysis of Data, vary from 1.5 to5 
tube diameters. Although a trend of increasing entry lengths 
with increasing Reynolds number may be detected, no such trend 
is apparent in the 5 per cent entry-length values. 

Heat Transfer—Oil. Since no pressure-drop data were ob- 
tained in the oil-test program, no direct indication of the relative 
development of the flow is available. However, it may be in- 
ferred from the water-test results that the condition of fully de- 
veloped flow at the test-section entrance was closely approximated 
in the oil runs in the turbulent range. In the laminar range the 
results of analysis (32) indicate that the 63-in. (97 tube diameters) 
calming section is sufficient for the attainment of established flow. 
Even if a spinning flow is considered at the calming-section en- 
trance, a recent analysis (38) indicates that the flow conditions 
at 97 diameters downstream closely approach established lami- 
nar flow. It appears reasonable to assume, therefore, that for all 
test runs the ideal of fully established flow at the test-section 
entrance was approximated. 

The thermal-entry length for the oil tests, as presented in 
Table 3, demonstrate a marked decrease in the entry length with 
increasing Reynolds number in the transition region. In the 
laminar-flow range, the thermal-entrance length is longer than the 
test section (73 tube diameters), which value decreases to ap- 
proximately 10 diameters at a Reynolds number of 10,000. In 
the Reynolds-number range from 10,000 to 40,000 the thermal- 
entrance length scatters from 7 to 16 diameters with no trend indi- 
cated. The 5 per cent entry length varies from 1.5 to 6 diam- 
eters over this same range—Reynolds number of 10,000 to 
40,000—and a trend of decreasing length with increasing Reyn- 
olds number is detectable. 

The low entry-length values found in the fully turbulent re- 
gion suggest that any analysis in this range which accounts for the 
thermal capacity of a sublayer in which only molecular condition 
prevails, will yield an incorrect excessively long entrance length. 

Comparison—Water and Oil-Entry Lengths. There is no dis- 
cernible effect of the Prandtl modulus on the thermal-entrance 
length over the Reynolds-number range, 17,000 to 48,000, com- 
mon to the water and oil tests. This is demonstrated in Figs. 8 
to 11 where the local dimensionless heat-transfer coefficient, 
h./h,, is shown for water and oil as a function of the position along 
the tube, z/D, at a constant Reynolds number. 

Comparison—Present Results With Other Investigations. A 
comparison of the results of the present investigation with those 
of Boelter, Young, and Iversen (3) for air is shown in Figs. 9 to 
11. Boelter and his co-workers studied the constant-wall-tem- 

perature case with a hydrodynamic calming section of 11.2 diam- 
eters in length. The present entry-length results are some- 
what shorter than the values reported by Boelter, which may be 
due to the longer calming section of the present investigation 
rather than to the difference in boundary conditions. It is even 
more important to note that the discrepancy is small—Boelter 
shows entry lengths of 15 diameters—notwithstanding the dif- 

ference in fluids, boundary conditions, and hydrodynamic calming 
length. 

Theoretical considerations of Latzko (21), Berry (1), and 
Deissler (6) indicate a slight increase of the thermal-entrance 
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length with Reynolds number—Latzko’s analysis gives an entry 
length of 10 diameters at a Reynolds number of 104 which increases 
to 15 diameters at 10°. This increase was not detectable by the 
present experimental techniques. It would be desirable to ob- 
tain values over a wider range of Reynolds number, say, 10* to 
10°, in which case the predicted increase might be discernible 
experimentally. 

The apparent negligible effect of the Prandtl number found in 
the turbulent range is consistent with the results of Berry (1) 
and is also indicated by the constant-heat-rate conduction solu- 
tion if a mean value of the total eddy diffusivity is assumed (see 
reference 39). The conduction-solution approach undoubtedly 
oversimplifies the problem, but demonstrates the importance of 
the eddy diffusivity for high-Prandtl-number fluids. This lends 
support to those analyses (6, 22) which assume the eddy diffusivity 
to play a role in the laminar sublayer. 

If this hypothesis of the independency of the thermal-entrance 
length with Prandtl number is valid, then the boundary layer of 
Deissler (6) should be applicable to higher-Prandtl-number 
fluids. Since Diessler’s analysis indicates a negligible effect of 
boundary conditions—constant wall temperature or constant 
heat rate—then the constant-wall-temperature results of Latzko 
(21) also should show agreement with the present results. These 
speculations are substantiated by reference to Figs. 8 to 11, where 
excellent agreement of the present results with the predictions of 
Latzko and Deissler is evident. A summary of the present re- 
sults as well as previous investigations is shown in Table 4. 


CONCLUSIONS 


1 For flow in circular tubes with a constant heat input per 
unit length, the thermal-entrance length for the case of estab- 
lished flow at the position where heating begins is 10 to 15 diam- 
eters and is independent of Prandt] number, when the Prandtl 
number is greater than 1. 

2 The constant wall-temperature analysis of Latzko (21) and 
the boundary-layer analysis of Deissler (6) vield satisfactory 
entry-length values for the constant-heat-rate case. Since no 
Prandtl effect is apparent in the Reynolds range of 10‘ to 105, 
these predictions also are valid for Prandtl numbers in excess of 
unity. 

3 In the transition region, as the Reynolds number is in- 
creased from 2000 to 10,000 the thermal-entrance length steadily 
decreases from a large value representative of laminar flow down 
to a value of approximately 10 diameters. 
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CoMPARISON OF PRESENT Resutts Previous INVESTIGATIONS 


TABLE 4 SUMMARY OF RESULTS OF PRESENT TESTS COM- 


PARED WITH PREVIOUS INVESTIGATIONS 


_ Type of 
investigation 


Experimental 
Experimental 
Analytical 
Analytical 
Analytical 
Analytical 


1953. 


Boundary 
condition 


Constant 
heat rate 


Constant 
wall temp 


Constant 
wall temp 
Constant 
heat rate 
Constant 
temp 
Constant 
wall temp 


Prandtl 
number 
7-200 
0.7 
1.0 


0.73 
0.73 
1.0-100 


* For Reynolds number of 27,200—no results available for 10+. 


Thermal-entrance 


engt 
Re=10' Re=105 

10 15 
12¢ 

10 15 
10 15 
10 15 
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Discussion 


R. G. Detsster.* The paper gives information on heat trans- 
fer in the entrance region for a range of Prandtl numbers where 
few or no data existed. The results are therefore of fundamental 
interest. 

The author’s conclusion that the entrance length is unaffected 
by Prandtl number is not entirely in agreement with the analyti- 
cal results of the writer. The analysis mentioned in the paper 
was for gases; the analysis for higher Prandtl numbers was not 
available at the time the paper was written. Incidentally, the 
writer’s curve shown in Fig. 10 of the paper is plotted too low. 
The original curves from reference (6) of the paper were quite 
difficult to read in the region plotted in Fig. 10. 

The writer has made a comparison between his analysis for 
Prandtl numbers above 1 and the experimental data for water 
and oil. This comparison is given in Fig. 13 of this discussion. 


OIL 
© WATER 


u D/y = 37,100 
u = 33,600 
PREDICTED 


Pr=1.0 
Pr= 7.0 ( WATER ) 
Pr=63 (OIL) 


vu 46,600 
uD/v 44,300 
PREDICTED 


Pr= 1.0 
Pr = 7.3 (WATER) 
Pr= (OIL) 
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Fig. 13 Comparison or Writer's ANALYSIS EXPERIMENTAL 
Data FoR WATER AND OIL 


Data from Figs. 10 and 11 of the paper are compared with the 
predicted curves for corresponding Reynolds and Prandtl num- 
bers. The curves for a Prandtl number of 1 and a Reynolds 
number of 30,000 are shown for comparison. The data for water 
are in very good agreement with the predicted curves for water in 
both figures. The circles represent the water data. The data 
for oil in the upper figure lie above the predicted curve for oil. 
In the lower curve, some of the points for oil are in agreement with 
the predicted curve, but some lie above it. It appears that no 
definite conclusion can be drawn in the case of oil. In general, 


3 Research Engineer, National Advisory Committee for Aeronau- 
ties, Cleveland, Ohio. Assoc. Mem. ASME. 
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it would seem that the agreement between the analysis and ex- 
periment for oil is probably within the accuracy of the data. The 
experimental trends with Reynolds number are in agreement 
with those predicted; that is, the values of h,/h, at a given X¥/D 
decrease as Reynolds number increases, Fig. 12 of the paper. 

The region very close to the entrance, that is, for X/D between 
0 and 1 or 2, could be seen better by using an expanded scale on 
the abscissa. However, as indicated by the author, the heat 
losses to the electrical terminal at the entrance might be impor- 
tant in that region. Somewhat more accurate results very near 
the entrance might be obtained by using a wound wire or ribbon 
type of heater rather than direct resistance heating of the tube. 
In this way the heat loss through the electrical connection at the 
entrance would be reduced considerably. 


8. Levy.‘ The author has made a valuable contribution in a 
field where experimental data are practically nonexistent. The 
values of thermal-entrance lengths he has presented will find 
major application in the design of heat-transfer equipment and in 
the evaluation of available theoretical studies. To obtain his 
experimental results the author had to distinguish between heat- 
transfer coefficients different from each other by 5 and 1 per 
cent, and his effort is all the more appreciated in a field where 
the spread of experimental data always exceeds 5 per cent. It is 
felt, however, that a more complete understanding of the contents 
and results of this paper would be achieved by including the 
original data shown in Tables 2, 3, 4, and 5 of reference (39).5 

Tables 3 and 5 give the local values of the ratio® h,/h, and may 
be used to derive an explicit function for h,/h, in terms of z/D, 
with more and more weight being placed upon the larger, and 
therefore more accurate, values of the ratio h,/h,. The explicit 
function in turn can be used to calculate the 5 and 1 per cent 
entry lengths, and probably will yield values more consistent 
than those obtained by the author by means of a graphical plot. 
With more emphasis given to the higher ratios of h, toh,, it is ex- 
pected that whenever the 5 per cent entry length will decrease 
from run to run the corresponding 1 per cent entry-length value 
will exhibit the same trend, thus eliminating some inconsistencies 
noted in Tables 2 and 3 of the paper. 

Tables 2 and 4 of reference (39) serve to demonstrate the extent 
of property variation in the present study. The property varia- 
tion, though major in several instances, has not been mentioned by 
the author. Its existence is apparent in Fig. 4 of the paper 
where the test-section friction factor is seen to fall consistently 
below the friction factor in the calming section. If the test- 
section values are corrected by the factor (u/,,)*'* as recom- 
mended in reference (24), good correspondence is obtained be- 
tween the friction factor in the test section and the corresponding 
value in the last section previous to start of heating. The correc- 
tions ranging from 2 to 8 per cent also lead to satisfactory agree- 
ment with the recommended equation. Because of the greater 
dependency of oil viscosity upon temperature the role of property 
variation is larger for this fluid, and the friction coefficient or 
wall shear stress in the test section is expected to fall from 7 to 
25 per cent below the calming-section values. 

In comparing the experimental data with theory it is neces- 
sary, therefore, to realize that the velocity profile though fully 
developed in the calming region, undergoes slight changes in the 
test section because of system heating. Also, examination of 
Tables 2 and 3 of the paper may give the reader the erroneous idea 


4 Engineer, General Electric Company, Schenectady, N. Y. Assoc. 
Mem. ASME. 

5 All reference numbers refer to Bibliography at the end of the 
paper. 

* All symbols, unless otherwise noted, are those defined in the 
author’s nomenclature. 


that the author was not always able to repeat his result at the 
same Reynolds number. In most cases where the Reynolds 
number was unchanged the difference in entry lengths may be ex- 
plained in terms of different heat input, i.e., different property 
variation. 

The comparison between theory and test as presented by the 
author indicates that the eddy diffusivity plays a major role in 
the laminar sublayer. Agreement with the analyses of Latzko 
(21), Deissler (6), and Berry (1) support this conclusion since the 
three theoretical studies do not account for the thermal capacity 
of a sublayer in which only molecular conduction prevails. In 
order to confirm the possible need for a re-evaluation of the exist- 
ence or extent of the thermal sublayer, the writer derived the 
thermal-entrance length for the flow of a high-Prandtl-number 
fluid in a circular pipe.?’/ The solution based upon a laminar sub- 
layer of thickness y, is obtained readily from the book of Carslaw 
and Jaeger® if the linear-velocity profile in the sublayer is re- 
placed by an equivalent constant-velocity distribution. The 5 
per cent entry-length value becomes equal to® 


yr 
D»vYe2 


When the variation of properties is negligible y,;+ = 5 and 


( D ( k 2 
and the numerical results given in Table 5 are obtained. 


TABLE 5 NUMERICAL RESULTS 


Prediction Prediction-effect 
constant Test of property 
Cpu/k property results variation (max) 


14 1.6 


NOI WOR 


The computed and test values are seen to decrease with Reyn- 
olds number” in direct contrast to the predictions of Latzko 
(21), Deissler (6), and Berry (1). Quantitatively speaking, the 
present theory always yields values larger than the experimental 
ones. This trend is to be expected since the value of y;* is not 
equal to 5 but continually decreases below 5 in the entrance re- 
gion. The value of the term y,*+ at the end of the entrance 
region may be obtained from the results of Boelter, Martinelli, 


7 “*Heat-Conduction Methods in Forced-Convection Flow," by 8. 
Levy, ASME Paper No. 54—A-142. 

® Reference 5 in author’s Bibliography. 

* The 5 per cent entry length was chosen over the 1 per cent value 
because the experimental measurements at 5 per cent may be viewed 
with more confidence. 

%” The same trend is noted in results obtained by I. T. Alyadev, 
“Experimental Determination of Local and Mean Coefficients of Heat 
Transfer for Turbulent Flow in Pipes,’"” NACA TM 1356, 1954. 
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5500 223 46 
7830 260 3 
10100 206 2 83 
13300 170 1 86 : 
14800 157 1 75 
16200 90 75 
16300 135 72 
17200 138 72 
17300 87 71 
22900 98 66 
24600 107 58 pS 
24600 107 52 
29800 88 43 
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and Jonassen,!! or it may be computed from the measurements of 
the fully developed heat-transfer coefficient 


D 


k " 


Values of y,/D computed from the latter expression were sub- 
stituted in the derived equation for (L,/D)5% and the correspond- 
ing entry lengths are tabulated with the constant property values. 
The two sets of predictions really represent an upper and lower 
limit of the term (L,/D)5% and examination of the results reveals 
that they play such a role. This bracketing effect coupled with 
the predicted decrease of entrance length with Reynolds number 
leads the writer to believe that the test results lend support rather 
than weaken the concept of laminar sublayer. Further, it is 
felt that a sublayer analysis accounting for the decrease in y; will 
give answers within the experimental range. With regard to the 
effects of Reynolds number it is interesting to note that, since at 
low Prandtl number the entry length is directly proportional to 
the Reynolds number, the entrance length must be independent 
of Reynolds number at some intermediate range of the Prandtl 
number. 

The simplicity of the analytical solution at high Prandtl num- 
bers suggests a method of measuring the thermal-sublayer thick- 
ness. By minimizing the effect of properties (fluid with rela- 
tively small property variation with temperature) or by control- 
ling this variation so that y,*+ remains about constant in the en- 
trance region (test section maintained at constant temperature) 
the measured values of (L,/D)5% can be utilized to compute the 
laminar sublayer thickness y,+ by means of the derived expres- 
sions.’? Such a technique may be preferable to the use of a tem- 
perature probe which disturbs the laminar nature of the sublayer 
and exhibits errors too close to the pipe wall. On the other hand, 
the entry-length measurements will require careful and complete 
experimentation of the type presented by the author. 


11‘*Remarks on the Analogy Between Heat Transfer and Momen- 
tum Transfer,’’ by L. M. K. Boelter, R. C. Martinelli, and F. Jonas- 
sen, Trans. ASME, vol. 63, 1941, pp. 447-455. 
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AuTHOR’s CLOSURE 


The general agreement of the experimental results presented 
by the author with the analytical results of Deissler is quite 
satisfactory. The Prandtl-number effect predicted by Deissler 
will be extremely difficult to verify experimentally in any detail 
although there appear to be some indications of this effect in the 
present experimental data as discussed in detail by Deissler. 

In so far as obtaining more accurate information near the very 
entrance, this presents a formidable problem. Regardless of the 
type of heating used, there will be some axial heat conduction in 
the fluid itself which makes impossible, in practice, the obtaining 
of the initial conditions imposed in the analysis. 

With respect to Dr. Levy’s suggestion of deriving an explicit 
function for h,/h, in terms of z/D, this could easily be accom- 
plished and might smooth out some of the inconsistencies in the 
results. However, it was felt that the statement that the 
thermal-entrance length was approximately 10 to 15 pipe diame- 
ters over the range cited was sufficient for most applications; 
under those circumstances an explicit function was not con- 
sidered essential. 

The variation of the property values should certainly have been 
mentioned in the paper and the author is indebted to Levy for 
emphasizing this point. In particular, his suggestion that the 
correlation of the friction-factor results may be improved by the 
viscosity correction factor is a valuable criticism and results in 
improved agreement of the experimental values with the com- 
monly accepted equations. 

The approximate analysis proposed by Levy for high-Prandtl- 
number fluids predicts decreasing thermal-entrance lengths with 
increasing Reynolds number, and this is in agreement with the 
present experiment results. Contrary to the statement of Levy, 
this trend is also in agreement with the analysis of Deissler. 
However, Deissler’s analysis shows decreasing thermal-entrance 
lengths with increasing Prandtl number, whereas Levy’s approxi- 
mate analysis yields the opposite trend, increasing entrance 
lengths with increasing Prandtl number. No conclusive evidence 
regarding this Prandtl-number effect is derivable from the ex- 
perimental results. 
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Turbulent Heat Transfer and Friction in the 


Entrance Regions of Smooth Passages 


The effect of various factors on the turbulent heat 
transfer and friction in the entrance regions of smooth 
passages is investigated analytically. The influence of 
Reynolds number, Prandtl number, initial velocity dis- 
tribution, wall-boundary condition, passage shape, and of 
variable fluid properties is predicted. Integral heat- 
transfer and momentum equations are used for calculating 
the thicknesses of the thermal and flow boundary layers. 
The results indicate that approximately fully developed 
heat transfer and friction are, in general, attained in an 
entrance length less than 10 diameters. Substantial 
agreement between analysis and experiment was obtained 
for heat transfer to air in the entrance regions of tubes 
and parallel plates. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


c, = specific heat of fluid at constant pressure at wall, Btu/- 
(Ib)(deg F) 

D = inside diameter of tube, or twice plate spacing, ft 

d = exponent; value depends on variation of viscosity of fluid 


with temperature 
g = conversion constant, 32.2 ft/sec? 
h = local heat-transfer coefficient, go/(t) — ¢,), Btu/(sec) 


(sq ft) (deg F) 
k = thermal conductivity of fluid, Btu/(sec)(sq ft)(deg 
F/ft) 


k,; = thermal conductivity of fluid evaluated at ¢;, Btu/(sec) 
(sq ft) (deg F/ft) 

n = constant 

p = static pressure, psfa 

p; = static pressure at inlet, psfa 

q = rate of heat transfer toward tube center per unit area, 
Btu/(sec) (sq ft) 

qo = rate of heat transfer at inside wall toward tube center 
per unit area for a given X/D, Btu/(sec)(sq ft) 

r = radius, distance from tube center, ft 

ro = inside tube radius or one-half distance between plates, ft 

t = absolute static temperature, deg R 

t, = bulk static temperature of fluid at cross section of tube, 
deg R 

i; = inlet static temperature of fluid, deg R 

ts, = temperature of fluid outside thermal boundary layer 

t) = wall temperature, deg R 

time-average velocity parallel to axis of passage, fps 

bulk velocity at cross section of tube, fps 

u; = velocity of fluid at inlet, fps 


1 Aeronautical Research Scientist and Head, Heat Transfer Sec- 
tion, Lewis Flight Propulsion Laboratory, National Advisory Com- 
mittee for Aeronautics. Assoc. Mem. ASME. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of THe AMERICAN SocteTty oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 13, 1954. Paper No. 54—A-154. 
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velocity outside flow boundary layer, fps 

distance from entrance, or from point at which heat 
transfer begins, ft 

distance from wall, ft 

flow-boundary-layer thickness, ft 

thermal-boundary-layer thickness, ft 

eddy diffusivity for momentum, sq ft/sec 

eddy diffusivity for heat, sq ft/sec 

absolute viscosity of fluid, (lb)(sec)/sq ft 

absolute viscosity of fluid evaluated at 4;, (Ib)(sec)/sq ft 

absolute viscosity of fluid evaluated at f, (Ib)(sec)/sq ft 

mass density of fluid, (Ib)(see?) /ft* 

mass density of fluid evaluated at /;, (Ib)(sec?)/ft* 

mass density of fluid evaluated at t, (lb)(sec*)/ft* 

shear stress in fluid, psf 

shear stress in fluid at wall, psf 

fully developed friction factor 

friction factor based on local shear stress at wall, 27)/pu,? 

friction factor based on local shear stress at wall and 


2 


density and velocity at inlet, = 
pyr 

Graetz number, Re Pr/(X/D) 

local Nusselt number, hD/k 

fully developed Nusselt number 

Nusselt number with conductivity evaluated at ¢; 

Nusselt number with thermal conductivity evaluated at 
to 

Peclet number, Re Pr 

Prandtl number, c,gu/k 

Prandti number with properties evaluated at & 

heat-transfer parameter, 

Reynolds number, pu,D/u 

Reynolds number with density and viscosity evaluated 
u,D 

at 

Reynolds number with density and viscosity evaluated 
at to, poy D/ po 


tube radius parameter, V Te/bo ro 


bo/po 


to — te 1— t/t 


T0/ po 
bulk-temperature parameter, ; (: 
1 t 
velocity parameter, 
V Po 


bulk-velocity parameter, =. 
V Po 


: 
4b, 
€, = 
Po = 
T = 
= 
$i 
Gz = 
Nu = 
Nu, = 
Nu; = 
Pe = 
Pr = 
Pry = 
= 
Re = 
Re; = 
Reo = 
= 
ts,* = 
= 
- 
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wall distance parameter, vale y 


heat-transfer parameter, go V 
Vata, 
Ho/Po 


dimensionless thermal-boundary-layer thickness, 
V To/po 


6 
Mo/Po 


= dimensionless flow-boundary-layer thickness, 


INTRODUCTION 


Flow and heat transfer in the entrance regions of passages have 
been subjects of considerable interest, both from a theoretical 
and a practical point of view. From a practical viewpoint it is 
often desirable to use short passages in heat exchangers in order 
to take advantage of the high heat-transfer coefficients in the en- 
trance region. The laminar-flow case has been analyzed in ref- 
erences (1 to 3),? and the turbulent case, in references (4) and (5). 
In these analyses constant fluid properties were assumed, and 
uniform wall temperature was postulated in the cases in which 
heat transfer was considered. In the turbulent-flow cases the flow 
was assumed to be turbulent at all points along the passage. The 
analysis in reference (4) is based on an assumed '/;-power velocity 
profile and the Blasius resistance formula. The analysis given in 
reference (5) is applicable to cases in which the heat transferred 
by turbulence can be neglected, as might occur at very low 
Prandtl numbers. 

The analysis given herein was made at the NACA Lewis Labora- 
tory. It is an extension of the analysis given in reference (6) for 
fully developed turbulent heat transfer and flow with variable 
fluid properties to the entrance regions of smooth passages. The 
influence of Reynolds number, Prandtl number, initial velocity 
distribution, wall-boundary condition, passage shape, and of vari- 
able fluid properties is predicted. In calculating the growth of 
the thermal and flow boundary layers in the entrance region, inte- 
gral equations for heat transfer and momentum are used. For 
obtaining velocity and temperature distributions in the boundary 
layers, the same assumptions are made for solving the turbulent 
transfer equations as were made in reference (6). 

The flow is assumed to be turbulent at all points along the pas- 
sage, as in previous analyses, so that at low Reynolds numbers it 
is usually necessary that a small disturbance be present at the 
entrance to trip the turbulent boundary layer. Experimental 
data for heat transfer in a tube with a smooth entrance (7) indi- 
cate that at high Reynolds numbers (Re > 50,000) the flow is 
turbulent near the entrance, even without artificial disturbances. 
When a turbulence screen was placed ahead of the entrance, the 
flow appeared to be turbulent at all Reynolds numbers tested. 
According to Prandtl’s assumption, which is in reasonable agree- 
ment with experiment, in the presence of a laminar boundary layer 
near the entrance, the turbulent portion of the boundary 
layer behaves as though the boundary layer were turbulent all the 
way from the entrance (8). The present calculations may there- 
fore be applicable to the turbulent portion of the boundary layer 
even when a laminar boundary layer exists near the entrance. 

In general, the solution of the equations to obtain the results 
given in the present paper requires considerable numerical integra- 
tion and cross-plotting. Only the basic equations and assump- 
tions, together with the general procedures for solution are given 
here. 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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VELociry AND TEMPERATURE DisTRIBUTION IN BOUNDARY 
LAYERS 


For calculating heat transfer and friction in the entrance region 
of ducts, the usual boundary-layer assumptions used with integral 
methods are made; that is, it is assumed that the effects of heat 
transfer and friction are confined to fluid layers close to the sur- 
face (thermal and flow boundary layers, respectively). The 
temperature and velocity distributions outside the boundary 
layers are assumed uniform, and the total temperature and total 
pressure are constant along the length of the duct for the region 
outside the boundary layers. More exact analyses (2) indicate 
that these assumptions are valid, even for laminar flow, except 
in the region at a distance from the entrance where the boundary 
layer fills a large portion of the tube. For that region, however, 
the Nusselt numbers and friction factors have values very close 
to the values for fully developed flow. 

The effects of frictional heating are neglected throughout the 
analysis. For obtaining the velocities and temperatures in the 
flow and thermal boundary layers, the differential equations for 
shear stress and heat transfer can be written as follows 


where ¢€ and ¢€, are the eddy diffusivities for momentum and heat 
transfer, respectively, the values for which depend on the amount 
and kind of turbulent mixing at a point. When written in dimen- 
sionless form, Equations [1] and [2] become 


Ho Pv Mo/Po 


+ 

(Ei + ) =... 
ke Pro Po dy* 

where the subscripts 0 refer to values at the wall and the dimen- 
sionless quantities are defined in the Nomenclature. 

Assumptions. The following assumptions are made in the use of 
Equations [3] and [4] for obtaining velocity and temperature 
distributions in the flow and thermal boundary layers, except in 
the case of liquid metals: 


1 The eddy diffusivities for momentum ¢ and heat transfer ¢€, 
are equal. Previous analyses for fully developed flow in tubes 
based on this assumption yielded heat-transfer coefficients that 
agree with experiment for Reynolds numbers above 15,000 (6). 
The same assumption is made here for developing boundary 
layers. 

2 The eddy diffusivity € is given by 


= eu, y, u/p) = n®uy (: 


in the region close to the wall (y* < 26), and by the von Karman 
relation 
(du/dy)* 

= 2) y? 
€ = ddu/dy, d*u/dy*) = x (da 
in the region at a distance from the wall (y*+ > 26). These ex- 
pressions have been verified experimentally for fully developed 
boundary layers with variable properties in references (6) and 
(9). It is assumed here that they apply also to developing 
boundary layers. The quantities n and « are experimental con- 
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stants having the values 0.124 and 0.36, respectively. It should 
be noted that the expression for the region close to the wall, 
Equation [5], differs from that in reference (6). Equation [5] is 
more general in that it contains an effect of kinematic viscosity on 
¢ and is adequate for high as well as low Prandtl numbers (9). 

3 The variations across the flow and thermal boundary layers 
of the shear stress t and the heat transfer per unit area q have a 
negligible effect on the velocity and temperature distributions. 
It is shown in Fig. 11 of reference (6) that the assumption of a 
linear variation of shear stress and heat transfer across the 
boundary layers (r or gq = O at the edge of the thermal or 
flow boundary layer) gives very nearly the same velocity and tem- 
perature profiles as those obtained by assuming uniform shear 
stress and heat transfer across the boundary layers for values of 
5+ or 6,+ between 500 and 5000. For small values of 5,+ such 
_as occur very near the entrance, the effect of variable heat transfer 
across the boundary layer is checked in Fig. 9 of reference (10). 

4 The molecular shear stress and heat-transfer terms in Equa- 
tions [3] and [4] can be neglected in the region at a distance from 
the wall (reference 6, Fig. 12). 


Solution of Equations. The details of the solution of Equations 
[3] and [4] under the foregoing assumptions are given in the 
Appendix. The resulting temperature and velocity distributions 
are given in Figs. 1, 2, and 3. Fig. 1 gives the relation between 
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t* and y* for various Prandtl numbers and constant fluid prop- 
erties. Figs. 2 and 3 give the relations between t+ and y+ and 
u* and yt for gases (Pr = 0.73) with variable density, vis- 
cosity, and thermal conductivity (specific heat and Prandtl 
number considered constant). For calculating the latter curves 
it is assumed that w/o = k/ko = (t/t). From the perfect- 
gas law and the assumption of constant pressure across the 
passage, p/po = t/t. It can be shown from the definitions of 
the quantities involved that t/t) = 1— Bt*. Positive values of 8 
correspond to heat addition to the gas; negative values, to heat 
extraction. For the cases in which the fluid properties are con- 
sidered constant, the curves for 8 = 0 are used.‘ The plotted 
values of ¢* and u* are to be used in the thermal and flow boundary 
layers; that is, for values of y+ < 6,* ory* < 6*. For values of 


5 Fig. 11 of reference (6) applies to developing boundary layers if 
the symbols re* in Fig. 11 are replaced by 4* or ,*. 

‘ The casein which 8 = 0 is a limiting one which can be approached 
as closely as desired by making the temperature difference small. In 
the limit, where the temperature difference is zero or infinitesimal, 
the properties must be constant. 
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y+ greater than these values, ¢* and u* are constant and have the 
values at 6,+ and 6+. The relations between 6,+ and X/D and 
6+ and X/D will be obtained in the following sections. 


DEVELOPMENT OF THERMAL BounpDARY LAYERS 

Most of the following calculations are made for flow in a round 
tube, but as will be shown later, the results apply also, with small 
error, to parallel plates. 

Heat-Flow Equation for Thermal Boundary Layers. The heat- 
flow equation for the thermal boundary layer in a tube can be ob- 
tained from the diagram, Fig. 4. Energy flows into the differen- 
tial annulus by convection and by conduction through plane 1 


& Por 


ke 
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and leaves through plane 2. In addition to this energy there is a 
radial flow of energy (heat) from the tube surface by conduction 
and a radial flow by convection at 6,. No radial heat flow due to 
temperature gradient takes place at 6, because the temperature 
gradient is, by definition of the thermal boundary layer, zero at 
the edge of the boundary layer. 
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Equating the heat energy entering the annulus to that leaving 
gives, for constant c, 


5A 
grodX =d | f c,gtpul rs — vay | 
0 


— pu(ry — [7] 
0 


where the differentials of the integrals indicate changes in the X- 
direction. The axial conduction term has been omitted in Equa- 
tion [7]. As discussed in the Appendix, the axial conduction is 
negligible as long as the boundary-layer thickness 6, is small com- 
pared with X. Equation [7] is the desired Equation for flow in 
tubes relating the thermal’ boundary-layer thickness to the dis- 
tance along the tube. The two-dimensional form of Equation 
[7] has been used extensively for calculating the growth of the 
thermal boundary layer on a flat plate (11). 

The total temperature outside the thermal boundary layer does 
not vary with X inasmuch as no heat penetrates the region outside 
the boundary layer. (The differences between total and static tem- 
perature are small except at high Mach numbers.) For uniform 
heat flux at the wall, Equation [7] can then be integrated to give, 
in dimensionless form 


1 p 
t + t+ — +)d 8 
D = (tay ) (To y [ ] 


where. from the definitions of the various quantities involved and 
the perfect-gas law (constant pressure) 


Equation [8] assumes that 6, = 0 at X = 0. For using Equa- 
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of ro* or of Reynolds number than for low ones, or the distance re- 
quired for a given degree of temperature-profile development is 
greater for high Reynolds numbers than for low ones. The turbu- 
lent boundary layers develop much faster than laminar boundary 
layers because of the rapid radial diffusion of heat by turbulence. 

If the wall temperature rather than the heat flux is uniform, and 
the properties are constant, Equation [7] becomes 


xX l ta, * 1 * tg,* — tt 
— — + 


[10] 


Equation [10] can be verified by substituting the definitions of the 
various dimensionless quantities into the equation. This equa- 
tion requires a numerical integration along the tube which was 
not required in Equation [8], where the wall heat flux was uni- 
form. Equation [10] is used similarly to Equation [8]. 


NussELt NUMBERS AND REYNOLDS NUMBERS 


It can easily be shown from the definitions of the quantities in- 
volved that the Nusselt number and Reynolds number (proper- 
ties variable or constant) for tubes with the fluid properties 
evaluated at the wall temperature are given by 


_ 2rot Pr 


= . [ll 
Uo t, * [11] 


and 


.. [12] 


Rep = 2u, trot... 


ro* 
f ttu*(rot — y*) dy* 
0 1 — Btt 


ro* 


where 


. [13] 


[14] 


2 re* 
ut = = u*(rot — yt*)dy*.. 
To 0 


The foregoing equations can be used in the entrance region as well 
as for fully developed flow. It is, of course, necessary that t+ = 
ts, for y+ 2 6,* and u* = ust fory*+ > 5+. The use of Equa- 
tions [13] and [14] in the entrance region might be understood 
more clearly by breaking the integrals up into several parts. For 
instance, Equation [13] can be written, for the case where 6,+ < 
6+, as 


tay *us* (ro* — 


1 — J 2 (1 — Bts,*) 


dy* + 


= 


tion [8], values of ro>* and 8 must first be fixed. Values of X¥/D 
can then be calculated for various values of 5,+. The relations 
between ¢* andy*and u*and y*are obtained from Figs. 1,2, and3. 
Equation [8] is valid for 5,+ < 6+ or 6,+ > 6+ provided it is re- 
membered that ut+ = us*+ for y+ > 6+. 

Fig. 5 illustrates the development of the temperature profile for 
gas flowing in a tube with uniform wall heat flux. The profiles 
indicate that for a fixed tube diameter at a given distance from 
the entrance, the boundary-layer thickness is less for high values 


— yt) 1 
ind 


ut(ro+ — y*)dy + 
ust 6+)? 


For cases where the flow boundary layer is not fully developed 
(d+ < rot), the relation between 6* and X/D will be obtained in 
the section, Friction with Variable Properties. For calculating 
values of Nuo and Rep values of 5,*, 5+, r+, and 8 must be fixed, 
as in Equation [8]. Values of Nup and Rep are thus obtained for 
given values of X/D and 6.5 


5 Unfortunately, 8 varies along the passage. It will later be seen 
that gi is more convenient for use as a heat-flux parameter. 
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PREDICTED Errect or Various Factors on Heat TRANSFER 
IN THE EntrRANCE REGION Witu Constant Properties 


For comparing heat transfer in the thermal-entrance region for 
various cases, the ratio of local Nusselt number to the fully de- 
veloped Nusselt number (6, = ro) is plotted against X/D for each 
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case, Figs. 7 to 12. The values of local Nusselt number can then 
be obtained from those plots together with Fig. 6, which gives 
predicted fully developed Nusselt numbers for various Reynolds 
and Prandtl numbers (9). 

Fig. 7 gives the variation of local Nusselt number with X/D and 
Reynolds number for uniform wall heat flux and fully developed 
velocity distribution (6 = ro). The curves indicate, as might be 
expected, that the Nusselt numbers (heat-transfer coefficients) 
close to the entrance are high in comparison with the fully de- 
veloped values farther down the tube. The thermal boundary 
layer is thin and the temperature gradients consequently are 
severe near the entrance. At X/D = 0 the boundary-layer thick- 
ness is zero, so that the heat-transfer coefficient is infinite at the 
entrance. For uniform wall heat flux this means that the tem- 
perature difference tp) — 4, must be zero at X/D = 0; for a finite 
temperature difference at X/D = 0 the heat transfer per unit 
area could not be uniform since it would be infinite at the en- 
trance. 

Comparison of the curves in Fig. 7 with the temperature 
profiles in Fig. 5 indicates that the Nusselt numbers very nearly 
reach their fully developed values long before the boundary layers 
meet at the center of the tube; that is, the values of Nu/Nu, are 
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somewhat lower than one would expect from the variation of 6,. 
This effect is apparently caused by the increase of turbulence and 
consequent flattening of the temperature profile within the 
thermal boundary layer as it develops. The flattening of the 
boundary-layer temperature profile as X increases tends to in- 
crease the temperature gradient at the wall and thus the Nusselt 
number. The decrease of Nusselt number with X or 6, which 
would occur if the boundary-layer profile did not change its 
shape is therefore lessened by the flattening of the profile as X in- 
creases; that is, the increase of turbulence in the thermal bound- 
dary layer with X tends to lower the values of Nu/Nuy,. 

Effect of Reynolds Number for Gases. The curves in Fig. 7 in- 
dicate an effect of Reynolds number on the value of Nu/Nu, at 
a given value of X/D. The values close to the entrance are 
higher for the low Reynolds numbers than for the high ones, even 
though the boundary layer develops faster at the low Reynolds 
numbers (Fig. 5). This effect can be explained by the increase 
of turbulence in the thermal boundary layer as X or 6, increases, 
as discussed in the preceding paragraph. The rate of increase 
of turbulence with boundary-layer thickness is greater for high 
Reynolds numbers than for low ones, inasmuch as the turbulence 
in the boundary layer varies from zero at the entrance to the value 
for fully developed flow. The effect of turbulence on decreasing 
the values of Nu/Nu, is therefore greater at the high Reynolds 
numbers. 

Effect of Wall Boundary Condition. The effect of wall bound- 
ary condition on the Nusselt numbers in the entrance region can 
be seen by comparison of the curves in Fig. 8. The values of 
Nu/Nu, for uniform wall temperature in general are slightly 
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lower than those for uniform wall heat flux. The heat transfer 
per unit area go must be infinite at X/D = 0 for uniform wall 
temperature. This occurs only for an infinitesimal distance dX, 
however, so that a finite amount of heat is transferred. 

Effect of Initial Velocity Distribution. Comparison of the 
curves in Fig. 9 indicates the effect of initial velocity distribution 
on heat transfer in the entrance region. The comparison indicates 
that the values of Nu/Nu, for a uniform initial velocity distribu- 
tion are higher than those for a fully developed velocity distribu- 
tion. This result might be expected because of the higher friction 
in the case of uniform initial velocity profile. 

In order to calculate the curves for uniform initial velocity dis- 
tribution in Fig. 9, it is necessary to know the relation between 
6+ and X/D as well as the relation between 6,+ and X/D. The 
relation for 6+ will be obtained later. In most cases (for gases) it 
is sufficiently accurate to assume that 6+ = 6,*. 

Curves for heat transfer with a uniform initial velocity distribu- 
tion and a uniform wall temperature, rather than uniform heat 
flux, were also calculated (10) and were found to be similar to 
those in Fig. 9. 

Effect of Passage Shape. The effect of passage shape on the heat 
transfer in the entrance region can be obtained by comparing the 
curves in Fig. 10. The curves for flow between parallel plates 
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agree closely with those for a tube, the values of Nu/Nu, for 
parallel plates being slightly lower than those for tubes. This 
agreement indicates that results for turbulent heat transfer in 
tubes can be used with small error for parallel plates when an 
equivalent diameter equal to twice the plate spacing is used. 

For calculating the curves for parallel plates it was necessary to 
obtain two-dimensional forms of the heat-flow equation, Equation 
[7], and of Equations [11], [12], [13], and [14]. These equations 
are given in reference (10). A number of other cases for flow be- 
tween parallel plates were also calculated in reference (10) and in 
all cases calculated the results agreed closely with those for tubes. 
An exception would be expected in the case of liquid metals (low 
Prandtl number) whére the temperature profiles in the boundary 
layers are not flat. In fact, most of the effects investigated thus 
far in this section would be expected to be more important in the 
case of low Prandtl numbers. 

Effect of Prandtl Number. Figs. 11, 12, and 13 show the pre- 
dicted effect of Prandtl number on heat transfer in the entrance 
region of a tube. At the higher Reynolds numbers the values of 
Nu/Nu, for a given X/D decrease as the Prandtl number in- 
creases above 1; that is, the effect of X/D becomes small at large 
values of Prandtl number. At low Reynolds numbers the varia- 
tion is more complex: Values of Nu/Nu, first decrease and then 
increase slightly as Prandtl number increases. In either case it 
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is evident that in the entrance region the fully developed Nusselt 
numbers should be multiplied by a factor which is a function of 
X/D, Reynolds number, and Prandtl number rather than of 
X/D alone; that is, a simple factor such as (X/D)~*, which is 
often used for Prandtl numbers of approximately 1, is inadequate 
for high Prandtl numbers. The effect of Reynolds number on 
Nu/Nu, in the entrance region increases with Prandt! number; 
that is, the separation of the curves for various Reynolds numbers 
increases with Prandtl number. 

It is of interest to note that the Nusselt numbers for turbulent 
flow in Fig. 11, in general, display trends opposite to those for 
Nusselt numbers for laminar flow with increasing values of 
Prandtl number. In the case of laminar flow, the value of Nu/Nu, 
at a given X/D and Reynolds number increases considerably with 
Prandtl number (reference 5, Fig. 3). The heat diffuses through 
the fluid more slowly at the higher Prandtl numbers (the thermal 
diffusivity is lower) so that the thermal boundary layer is thinner 
and Nu/Nu, for a given X/D near the entrance and a given 
Reynolds number is consequently higher than for the lower 
Prandtl numbers. The same phenomenon also tends to increase 
the effect of X/D for turbulent heat transfer. 

In the case of turbulent heat transfer, however, the shape of the 
temperature profile within the thermal boundary layer changes 
considerably because of the increase of turbulence in the boundary 
layer as X or 6, increases. This effect was discussed in and be- 
fore the section Effect of Reynolds Number for Gases, where it 
was ound to decrease the value of Nu/Nu, at a given X/D. The 
effect would be expected to be greater at high Prandt] numbers be- 
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cause the ratio of the turbulent to the molecular term in Equation 
[4] is proportional to the Prandtl number. The value of Nu/Nu, 
at a given X/D and Re therefore tends to decrease as Prandtl 
number increases. The same effect should also explain the 
greater separation of curves with Reynolds number at the high 
Prandtl numbers. 

The predicted variation of Nusselt number in the entrance re- 
gion for a low-Prandtl-number fluid (liquid metal) is given in Figs. 
12 and 13. As the Reynolds number increases, the value of 
Nu/Nu, at a given X/D first increases and then decreases. The 
trend at low Reynolds numbers is opposite to that obtained for 
high Prandtl numbers and resembles the trend for laminar heat 
transfer, where the change in boundary-layer thickness with 
Reynolds number is the controlling factor (change of profile shape 
in boundary layer less important). The heat transfer is in fact 
almost entirely by laminar conduction at the low Reynolds num- 
bers. The similarity to laminar heat transfer can be seen most 
clearly in Fig. 13, where Nusselt number is plotted against 
Graetz number (Re Pr/[X/D]) for various Peclet numbers. If 
the heat transfer contributed by eddy diffusion were neglected, 
the curves for various Peclet numbers would fall essentially on a 
single line as in reference (5). Examination of the curves in Fig. 
13 indicates that for Peclet numbers below 1000 the curves could 
be represented approximately by a single line. This line is 
slightly higher than the one obtained in reference (5) inasmuch as 
a uniform wall temperature rather than a uniform heat flux was 
postulated in that reference. 

For calculating the curves for low Prandtl numbers, tempera- 
ture distributions for fully developed flow of liquid metals calcu- 
lated as described in reference (12) were used in the thermal 
boundary layer. The assumptions made in the present paper for 
integrating Equations [3] and [4] are not valid for low-Prandtl- 
number fluids. 

The curves in Fig. 13 indicate a slight increase of Nusselt. num- 
ber with X/D at large values of X/D and Peclet or Reynolds 
number. This effect is apparently caused by the change in shape 
of the boundary-layer profile as 5, increases, as discussed pre- 
viously. The effect in this case seems to be aggravated by an 
influence of Peclet number on €, which is included in the calcula- 
tions of the temperature distributions in reference (12). The pre- 
dicted trend at large X/D might be open to question because the 
boundary layer occupies a large portion of the tube in that region. 
The existence of a core of fluid which is relatively unaffected by 
heat transfer is therefore doubtful. 


CoMPARISON OF ANALYSIS AND EXPERIMENT 


Experimental heat-transfer data in the entrance region are 
quite sparse, usually being confined to measurements with air as 
a fluid. Figs. 14, 15, and 16 compare three sets of data for air 
from references (7) and (13) with the analytical results. The ex- 
perimental data in Fig. 14 from reference (7) are for air flowing in 
a tube at uniform wall temperature with a bellmouth entrance 
and a screen at the entrance. These curves should be comparable 
with the case analyzed in which the initial-velocity profile is uni- 
form. The sereen at the entrance should insure a turbulent 
boundary layer throughout the tube. The data from reference 
(7) taken with an approach section were not compared with the 
analysis, because the approach section was apparently not long 
enough to damp out the large disturbances at its sharp entrance. 

Figs. 15 and 16 give experimental data from reference (13) for 
air flowing through a bank of parallel plates with uniform wall 
heat flux. Data are given for flow both with and without an 
unheated bank at the entrance (fully developed and uniform 
initial-velocity distributions). A '/,:-in. gap existed between the 
first and second banks when the unheated bank was used (plate 
spacing = '/, in.). All data were corrected for heat conduction 
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along the plates. Temperature differences were small enough 
that the effect of variable fluid properties could be neglected. For 
calculating the values of Nu/Nu, in the figures it was assumed 
that fully developed heat transfer existed at the trailing edges of 
the plates (L/D = 7.5), as indicated by the analysis. The finite 
thicknesses of the plates (0.018 in.) should cause enough disturb- 
ance to produce a turbulent boundary layer at the entrance. 

In all cases the agreement between analysis and experiment is 
considered good in view of the difficulties associated with obtain- 
ing accurate heat-transfer measurements in the entrance region. 
There is also a possible effect of initial turbulence which was not 
considered in the analysis. Strictly speaking the initial turbu- 
lence or disturbance should be just sufficient to produce transition 
at the entrance. In the case of a fully developed initial velocity 
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profile the problem of initial turbulence theoretically does not 
exist. It is, however, necessary that the unheated entrance sec- 
tion be long and that the gap between the unheated and heated 
sections be small. 


Heat TrRansFer ror Gases With VARIABLE Properties 
Unirorm Heat Fiux 


The equations giving the relation between boundary-layer 
thickness and distance along the tube for the present case, as well 
as equations for the Nusselt number and Reynolds number with 
properties evaluated at the wall, have already been obtained, 
Equations [8], [11], and [12]. Nusselt numbers and Reynolds 
numbers with properties evaluated at the inlet temperature can 
be calculated from the following equations, which can easily be 
verified 


N 


Res = 


where ¢,/to = 1 Bt,+ and = 1 — Bts,+ (tg, = t;). In ob- 
taining the relation for Re, the continuity relation p,u, = p,u,; has 
been used. Another useful parameter is g;’ which can be calcu- 
lated from 


Uy *(t;/to) 


Equation [17] can be obtained from the definition of g;’ and the 
perfect-gas law for constant pressure, &/t, = p,/po, for pu, is 
constant along the tube. The important property of q;’ is that it 
does not vary along the length of the tube. 

As mentioned previously, p, “, and k are considered variable 
whereas ¢, and Pr are considered constant. It is assumed that 
B/po = k/ko = (t/t)*, where d ~ 0.68 for air and most gases. In 
applying the results of the analysis for calculating heat-transfer 
coefficients it is necessary to make these same assumptions for the 
variation of properties. 

Case of Fully Developed Velocity Profile (6 = ro). Local Nusselt 
numbers for this case with properties evaluated at the inlet tem- 
perature are plotted against X/D for various values for Re; and 
q;’ (heat flux) in Fig. 17. Interpolation was necessary for obtain- 
ing the variation of Nu; with X/D for constant values of Re; and 
q;'. Each curve extends to the point where 4, = ro. 

Comparison of the curves for g;’ = 0, 0.004, and —0.0025 indi- 
cates a decrease in Nu, at a given X/D for heat addition to the 
gas and an increase for heat extraction from the gas. For both 
heat addition and extraction, Nu; increases with X/D for large 
values of X¥/D. When the curves are extended beyond the en- 
trance region as in Fig. 17(d), it is seen that Nu, continues to in- 
crease. The increases in Nusselt number with X/D are caused by 
the variation of properties along the tube and across the tube. 
The increases are due principally to the variation of t/t, which 
decreases along the tube for both heat addition to and extraction 
from the gas. 

It is clear from the foregoing discussion that fully developed 
heat transfer, in the sense that the heat-transfer coefficient be- 
comes independent of X/D, cannot be obtained when the proper- 
ties are variable. Fully developed heat transfer can, however, be 
obtained in the sense that the relation between the Nusselt num- 
ber and Reynolds number becomes independent of X/D for suf- 
ficiently large values of X/D when the properties are evaluated 
at the proper reference temperature. It is shown in reference (6) 
that for fully developed heat transfer the reference temperature 
lies approximately halfway between the wall and bulk tempera- 
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tures. In reference (10) it is found that the reference temperature 
in the entrance region does not vary appreciably from that for 
fully developed heat transfer; that is, the curves in Fig. 17(a) for 
constant properties can be used for variable properties by evaluat- 
ing the fluid properties in the Nusselt and Reynolds numbers at a 
temperature close to the average of the local wall and bulk tem- 
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peratures. In using that procedure for calculating heat-transfer 
coefficients from the predicted curves, it is, of course, necessary to 
assume a constant specific heat and « and k both proportional to 

Case of Uniform Initial-Velocity Profile. The results for this 
case are plotted in Fig. 18. These curves are similar to those for 
a fully developed velocity profile, Fig. 17, but the Nusselt num- 
bers at a given X/D are higher. The relation between 6+ and 
X/D which is required for calculating the curves in Fig. 18, will 
be obtained in the next section. 


Friction Wits VARIABLE PROPERTIES 


The relation between flow-boundary-layer thickness and dis- 
tance along the tube can be obtained by applying the momentum 
principle to the differential annulus in Fig. 4 (6, replaced by 5). 
The X-component of the force acting on the fluid in the annulus is 
equated to the rate of flow of the X-component of momentum out 
of the annulus. The force is composed of pressure forces on planes 
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1 and 2 and a shear force at the wall.* There is no shear force at 6 
because the velocity gradient is, by definition of the boundary 
layer, zero at the edge of the boundary layer. The momentum 
equation for the annulus can be written as 


é 
6(2re 5)dp + Qrorod X = Qusd pu(ro 
0 


— 2d puro — viv] . [18] 
0 


Equation [18], in the two-dimensional form, was first obtained by 
von Kérman and has been used extensively for calculating the 
growth of the boundary layer for fluids flowing over surfaces. 
The pressure can be eliminated from Equation [18] by the rela- 
tion 


dp = —pugdu;.. ... [19] 


Equation [19] applies outside the boundary layer where the flow 
is assumed frictionless. As usual, the pressure is assumed con- 
stant across the boundary layer. Equation [18] can be integrated 
between the tube entrance and X to give 


é 
us — 5) puro — vidy | 
ui 2rore 0 


ToTo 
wad [f° outro — | 


. [20] 


where the boundary-layer thickness has been taken as zero at X 
= 0. By making use of the definition of the differential of a 
product, and converting to dimensionless form, Equation [20] 
becomes 


X/D= f $*) Bi — 
Res/2 Ko 


1 mm 
2ro** p; be 0 


\2 
+5 ff 
Po 2 Jo Mo} p; 


2 

Mi} Po 

where = (1 — Bta,*)*, = 1/1 — Bty,*, ete.” Equa- 

tion [20] can be used for 6+ < or > 6,* if it is remembered that 

p = ps, for > 6,+ and ut = usgtfor y+ >5+. In general, it 

is sufficiently accurate, for Prandtl numbers close to 1, to as- 
sume that 5,+ = 6+ in solving Equation [20]. 

In order to solve Equation [21], ro* must be known in terms of 


Re,. This relation can be obtained from the law of conservation 
of mass. For a constant area passage, this law gives 


2 
pu, = — pu(ro — y)dy....... 
To 0 


Converting Equation [22] to dimensionless form and breaking the 
integral into two parts gives 


0 


‘In a viscous fluid the normal stresses in planes 1 and 2 differ 
slightly from the pressure at those planes. For boundary-layer flow, 
however, the differences are negligible, being of the same order of 
magnitude as the axial heat-conduction term investigated in the 
Appendix. 

7 The effects of static pressure and temperature variation along the 
tube outside the boundary layer on the properties are neglected; that 
is, the Mach number is assumed low. The effect of Mach number is 
the subject of a separate investigation. 
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ut(ro+ — y*)dy* 
To" My Po 


| 


3° 
J, 

2 Po 
where 4,;/o = (1 — Bts,*)4, ete. Equation [23] can be used to 
eliminate ry) * from Equation [21]; that is, it gives the value of rp * 
corresponding to given values of Re,, 6+, and 8. A difference be- 
tween the calculations for heat transfer and for friction is that in 
the case of heat transfer the values of ro+ were assumed and the 
values for Reynolds number calculated, whereas the procedure is 
reversed in the case of friction. Strictly speaking the relations 
between 6+ and X/D and 6,+ and X/D should be obtained by 
solving Equations [8], [21], and [23] simultaneously by iteration, 
since both 6* and 6,* are required for solving each equation; that 
is one should first assume that 6+ = 6,+ in Equation [8], and 
6,* = 6+ in Equations [21] and [23]. Values of 5+ corresponding 
to 6,* (at the same X/D) could then be obtained by solving the 
equations. By substituting these values of 6+ and 6,*+ into them 
new and more accurate relations could be obtained. The second 
approximation was carried through for the heat-flow equation, 
Equation [8], and was found to give essentially the same result as 
the first approximation where 6+ was assumed equal to 6,*. It 
would be expected that the effect of 5,+ # 6+ would be even less 
in the case of Equation [21], which is completely independent of 
6,* for 8B or g;’ = 0. The values of 8 corresponding to the de- 
sired values of q,;’ and Re; for use in Equations [21] and [23] are 
obtained from the heat-transfer calculations for a uniform initial 
velocity profile in the preceding section (6,*+ assumed equal to 
6+). 
The friction factor f,,; is defined by 


pu? 


ut(ro*+ — y*)dy* 
Po 


f (ust — ut)ut = [21] 


and can be written in terms of known quantities as 


where p;/po = 1/1 — Bts,*, ete. The relation between rot and 
Re, is obtained from Equation [23]. 

The effect of 6+  6,+ on the calculations of Nusselt numbers, 
Reynolds numbers, and friction factors, Equations [11], [12], and 
[24], was checked and found to be small, although somewhat 
greater than the corresponding effect on the calculated values of 
X/D from Equations [8] and [21]. The assumption that 6+ = 
6,* was therefore not made in calculating those quantities. 

Friction factors f,; are plotted against X /D for various values of 
Re, and gq,’ (heat flux) in Fig. 19. The curves extend to the 
points where the flow is fully developed (6+ = r.*), except those 
for q;’ = 0.004. For those curves fully developed flow is obtained 
at the following values of f,; and X/D: For Re; = 10 X 10%, 


= 


fr; = 0.0104 at X/D = 22.9, for Re; = 30 X 105, f,, = 0.00760 at 


X/D = 31.1, for Re, = 60 X 10°, f,, = 0.00631 at X/D = 40.6, 
and for Re; = 100 X 10%, f,; = 0.00561 at X/D = 76.8. The 
variations of f,; are proportional to the variations of 7» along the 


= 
4 
4 
> 
| 
; 
: 
4 
= 
* 
4 
i 
sollte 
as 
¥ 
Ay. 
3 
[ ] 
| 
— 
$s 
| 
| 
Te 


T T 
Rej*10x10> 
7 
i 
wd 


(b) qi’ = 0.004](heat addition}to gas) 


= 
o1| 10x10" 
Re; 30x10 


(c) qi’ = —0.0025 (heat extraction from gas) 


Fie. 19 Variation oF Friction fr With X/D anv REYNOLDS 
NuMBER For Gas FLow1ne A Tuse. Pr, 0.73 


(Uniform initial velocity and tomnqgentesy distributions, and uniform heat 


x/D 


Fic. 20 Comparison oF Friction AND Heat TRANSFER IN 
ENTRANCE REGION oF A TuBE. Pr, 0.73 


(Uniform initial wine and temperature distributions, uniform wall heat 
ux, and constant properties.) 


tube. In general the shear stress near the entrance is slightly 
higher for heat extraction (q;’ = —0.0025) than for heat addition 
to the gas, apparently because of a thinner boundary layer for 
heat extraction. Farther down the tube the shear stress for heat 
addition becomes greater than that for no heat transfer. If the 
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curves for heat extraction were continued beyond the points for 
fully developed flow they would become lower than those for no 
heat transfer. For heat addition, the shear stress at the wall 
actually increases with X/D, even though the boundary-layer 
thickness is increasing. This occurs because, with heat addition, 
both the viscosity and velocity gradient at the wall increase with 
X/D, the latter increasing because of the expansion of the gas 
[ro = (udyu/dy)o]. The opposite trend occurs for heat extraction 
from the gas; that is, the shear stress decreases with X/D. 

Fig. 20 gives a comparison between friction and heat transfer in 
the entrance region for gases with constant properties. The 
curves for heat transfer are higher than those for shear stress. 
This should not, however, be taken as an indication that a gain 
in heat-transfer to pressure-drop ratio is necessarily obtained by 
using short passages, inasmuch as the curves in Figs. 19 and 20 
give only the friction pressure gradient or drop. The momentum 
pressure drop due to velocity-profile development and to density 
changes should, of course, be added to this value to obtain the 
total pressure drop in the tube. 


Summary or 


The following results were obtained from the analysis of the 
entrance region for turbulent heat transfer and flow in smooth 
passages: 

1 The thin thermal boundary layers and consequently severe 
temperature gradients at the wall near the entrance produced high 
heat-transfer coefficients near the entrance. The entrance lengths 
required to produce fully developed turbulent heat transfer were, 
however, much less than those for laminar heat transfer. Ap- 
proximately fully developed turbulent heat transfer was, in 
general, attained in an entrance length less than 10 diameters. 

2 The effects of wall boundary condition (uniform wall heat 
flux or uniform wall temperature) and of passage shape (round 
tube or parallel plates) on heat transfer in the entrance regior 
were small. This result would not be expected to apply to 
liquid metals. 

3 The use of a uniform rather than a fully developed initial 
velocity profile increased the heat-transfer coefficients in the en- 
trance region. 

4 In general, the entrance effect (local Nusselt number divided 
by fully developed Nusselt number) for heat transfer decreased as 
Prandtl number increased above 1. At alow Prandtl number (Pr 
= 0.01) the results were given by plotting Nusselt number against 
Graetz number for various Peclet numbers and were found to 
approach a single line at low Peclet numbers. 

5 Substantial agreement was obtained between analysis and 
experiment for heat transfer to air flowing in the entrance regions 
of tubes and parallel plates. 

6 The effect of variable properties on the local Nusselt num- 
ber correlation for gases was to decrease the Nusseit number with 
conductivity based on the inlet temperature for heat addition to 
the gas and to increase it for heat extraction from the gas at a 
given ratio of distance from the entrance to tube diameter X/D 
and inlet Reynolds number. In using the curves to obtain heat- 
transfer coefficients it is necessary to use the same assumptions 
for variation of properties as were used in the analysis; that is, 
constant specific heat and viscosity and thermal conductivity 
both proportional to the absolute temperature raised to the 0.68 
power must be used. 

7 In general, the shear stress near the entrance (variable 
properties) was slightly higher for heat extraction than for heat 
addition to the gas, but the trends were reversed at large values of 
X/D. The ratio of local shear stress to the fully developed value 
(constant properties) was less than the corresponding ratio for 
heat-transfer coefficients in the entrance region. 
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Appendix 
SoLuTION OF EQuaTIONS FOR SHEAR STRESS AND HEAT TRANSFER 


For the region close to the wall (y+ < 26), Equations [3] and 
[4] can be written in integral form as 


dyt+ 
0 + £ ntuty* (1 — 


Ho 


dy* 
t+ = 


and 


where assumptions 1, 2, and 3 have been used. In calculating the 
curves for various Prandtl numbers in Fig. 1, where the properties 
are constant, Equation [25] must first be solved by iteration, inas- 
much as u* occurs on both sides of the equation. By using the 
relation between u*+ and y* thus obtained, Equation [26] can 
then be solved. 

For gases with variable viscosity, conductivity, and density 
(Figs. 2 and 3), it is assumed that u/po = k/ky = (t/t). From 
the perfect-gas law and the assumption of constant pressure 
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across the boundary layer, p/po = t/t. It can be shown from the 
definitions of the quantities involved that t/tp = 1— Bt+. The 
property ratios in Equations [25] and [26] can therefore be 
written in terms of ‘+ and the equations can be solved simultane- 
ously by iteration. 

In the region at a distance from the wall (y+ > 26) the molecu- 
lar shear-stress and heat-transfer terms in Equations [3] and [4] 
are neglected and the expression for € given in Equation [6] is 
used. The integration is carried out in reference (6), in which it is 
found that 


| 2 
vite V1 — But — + 4*) + 


(= V1 — Bat + 1) 
and 
tt = 4+ + ut—u,* 
where y,* = 26 and ¢,* and u;* are values of t+ and u* at y; *. 


OrpER oF oF Ax1AL ConpucTion IN HeEat- 
or Enercy Equation 


The low-Prandtl-number case will be checked inasmuch as 6, is 
not always small compared with X for that case. The integral 
heat-flow equation for a tube, Equation [7], becomes, with the 
axial conduction term included 


qrodX =d tpuc,g(ro — vidy | 


pulro 0 


where the last term is the axial conduction term. Axial conduc- 
tion by turbulence is not included, because, as indicated in Fig. 
13, the effect of turbulence should be small at the low Peclet 
numbers where 6, is not <X. Equation [27] can be integrated 
with respect to X for uniform heat flux to give 


5h 5h dt 
qoroX = f c,g(t — ts,)pu(ro — y)dy k (ro — y)dy 
0 0 oXx|, 
. . [28] 


Equation [28] can be written in dimensionless form for fully de- 
veloped velocity profile and constant properties as 


1 
X/D = | (ta, * — t*) ut (rot — y*)dy* 
0 


da * + + 
2 


a(X/D) 


where the relation 
dt, 
= pg ax 


was used. The last term in Equation [29] is again the axial con- 
duction term. The ratio of the last to the first term in Equation 
[29] was checked from the calculations for a Prandtl number of 
0.01 (Figs. 12 and 13). At a Reynolds number of 13,000, the 
ratio was found to be 0.009 at X/D = 1.1. Ata Reynolds num- 
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ber of 21,000, the ratio was found to be 0.008 at X/D = 0.8 and 
0.002 at X/D = 3.1. It appears from these calculations that the 
effect of axial conduction on the results given in the present paper 
should be negligible. 


Discussion 


J.P. Hartnett.’ The present work of the author on entrance 
regions of pipes and channels, together with his previous contribu- 
tions on this subject, represents the most extensive analytical 
treatment of this phenomenon. It is encouraging to the writer 
that the predicted thermal entrance-length results agree reasona- 
bly well with the experimental results of the writer® for Prandtl 
numbers of 7 to 50. 

It is stated by the author that the present calculations are 
applicable to the turbulent portion of the boundary layer even 
when a laminar boundary layer exists near the entrance. This 
would offer some difficulties in practice, however. Experimental 
results” indicate a substantially longer entrance length when the 
flow begins as laminar, this certainly being a function of the turbu- 
lence level of the free stream and of the wall-surface conditions. 

With respect to the calculated hydrodynamic entrance lengths 
necessary for the attainment of fully developed flow, the present 
constant property analysis agrees well with the analysis of Pas- 
cucci" who obtained L,/D = [3.80 logio Re — 2.14]. Both of these 
analyses are somewhat higher than the corrected prediction"! of 
Latzko'? L,/D = 0.623 (Re)'/,. It should be pointed out, how- 
ever, that all these analyses are considerably lower than the ex- 
perimental values obtained by Schiller and Kirsten'* who found 
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lengths of 50 diameters and greater to be necessary for the attain- 
ment of fully developed flow. 


AvuTHoR’s CLOSURE 


It is encouraging to the author that Dr. Hartnett’s experi- 
mental results for heat transfer to liquids in the entrance region 
are in reasonable agreement with those predicted. Those data 
were not available at the time of writing the paper and so could 
not be included. 

The author’s statement regarding the possibility of applying 
the results of the analysis to the turbulent portion of the bound- 
ary layer in the presence of a laminar boundary layer near the 
entrance was based on an assumption by Prandtl. That assump- 
tion, in turn, was apparently based on experimental data for 
flow over flat plates. It seems reasonable that the same as- 
sumption should apply also to flow in the entrance region of a 
tube. However, in the experiments referred to by Dr. Hartnett, 
it appears that, except at the highest Reynolds number (101,600), 
the flow was laminar throughout the entrance region, inasmuch 
as the friction factors were nearly all below the fully developed 
values. The results of an analysis for turbulent flow could there- 
fore not be applied to those experiments. The unusually long 
passage length in which laminar flow occurred was apparently 
caused by the smooth bellmouth entrance used. On the basis 
of those experiments it would seem that the analysis cannot be 
applied at low Reynolds numbers unless a disturbance is present 
at the entrance. 

In connection with the comparison of the analysis with the 
experimental results of Schiller and Kirsten it should be men- 
tioned that the long entrance lengths obtained by those authors 
referred to the lengths required for the velocity profile to develop, 
rather than for the pressure gradient or shear stress to reach their 
fully developed values. They apparently did not measure 
pressure drops. The same result was obtained in the author’s 
experiments, '* where the velocity profile near the tube center was 
still developing slightly at values of X/D greater than 75 al- 
though the pressure gradients had long before reached their 
fully developed values. The predicted pressure drops of the 
author (10) are in good agreement with the measured values in 
reference (13). 


4 Analytical and Experimental Investigation of Adiabatic Turbu- 
lent Flow in Smooth Tubes,” by R. G. Deissler, NACA TN 2138, 
1950. 
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An Approximate Solution of Compressible 
Turbulent Boundary-Layer Development 
and Convective Heat Transfer in 
Convergent-Divergent Nozzles 


By D. R. BARTZ,' PASADENA, CALIF. 


A method has been derived for computing the develop- 
ment of the velocity boundary layer, the temperature 
boundary layer, and the local convective heat transfer in 
convergent-divergent nozzles. The method is based on 
approximate solutions of the integral momentum and 
integral energy equations for compressible turbulent 
boundary layers. To obtain the solutions, a flow model is 
adopted for which are prescribed the velocity and tem- 
perature profiles in the boundary layer, the skin-friction 
law, and the relation between heat and momentum trans- 
fer. The local heat-transfer coefficient is expressed as an 
explicit function of the boundary-layer thicknesses. The 
effects of nozzle size and throat radius of curvature on 
boundary-layer development and heat transfer are deter- 
mined for certain similar nozzle contours in common use. 
The results of the solution are demonstrated by a sample 
calculation for a conventional rocket nozzle operating 
under typical conditions. The computed local heat fluxes 
were found to be in approximate agreement with those 
measured during rocket-motor tests using a nozzle of the 
same contour. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
a@ = constant in temperature-distribution equation, 
defined by Equation [45] 
A = local channel-flow area 
b = constant in temperature-distribution equation, 
defined by Equation [45] 
b’ = constant in temperature-distribution equation, 
defined by Equation [53] 
c = constant in temperature-distribution equation, 
defined by Equation [45] 
c’ = constant in temperature-distribution equation, 
defined by Equation [53] 


C, = local coefficient of skin friction 
C, = local coefficient of heat tranfer 

C, = specific heat at constant pressure 
C, = specific heat at constant volume 


1 Research Engineer, Jet Propulsion Laboratory, California Insti- 
tute of Technology. Assoc. Mem. ASME. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of THe American Society or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 21, 1954. Paper No. 54—A-153. 
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area-ratio-derivative proportionality factor, de- 
fined by Equation [33] 

local enthalpy in the temperature boundary 
layer 

local heat-transfer coefficient 

coolant heat-transfer coefficient 

local enthalpy at the outer edge of temperature 
boundary layer 

definite integrals used for evaluating the 
boundary-layer shape parameters, defined by 
Equations [47], [49], [54], and [55], respec- 
tively. 

thermal conductivity 

nozzle wall thickness 

Mach number 

pressure 

Prandtl number = ywC,/k 

local heat-transfer rate 

local distance from axis to wall 

radius of curvature at nozzle throat 

Reynolds number 

local static temperature in boundary layer 

local stagnation temperature in boundary layer 

local static temperature at outer edge of tem- 
perature boundary layer 

coolant bulk temperature 

local stagnation temperature at outer edge of 
temperature boundary layer 

local wall temperature 

local velocity in the z-direction in velocity 
boundary layer 

local velocity in z-direction at outer edge of 
velocity boundary layer 

local velocity in y-direction in velocity boundary 
layer 

distance along wall in direction of flow 

distance along nozzle wall from entrance to exit 

distance normal to wall 

velocity-distribution variable defined by Equa- 
tion [45] 

temperature-distribution variable defined by 
Equation [52] 

nozzle-divergence half angle, deg 

nozzle-convergence half angle, deg 

ratio of specific heats = C,/C, 

local velocity boundary-layer thickness 

local velocity boundary-layer displacement 
thickness 

local temperature boundary-layer thickness 

local temperature boundary-layer displacement 
thickness 


F = 
A= 
h, = 
hy, = 
Hs 
= 
= 
u= 
U = 
v= 
r= 
= 
y= 
Z= 
Z' = 
a= 
8 = 
Y = 
= 
A= 
A* = 


€ = eddy viscosity 
@ = local velocity boundary-layer momentum thick- 
ness 
x = eddy conductivity 
\ = boundary-layer shape parameter, defined by 
Equation [29] 
uu = local viscosity in boundary layer 
nu’ = local viscosity at outer edge of temperature 
boundary layer 
local density in boundary layer 
p’ = local density at outer edge of temperature 
boundary layer 
o = skin-friction-coefficient factor, defined in Equa- 
tion [16] 
= shear stress 
local temperature boundary-layer energy thick- 
ness 
® = the dissipation function, defined by Equation 
[19] 


Subscripts 

e = exit end of nozzle 
i = incompressible 

w = related to conditions at wall 

x = based on length along wall 

xy = in z-direction, along z,z-plane 
6 = based om boundary-layer thickness 
@ = based on momentum thickness 
* = related to conditions at M = 1 
0 = related to conditions at M = 0 
1 = computed nozzle 

2 = nozzle to be computed 


INTRODUCTION 

The current widespread interest in high-speed aerodynamics 
and jet propulsion has focused attention on the problem of 
boundary-layer development and heat transfer in nonadiabatic 
compressible flow with streamwise gradients of velocity, pressure, 
and temperature. Since extremely high heat flux associated with 
this type of flow has frequently limited the operation of such de- 
vices, there is a need for a solution of the heat-transfer problem to 
guide designers in this field. 

Solutions of boundary-layer development and heat transfer 
exist for such flow with laminar boundary layers, having been 
fairly well established by recent papers based on the von Ka4rman- 
Polhausen method (1, 2, 3, and 4).2 However, for two specific 
applications of this type of flow, namely, hypersonic wind-tunnel 
nozzles and rocket-motor nozzles, the Reynolds numbers are 
generally too high to expect laminar boundary layers to persist 
through the nozzle. Furthermore, in the case of rocket-motor- 
nozzle flow, it is expected that, from its turbulent origin, the 
transition Reynolds numbers would be somewhat lower than 
normal. Experimental evidence of turbulent boundary layers 
existing in the divergent portions of nozzles has been obtained 
from the velocity-profile measurements of Wegener, Winkler, and 
Sibulkin (5) in a hypersonic wind-tunnel nozzle and from the 
heat-transfer measurements of Saunders and Calder (6) in a 
rocket-type nozzle. 

It is evident from the few locally measured experimental data 
obtained in the presence of strong velocity, pressure, and tem- 
perature gradients that conventional turbulent-flow heat-transfer 
correlations, based on measurements on flat plates and in pipes, 
are inadequate for this purpose. The high maximum values and 
large gradients of heat transfer observed near the throats of con- 
vergent-divergent noazles have made it extremely difficult to ob- 


2? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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tain reliable local measurements on which to establish a new 
correlation. 

Methods for computing the turbulent boundary-layer develop- 
ment in compressible adiabatic flow in the presence of axial ve- 
locity and pressure gradients have been developed by Tucker (7), 
Gomf (8), and Tetervin (9) for the purpose of determining wind- 
tunnel-nozzle boundary-layer corrections. These analyses are 
based on solutions of the von Karman integral momentum 
equation only. The present analysis is based on solutions 
of both the integral momentum and integral energy equa- 
tions. It is assumed that the nozzle flow is both one- 
dimensional and isentropic except for very thin velocity and tem- 
perature boundary layers which are nonadiabatic, compressible, 
and turbulent, and which in general are not the same thickness. 
In order to solve these equations, it is necessary to prescribe 
velocity and temperature profiles in the boundary layer, a skin- 
friction law, and a relation between skin friction and heat transfer. 
Since there is a lack of information regarding the nature of these 
relationships in the presence of streamwise pressure, velocity, 
and temperature gradients, a model having the following assumed 
characteristics was adopted to permit solution of the equations: 


1 There exists throughout the nozzle a fully developed tur- 
bulent boundary layer having '/;-power-law profiles both of 
velocity and of the difference between stagnation temperature 
and wall temperature. 

2 The local skin-friction coefficients in the nozzle are the same 
as would exist on a flat plate for the same boundary-layer thick- 
ness, 

3 Reynolds analogy between momentum transfer and heat 
transfer exists for the nozzle boundary-layer flow under con- 
sideration. 


Solution of the integral momentum equation (a linear first- 
order differential equation having variable coefficients) gives the 
distribution of the velocity boundary-layer thickness through the 
nozzle. Substituting these results in the integral energy equa- 
tion and solving the resulting variable-coefficient linear differen- 
tial equation, the distribution of the ratio of the temperature 
boundary-layer thickness to the velocity boundary-layer thick- 
ness is obtained. Finallv, the heat-transfer coefficient is ex- 
pressed as an explicit function of the boundary-layer thicknesses, 
the function resulting from the assumed analogy between heat 
transfer and momentum transfer. 


ANALYSIS 
Basic Equations of Axially Symmetric Compressible Boundary- 
Layer Flow 
For very thin axially symmetric boundary layers, Goldstein 
(10) shows that the boundary-layer approximation forms of the 
momentum and energy equations are the same as for two-dimen- 
sional boundary layers if the co-ordinate system is taken as shown 
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dh (+) 


The continuity equation for axially symmetric boundary layers is 


ox oy r Ox 


If these equations are considered to be expressed in terms of the 
temporal mean values of the variables pu, u, pv, p, h, and t, the 
equations can be applied to turbulent boundary layers. Such a 
procedure results in neglecting the Reynolds normal stress and in 
using the molecular coefficients 4 and k rather than the sums of 
the molecular and eddy coefficients (u + €) and (k + x) (11). 
However, in the present analysis, using the integrated momentum 
and energy equations, uw and k are used only in computing the 
shear stress and heat transfer at the wall. 


The Integral Momentum Equation 


Derivation. Extending the derivation of the integral momen- 
tum equation given by Goldstein® to the case of a compressible 
axially symmetric boundary layer, the form of the integral 
momentum equation obtained by integrating Equation [1] over 
the velocity boundary-layer thickness 6 is 


dp’U? 6* 
( 


where for compressible boundary layers the definitions of @ and 
6* are 


6 (ra dy (momentum thickness)... [5] 


ay (displacement thickness). . . [6] 


Equation [4] can be put into a form more convenient for com- 
putation by noting that from the definition of the velocity of 
sound and the equations of one-dimensional isentropic-flow 
theory 


d 
d(p'U*) = p’U(2 — M*) 


and noting that for an axially symmetric nozzle where A/As = 


(r/re)? 


M? — 2(5*/8) — d 
1 — M? 


At M = 1, the form of the coefficient of @ in Equation [10] is in- 
determinant but can be shown to equal 


3 Reference (10), pp. 131-134. 
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1 + (6*/6) 


Solution. The distributions of A/As and M are known from 
the nozzle geometrical configuration and the assumption that 
outside of the boundary layer the flow is both isentropic and one- 
dimensional. 

To evaluate the boundary-layer shape parameters 6*/@ and 
6/6 (which will appear in the C,/2 equation) from Equations [5] 
and [6], only the velocity and temperature distributions through 
the boundary layers must be prescribed. In the absence of evi- 
dence to indicate the possible changes in the boundary-layer 
velocity distribution due to a strong favorable pressure gradient, 
it was assumed, as one characteristic of the model, that the !/7- 
power velocity profile persists throughout the nozzle. Velocity 
profiles of the '/; power 


have been found to fit velocity distributions measured in low- 
speed turbulent boundary layers on flat plates except very near 
the wall. This power-law velocity profile also was found to fit a 
velocity distribution measured near the working section of a hy- 
personic wind-tunnel nozzle at M = 7 (reference 5). Although 
Equation [12] does not satisfy the actual velocity gradient at the 
wall, it gives results which generally agree with experimental re- 
sults when integrated over the boundary-layer thickness, as in 
Equations [5] and [6]. Although the selection of '/; as the 
power of the velocity distribution is arbitrary, it is significant to 
note that boundary-layer shape parameters evaluated by Tucker 
(7) were fairly insensitive to changes in the power from '/; to ?/n. 

The assumption of a '/;-power distribution of the difference be- 
tween stagnation temperature and wall temperature in the 
boundary layer 


as one of the characteristics of the model, was made with much the 
same justification as that used for the velocity profile. Expressed 
in terms of static temperatures, the distribution given by Equa- 
tion [13] is 


For flow on a flat plate with Pr = 1, it wasshown by Rubesin (12) 
that A = 6. For these conditions, making use of Equation [12], 
Equation [14] reduces to 


which is the Crocco (13) temperature relation for flat-plate flow 
with Pr = 1. Since the values of the boundary-layer shape 
parameters are known to be dependent only on the velocity and 
temperature distributions in the boundary layer, it is apparent 


u y 
a6 
dz U dz r dz 
(Try 
p’'U? [4] =. 
y 
— 
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from Equations [12] and [14] that the 
parameters must be functions of the 
four variables M, T',/T7o, y, and A/6. 
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TABLE | VALUES OF RECIPROCAL OF DEFINITE INTEGRAL h 


20-2) az 
n= J 1+ ez? 


+ 


In the Appendix it is shown that for 
any combination of these four varia- 
bles the boundary-layer shape parame- 
ters can be computed directly from 
tabulated numerical values of two defi- 
nite integrals J, and J; The values 
tabulated in Tables 1 and 2 as fune- 
tions of two variables b and c, which 
are simple analytical functions of the 
four variables M, 7',/To, y, and 4/6, 
are the results of Simpson’s rule calcu- 
lations on a digital computer. The 
ranges of the variables b and c are 
such that, for T,/T>o = 1 and y = 


TABLE 2 


° 


2 


SSSSRESE 
ioe 


57.21 71.23 


VALUES OF RECIPROCAL OF DEFINITE INTEGRAL 2 


1 ZidZ 


a= 


1.4, boundary-layer shape parameters 
can be evaluated to values of M as high 
as 14; and, for low-speed flow, they 
can be evaluated for temperature ratios 
T/T from 0.09 to 5 for A/é of 1. 

It was assumed as another charac- 
teristic of the model that the skin-fric- 
tion coefficient C;/2 is the same in a 
nozzle as it would be on a flat plate for 
equal boundary-layer thicknesses. The 
Blasius skin-friction equation for in- 
compressible turbulent boundary- 
layer flow at moderate Reynolds numbers was chosen for the pur- 
pose of evaluating C';/2 because of the simplicity of the equation 
and its reasonable agreement with recent shear-plate measure- 
ments (14, 15, 16). The Blasius equation for incompressible flow 
expressed in terms of boundary-layer thickness given by Eckert* 


is 
2 


Adopting the method used by Tucker (7), this equation was ex- 
tended (18) for nonadiabatic compressible boundary layers by 
evaluating p and yw at a temperature which is the arithmetic mean 
between the free-stream and wall temperatures 


where ¢ = 


which is based on the assumption that 4~7 as suggested 
by the high-temperature viscosity data reported by Hilsenrath 
and Touloukian (19). A similar procedure has been used success- 
fully by Humble, Lowdermilk, and Desmon (20) to modify 
Reynolds numbers for the purpose of improving correlations of 
turbulent heat-transfer and friction data measured in highly 
nonadiabatic pipe flow. The effect of M on the ratio C,/C,,; for 
T/T. = 1, y = 1.4 predicted by Equation [16] was found to 
agree within 5 per cent with the experimental data of Coles (16) 
up to M of 4.5 for a constant Reg of 7000. 

Substituting this result in Equation [10], multiplying through 


* Reference (17), p. 73. 


to 


by 6/4, and introducing the boundary-layer shape parameter 
6/6, the equation becomes 


It can be seen from this form of the momentum equation and from 
subsequent forms of the energy and heat-transfer equations that 
there is an interdependence of the equations on the parameters 
T,,/T> and A/é. Therefore, strictly speaking, these equations 
should be solved simultaneously. Although in principle a simul- 
taneous solution is possible, in practice the mathematics would be 
overly burdensome. However, an approximate independent solu- 
tion of the momentum equation is made possible by making 
reasonable assumptions of distributions of 7',/T> and A/6. 
Since in the momentum equation the boundary-layer shape 
parameters and the skin-friction coefficients depend on 7',,/T> and 

A/é only indirectly, little error is introduced by such a first ap- 
proximation. 

Hence, making initial assumptions of T,,/T> and A/6é distribu- 
tions in order to evaluate the boundary-layer shape parameters 
and skin-friction coefficients, the development of the velocity 
boundary layer is computed by solving Equation [17]. 

The Integral Energy Equation 

Derivation. Starting with the form of the energy equation 
given by Equation [2], adding the momentum equation, Equation 
{1], multiplied through by u, the pressure-gradient terms cancel, 


giving 


ot 
a — 
oy & 


i 
4 

| 

-0.8 -0.6 -0.4 -02 0 2 

24.33 36.92 48.93 60.68 72.28 185 

23.18 34.84 45.94 56.81 67.53 172 

22.00 32.72 42.92 52.88 62.71 158 

20.80 30.56 39.84 48.89 57.82 144 

19.56 28.35 36.69 44.82 52.84 130 

18.27 26.07 33.46 40.66 47.74 116 

16.93 23.70 30.11 36.35 42.49 102 

Mea 15.50 21.21 26.61 31.86 37.02 87 

14.74 19.90 24.77 29.51 34.17 79 

ee 13.94 18.52 22.85 27.06 31.20 71 

13.09 17.06 20.82 24.47 28.07 63 
12.16 15.47 18.61 21.68 24.69 654 

11.11 13.65 16.09 18.49 20.86 44 

ee 10.51 12.58 14.60 16.60 18.58 38 

3 yee 9.431 10.85 12.26 13.68 15.08 29 

0.6 -0.4 -0.2 0 2.0 4.0 6.0 8.0 10.0 

383 .581 22.12 36.16 50.18 64.20 78.21 
$11 061 .366 20.25 33.06 45.85 58.64 71.43 

135 536 -717 18.36 29.94 41.50 53.06 64.62 

55 006 .062 16.47 26.81 387.13 47.45 57.77 

570 468 .398 14.56 23.65 32.73 41.80 50.88 

278 920 12.62 20.46 28.28 36.10 43.92 

176 359 .034 10.66 17.22 23.78 30.32 36.87 

160 778 . 322 8.643 13.91 19.17 24.43 29.68 

495 476 7.609 12.22 16.82 21.41 26.01 
Fiona 322 163 .571 6.548 10.48 14.41 18.33 22.25 

138 834 -170 5.447 8.685 11.91 15.14 18.37 

1350 478 «4.739 «44.278 6.783 9.282 11.78 14.27 
924 064 2.965 4.662 6.354 8.044 9.733 

7987 91.9279 2.165 3.381 4.593 5.804 7.014 

0 0 0 0 

~, i U6 

— = 0.0228 o | 
2 

ou 

oy” 


Even for compressible flow it can be shown that a reasonable 
approximation of the dissipation function ® is given by 
Ou 
Substituting Equation [19] into [18] and making use of Newton’s 
shear-stress equation 


1 ra) 1 
pu +0 


integrating over the temperature boundary-layer thickness A and 
evaluating the integrated functions at the limits following a 
procedure similar to that used in deriving the integral momentum 
equation, an integral energy equation can be obtained.’ From 
the assumed velocity distribution, Equation [12], ur,, evaluated 
at the wall is exactly zero, as it is at A when A> 6. When A is 
less than 6, ur,, at y equals A is not zero; however, it can usually 
be neglected with respect to g, except for very high velocities, 
very low differences between wall and stagnation temperature, 
and very thin boundary layers. The form of the integral energy 
equation is 


+ “le In p’/UrC,(T. — T. »| 


pu to — Ty, 
¢= — -) dy (energy thickness). . [22] 


Pin displacement thickness). . [23] 


Vw 
[24] 


and where it is assumed that C, is constant in the boundary layer 
so that h + = C,toand H + '/,U* = C,To. 

Solution. By the assumption of one-dimensional isentropic 
flow outside of the boundary layer, 75 does not vary through the 
nozzle. If C, is assumed constant through the nozzle, then the 
third term of Equation [21] vanishes. Such an assumption is 
quite reasonable in some cases, such as constant composition 
rocket-nozzle expansions, where the variation in C, is only about 
10 per cent. For cases when C, and 7» cannot be assumed con- 
stant and it becomes necessary to evaluate the temperature 
boundary-layer shape parameters A*/@ and A/@, the values can 
be computed from the tabulated integrals J, and J, by making 
slight changes in the definitions of 6 and c (Appendix). 

The distribution of 7,,/7> assumed for solving the integral 
momentum equation is also used in solving the integral energy 
equation. However, since the latter equation is considerably 
more dependent on 7',,/7, an iterative process is required to ob- 
tain the correct solution. 

For the type of flow under consideration, no correlation of C, 
as a function of ¢, A, or other known parameters has been es- 
tablished. To obtain such a relation, it was assumed as one char- 
acteristic of the model that the Reynolds analogy between heat 


5 Reference (10), pp. 613-615, and reference (18). 
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and momentum transfer is valid for this type of flow. The 
fundamental equation expressing Reynolds analogy is 


"dy dy 


Substituting into this equation the derivatives of the assumed 
velocity and temperature profile Equations [12] and [13], making 
use of Rubesin analysis of 4/6 on a flat plate (12) and the von 
Karman modification of Reynolds analogy,* an expression for 
C, is obtained for Re® near 10‘ and Pr from '/: to 17 


C. 
“* 


(For Reg near 10° the Pr exponent would be 0.36, and for 10° it 
would be 0.62.) For the special case of Pr = 1 and A = 4, note 
that Equation [26] reduces to the familiar C, = C,/2. 
Substituting Equation [26] into Equation [21] for the case 

when C,7> remains constant through an axially symmetric 
nozzle, the integral energy equation reduces to 

do d, CfT.— T.) C,/2 

Using Equation [16] to evaluate C,/2 in Equation [27], the re- 
sulting equation contains two dependent variables, @ and A/é 
(the initially assumed distribution of A/é is not used in this equa- 
tion, having been assumed only for the purpose of evaluating the 
boundary-layer shape parameters) 


In 


dp d — T,) 
dz r 


The equation can be reduced to the single dependent variable 
A/é by expressing ¢ in terms of @ and A/é through the relation 


The factor \, a boundary-layer shape parameter, is a function 
of M, T,,/To, y, and 4/6, and hence can be evaluated from 
the definite integrals of the Appendix, Equation [57]. Since the 
value of X is fairly insensitive to changes in A/6, the use of the 
assumed A/6 distribution to evaluate \ does not particularly im- 
pair the validity of Equation [29]. Substituting Equation [29] in 
Equation [28], the resulting equation is linear in (A/5)"/" with 
variable coefficients and is of the same form as Equation [17] 


9 
(0.0228 


Using the distribution of @ which results from the solution of the 
integral momentum equation, the ratio of the temperature 
boundary-layer thickness to the velocity boundary-layer thick- 
ness is obtained by solving Equation [30]. 


® Reference (17), p. 124 
7 Reference (18), Appendix A. 
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[28] 
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Heat-Transfer Coefficient 

Having solved Equations [17] and [30] for @ and A/6é, re- 
spectively, the local heat-transfer coefficient h, derived from 
Equation [26] is 


where h, =q,/(T>— T,). The quantities in the first bracket re- 
main constant throughout the nozzle, whereas those in the second 
bracket are principally functions of the local M. The equation 
expressed in terms of the two fundamental boundary-layer thick- 
nesses 6 and A is 


Nozzle Similarity 


Once Equations [17], [30], and [31] have been solved numeri- 
cally for one nozzle contour, it is not necessary to solve themagain 
for a second nozzle contour operating with the same or only 
moderately different reservoir conditions, provided the following 
restrictions are satisfied 


where F is constant for all values of A/A« (subscript 1 referring to 
the computed nozzle, and subscript 2 referring to the nozzle to be 
computed); and 


at some common A/Ax near the nozzle entrances. If both these 
restrictions are satisfied, it can be shown from the general solution 
of Equation [17]* that Equation [34] holds for all values of A/A+ 
of the nozzles. It can be shown from the general solution of 
Equation [30] that, if Equation [34] holds for all values of A/A+,~ 
then 


for all values of A/A«. Although Equations [34] and [35] re- 
quire that the gas-flow conditions (p+Us«, y, u, C,, Pr, T/T, and 
T> — T,,) be the same for both nozzles, these parameters appear 
only indirectly or are raised to small powers in the momentum 
and energy equations; hence it is expected that moderate dif- 
ferences in their values would introduce very little error. In the 
heat-transfer-coefficient expression Equation [31], the parameter 
C, appears directly and pxUs* appears to the */, power; hence 
differences in their values have nearly a direct effect. However, 
since h, is given by an explicit algebraic expression, it is quite 
easy to account for these differences. Thus, from Equations 
[31], [34], and [35], the equation which relates the heat-trans- 
fer coefficients of two nozzles satisfying Equations [33] and [34] is 


[(peUs (PF) ho, 


For two nozzles that are geometrically similar, it is easily 


* Reference (21), p. 284. 
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shown that Equation [33] is satisfied at all values of A/As, the 
value of F being given by the equation 


Geometrically similar nozzles are not the only nozzles which 
can satisfy Equation [33], since it is the differential equation of 
the contours of a whole family of nozzles which are geometrically 
dissimilar but whose area-ratio derivatives at each area ratio are 
related by the constant F. The equation of one of these nozzle 
contours for particular values of F and rs can be obtained by ex- 
pressing the area-ratio derivative of the computed nozzle contour 
in terms of z and by integrating Equation [33]. 

A particular family of geometrically dissimilar nozzle contours 
which are of practical interest because of their wide use in rocket 
nozzles, is that which consists of (a) a conical convergence section, 
(b) a throat region generated by revolving an arc of a circle about 
the nozzle axis, and (c) a conical divergence section. (The conical 
sections join the throat region tangentially so that there is no dis- 
continuity in the area-ratio derivative with respect to z.) Only 
geometrically similar nozzle contours of this family were found to 
satisfy Equation [33] exactly. However, it was found that cer- 
tain nozzle contours of this family, which are geometrically dis- 
similar, can exactly satisfy Equation [33] in the conical regions 
and at the throat and very nearly satisfy Equation [33] in the 
intermediate regions, provided certain relations between the 
parameters rs, r,, 8, and a are maintained. Between any given 
limiting area ratios, the nozzle contour is completely specified by 
these four parameters. The relations are obtained from the equa- 
tions of the area-ratio derivatives for each of the nozzle regions as 
follows 


) sin 8 (convergence cone) . . [38] 


) sin a (divergence cone). . [39] 


and at the throat 
1 d A 1 


1 — M? dz 


Combining Equations [38], [39], and [41], the two relations 
which must be satisfied are 


me] - 


If Equations [42] and [43] are satisfied by some nozzle contour 
of the family to be computed, the value of F at all values of A/A« 
in the conical sections and at the throat is given by 


at. 
(r,/r* 
Comparing a nozzle having 8 = 10 deg with one having 8 = 30 


. 

(2 4) (2 4) (33) 

—In-- =——{- 

F —n— = 

d A As As 

—In— = +] (— ) — 1+— 

; 

()\ (throat region)........ [40] 

2 1 2 re 2 

———}— ..... [41) 


deg, F increases about 5 per cent in the region between the conical 
sections and the throat. Such a variation is expected to introduce 
only a small error in the computed heat-flux distribution. Sub- 
stituting Equation [44] in Equation [36], it is found that A, is 
inversely proportional to (r,re)'/®. 


SAMPLE CALCULATION 


In order to demonstrate the type and magnitudes of the results 
that can be obtained from the present solution, first-approxima- 
tion calculations were made of the boundary-layer development 
and heat transfer in a specific rocket-type nozzle, Fig. 2, operating 


750 
(A/A,),=800 
366 
1.80 4.36 
Zz = 8.02 
5.00 | 
3.70 
142— 


Fic. 2 Nozzie Contour 


under conditions of temperature and pressure typical of rocket 
motors, Table 3. A comparison is made between the computed 
heat-transfer results and those measured in a sectionally cooled 
rocket nozzle having the same inner contour (22). 

Constant values of To, 7,/To, and A/é were assumed, Table 
3, for evaluating o, d/dz In (7) — T,,), and the boundary-layer 


TABLE GAS-FLOW_AND COOLANT-FLOW CONDITIONS 
ASSUMED FOR SAMPLE CALCULATIONS 


Value 


Parameter 


0.83° 
0. 567 Btu/lb deg F 


- (type AISI 502 stainless steel)........... 4.65 x ‘10- ‘ Btu/in. sec deg Fa 
0.0133 Btu/sec sq in. deg F4 


e Evaluated from viscosity equation of Bird, Hirschfelder, and Curtiss 
23), using values of force constants which are numerical averages of those of 
oO, NO, , N2O, and air. 

Evaluated from a equation Pr = 4 xy/Or 5), which can be derived 
from the simplified kinetic-theory relation her Geannal conductivity in terms 


of Cor and yu (reference 24). 
© These constant values used only in evaluating « and boundary-layer 


shape parameters. 
@ Evaluated from Dittus-Boelter equation (ef. p. 115 of ref. 17) for water 


assuming constant velocity of 25 fps, average bulk temperature 100 F, and 
coolant-passage characteristic dimension, 0.115 in., equal to 4 times hy- 
draulic radius of coolant passage of nozzle of reference (22). 


shape parameters in obtaining the first-approximation solutions. 
Distributions other than constant could have been assumed 
without adding much additional computation, since the form of 
the differential equations would remain unchanged. The local 
heat flux was computed from the equation 


which was selected since 7';, hz, and 1/k,, can usually be com- 
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puted quite accurately from known or assumed coolant-passage 
conditions. Values of l, k,, and effective diameter of the coolant 
passage, corresponding to those of the nozzle of reference (22), 
were selected for the sample calculation, Table 3. The coolant- 
passage heat-transfer coefficient h;, was computed by assuming 

the coolant to be water having a constant velocity over the entire 

nozzle. 

Boundary-Layer-Thickness Distributions. It was expected that 
the distributions of @ and A/é determined by solving Equa- 
tions [17] and [30] might be strongly dependent on the boundary- 
layer thicknesses at the nozzle entrance, which must be specified 
to solve the equations. For that reason, widely different values 
were selected in order to determine the effect. Case 1 was selected 
as that case when both 6 and A at the nozzle entrance are zero. 
However, the ratio of A/é at z = 0, the initial condition required 
for solving Equation [30], is left indeterminant by such assumed 
conditions. Rubesin (12) showed that A/é is constant every- 
where on a uniform temperature flat plate in incompressible 
flow. Assuming the boundary-layer growth near z = 0 to be the 
same as near the leading edge of such a flat plate, and making use 
of the von Kérmén modification of Reynolds analogy, it was 
shown (18) that the constant value of A/é is Pr~*-**, Case 2(a) 
was arbitrarily selected as that case when 6 = 0.188 in. and A = 
0.201 in. atz = 0. These are the thicknesses that would exist at 
the end of a cooled flat plate equal in length to the nozzle of Fig. 2 
for the same free-stream flow and wall temperature as those at the 
nozzle entrance. Case 2(b) was arbitrarily selected as that case 
when 6 = 0.188 in. and A = 0 atz = 0. Such a case applies to 
adiabatic boundary-layer development ahead of the nozzle, with 
cooling suddenly initiated at the nozzle entrance. 

The computed first-approximation distributions of 6 and A are 
shown in Fig. 3. Note that the distributions of 6 for Cases 2(a) 
and 2(b) are identical. 

Although 6 of Case 2 shrinks by a factor of 10 from the nozzle 
entrance to the throat, its value at that point is only 9 per cent 
higher than 6 of Case 1, which grows from zero to a maximum 
value about half way to the throat and then also shrinks, A short 
distance beyond the throat both distributions merge; hence be- 
yond this region the effect of the differences in initial thicknesses 

vanishes. 


4 
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The three distributions of A shown in Fig. 3 indicate that there 
is a similar tendency for the effects of initial differences in A to 
diminish as the temperature boundary layer developed in the 
nozzle. Although such a tendency is demonstrated, the three 
distributions do not merge as did the 6-distributions. 

Also shown in Fig. 3 is a comparison between the computed 6 
distribution beyond the throat and that suggested by Saunders 
and Calder (6) from their heat-transfer measurements. They 
found that measurements of loca] heat fluxes in the divergent por- 
tion of a rocket nozzle having a low divergence angle (a = 0.6 
deg) were correlated quite well by the equation C, = 0.0285 
(u'/p’Ux)'’* for Re, from 108 to 10%, taking z as the distance from 
the nozzle throat and using appropriate local values of p’U 
along the nozzle. Since this equation results from applying 
Reynolds analogy to turbulent boundary-layer flow over a flat 
plate, Saunders and Calder suggested that the boundary-layer 
growth in the divergent section of their nozzle was probably simi- 
lar to that on a flat plate if the boundary-layer thickness is as- 
sumed to be zero at the throat. The comparison in Fig. 3 shows 
that even for a nozzle having a = 15 deg, such a distribution 
is not appreciably different from that determined from the pres- 
ent solution except near the throat. 


BOUNDARY LAYER THICKNESS AT x=O 
8 
CASE | 
| CASE 20 0.188 0.201 

CASE 2b 0.188 

NOZZLE CONTOUR OF 

3 FLOW CONDITIONS 

>. CASES | 

2 Wi, AND 2b 

1.0 CASE 2o-~ CASE 20 
| 
= 2.0285 _ 
h Re,” 
0.2 0.4 06 08 

x/Xn 


Fie.4 Heat-TRANSFER COEFFICIENT DISTRIBUTIONS 


2 
5 
a 
| 
¥ | [BOUNDARY-LAYER THICKNESS AT x=0]| 
= 8 4 
CASE | ° ° i 
| |CASE 20 0.168 0.201 
| |CASE 2b | 0188 | 
NOZZLE CONTOUR OF Fig 2, FLOW 
COND 


ITIONS OF TABLE 3 | 


Fie. 5 Heat-Fivx Disrrrsvtions 


TRANSACTIONS OF THE ASME 


NOVEMBER, 1955 


Heat-Flux Distributions. The heat-transfer coefficient and 
heat-flux distributions computed for the three cases are compared 
in Figs. 4 and 5. As might be expected from the fact that h, de- 
pends on 6°/* and on A’/”, the differences in the distributions for 
the three cases are not large. This fact reduces the importance of 
accurate knowledge of the boundary-layer thicknesses at the 
nozzle entrance. For rocket-motor nozzles preceded by cylindri- 
cal chambers the assumptions of Case 2(a) would probably be 
most nearly correct. From the equation for h,, Equation [32], it 
is evident that the most significant factor determining the heat- 
flux distribution is the distribution of p’U through the nozzle, 
since p’U appears raised to the */, power. It is significant to 
note that the maximum heat flux for all three cases occurred just 
slightly upstream from the nozzle throat. 

In Fig. 6, two other nozzle contours having 8 = 20 and 40 deg, 


B= 30° —B=40° 


Fic. 6 Nozzte Contours Havine Area-Ratio Dertva- 
TIVE DISTRIBUTIONS 


which satisfy Equations [57] and [58], are compared with the 
nozzle of Fig. 2. If the initial values of the momentum thick- 
nesses were the same and all were operating under the same gas- 
flow conditions, the local heat-transfer coefficients of the 20-deg- 
convergence-angle nozzle having r,/rs = 4.36 would be 7.3 per 
cent lower than those of the 30-deg-convergence-angle nozzle 
having r./rx = 2.04. The local heat-transfer coefficients of the 
40-deg-convergence-angle nozzle having r,/re = 1.23 would 
be 5.2 per cent higher. A nozzle geometrically similar to but 
ten times larger than the nozzle of Fig. 2 would have local heat- 
transfer coefficients which would be 37 per cent lower than those 
of Fig. 4 for similar relative initial boundary-layer thickness. 

Comparison with Experiment. At present, it is not possible to 
make a conclusive comparison of the results of the present heat- 
transfer solution with those of rocket-motor experiment because of 
(a) the uncertainty in evaluating the transport properties of com- 
bustion-gas mixtures and (b) the lack of locally measured nozzle- 
heat-transfer data obtained in the absence of phenomena, other 
than convection, which affect heat transfer. Such phenomena as 
deposition of insulating solids on nozzle walls, radiation, incom- 
plete combustion in the chamber, and recombination of free atoms 
and radicals have gonerally confused the picture of heat transfer 
in rocket nozzles. 

Perhaps Saunders’ and Calder’s measurements (6) are the best 
experimental data available for comparison, since they were ob- 
tained under conditions in which the effects of the extraneous phe- 
nomena mentioned were probably negligible. In Fig. 4 is shown 
an h, distribution beyond the throat computed over the Re, range 
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from 10° to 10° from the simple correlation equation C, = 0.0285 
(u'/p’Uz)'/* used by Saunders and Calder. The agreement of the 
present solution with this equation is very good between r/r, = 
0.55 where Re, is 1.8 X 10° and z/z, = 1.0 where Re, is 5 X 10°. 
Such an equation, however, is of no use in predicting the heat flux 
in the convergent section or at the throat. 
The computed gq, distributions of Fig. 5 were found to be in 
qualitative agreement with the q,, distributions measured semi- 
locally by Boden (22) in a nozzle of the same inner contour having 
eight separate cooling sections of about equal axial length. A 
valid quantitative comparison cannot be made with the data re- 
ported in reference (22), however, because of wide variations of 
heat-transfer rates, which were attributed to contaminants in the 
propellants and thick deposits of metallic salts on the nozzle-heat- 
transfer surface. 
The unpublished results of more recent tests using the same 
apparatus with a different propellant combination are considera- 
bly more applicable for comparison with the results of the sample 
calculation. In these tests there was no material deposition on 
the walls, radiation accounted for probably less than 5 per cent 

_ of the heat flux measured in the throat section, and combustion 
was generally 92 to 98 per cent complete. However, present 
knowledge of heat flux due to atomic or free radical recombination 
is insufficient to determine whether or not it was significant with 
respect to the calculated convective heat flux. Therefore the 
comparison of the computed results with experimental results is 
necessarily made without resolving this question. To make the 
comparison, the maximum q,, value calculated for Case 2(a) was 
adjusted for small differences in mass-flow rate, specific heat, and 
chamber temperature between those of the sample calculation and 
those of the tests. From the calculated q, distribution of Case 
2(a) it is estimated that the maximum heat flux in the throat cool- 
ing section of the nozzle was probably 4 per cent higher than the 
measured average value. The adjusted maximum computed 
values were found to be from 6 per cent lower to 15 per cent higher 
than the maximum experimental values obtained by increasing by 
this 4 per cent the average heat fluxes measured in the throat 
section. The reproducibility of the experimental data was about 
+5 per cent. 


CONCLUSIONS 


Insufficient knowledge of turbulent processes, in general, and of 
those occurring in the presence of streamwise pressure gradients, 
in particular, makes an exact solution of the problem of turbulent 
boundary-layer heat transfer in convergent-divergent nozzles im- 
possible. As an alternative, an approximate solution has been 
obtained for a flow model having assumed characteristics amena- 
ble to analysis. Solutions of velocity and temperature 
boundary-layer development were found to be obtainable from 
linear differential equations having variable coefficients, whereas 
the local heat flux was expressed as an explicit algebraic function. 
It was shown that numerical results from these equations can 
easily be extended to geometrically similar nozzles and to certain 
other nozzles which are geometrically dissimilar. The results of 
sample calculations of the boundary-layer development and heat 
transfer in a conventional rocket-motor nozzle operating under 
typical conditions show (a) that both the velocity boundary layer 
and the temperature boundary layer reach minimum thick- 
nesses slightly upstream from the nozzle throat, (b) that these 
minimum thicknesses are fairly insensitive to the boundary-layer 
thicknesses at the nozzle entrance, (c) that the boundary- 
layer growth is nearly linear in the divergent portion of the nozzle, 
and (d) that the maximum heat flux occurs very close to the throat. 
The computed values of heat flux were found to be in approximate 
agreement with experimental data available to the author. 
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Appendix 


EvaLuaTIon OF BounpARY-LAYER SHAPE PARAMETERS 

The boundary-layer shape parameters appearing in the 
momentum and energy equations are 0/5, 5*/5, 6*/0, $/A, 
A*/A, A*/¢@, and X. The parameters are defined by Equations 
[5], [6], [22], [23], and [29]. Details of the method used for 
evaluating 0/6 and $/A are given, whereas only the final equa- 
tions are given for the other parameters. 

The parameter 0/6 is obtained directly by substituting Equa- 
tions [12] and [14] into Equation [5]. For convenience, Equation 
[14] is rewritten as 


= a{l + bZ—cZ?]............. [45] 
where 
Wy 
2 T> u y 
(2), and Z = (1) 


Substituting these expressions into Equation [5] and noting that 
p/p’ = T/t 
7f'za — 


Hence 6/4, which is known to be a function of the four variables 
M, T,,/To, y, and 4/6, can be calculated directly from a simple 
algebraic expression after the integral 7, is evaluated as a function 
of the two variables b and c. Making the definition 


— 
[47] 
In evaluating 5*/6, a similar integral J, is required, where 
and 
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Evaluating ¢/A by substituting Equations [12], [13], and [14] 
into Equation [22], using the notation of Equation [45], the re- 
sulting equation is 


[52] 


Yr 
Pere) 
(+) and Z=Z 


Expressing Equation [52] in terms of Z’ only 


— Z')dZ’ 


where 
b 
(3) 
1+ 
hence 
$ (4) 
where I,’ = 1,(b’, c’) 
In a similar fashion it can be shown that 
Wy 
[55] 
where 2’ = 1,(b’, c’) 
and ae 7\a) —* 
[56] 


$(£)" 

Values of J; and J, have been computedon an IBM digital com- 
puter by means of Simpson’s rule calculations for values of b from 
—1 to 10 and of c/(b + 1) from0to1. The results are tabulated 
as the reciprocals of J; and J; versus the parameters b and ¢/(b + 
1) in Tables 1 and 2. The values were tabulated in this form 
because it was found that the curves of the reciprocal values 
plotted versus either parameter 6 or c/(b + 1) for constant values 
of the other parameter were very nearly linear. Linear interpola- 
tion in either direction in the tables should yield results well 
within 1 per cent accuracy except in the regions between c/(b + 1) 
from 0.9 to 1, and b from —0.8 to —1, where the curves become 
somewhat nonlinear. The values of 6/6 and 6*/5 computed by 
Tucker (7) for T/T of 1, y of 1.4, and A/é of 1 for M from 0 to 
10 were compared with values computed from Tables 1 and 2 and 
were found to agree within 0.8 to 0.1 per cent over the Mach- 


number range. 


i 
where 
{ 
Ba! 
Combining Equations [48] and [54], can be evaluated as 
Gite 
Ath 
Ping 


Discussion 


Eu Resuorko.® The paper is one of the first to consider com- 
pressible turbulent boundary-layer development with pressure 
gradient and heat transfer. As such it is an extremely useful con- 
tribution. Although the calculation procedure is specifically de- 
veloped for flow in an axially symmetric nozzle, the same concepts 
could be employed in handling more general problems of turbu- 
lent boundary-layer development in favorable pressure gradient. 

The energy equation is solved by the author in order to deter- 
mine the variation of thermal boundary-layer thickness for use in 
obtaining the heat-transfer coefficient through the Reynolds 
analogy relation, Equation [26]. Because the ratio of thermal to 
dynamic thicknesses appears as (A/5)'/ 7 in Equation [31], the 
heat-transfer coefficient h, is not particularly sensitive to the 
variation of (4/6). Thus the prescribed calculation of h, can be 
approximated closely, without solving the energy equation, 
through the assumption of a single reasonable value of (A/65)'/’. 

Although not presented, it is interesting to note that the dis 
placement thickness obtained for a portion of the nozzle including 
the throat would be negative. This result has also been obtained 
assuming laminar flow in a similar nozzle."° The negative dis- 
placement thickness is associated with the high density (relative 
to the free stream) in the cooled boundary layer. 

Although the local heat-transfer rates in the divergent por- 
tion of the calculated nozzle (a = 15 deg) compare favorably 
with the experimental determination of Saunders and Calder 
(a = 0.6 deg), it is not reasonable to expect the results to fully 
indicate the effects of pressure gradient, especially in the conver- 
gent portion of the nozzle and in the vicinity of the throat because 
of the use of flat-plate relationsips for skin friction and Reynolds 
analogy. 

The proposed method of extending the results of the boundary- 
layer calculation for a single nozzle to nozzles of similar or related 
geometric shapes is potentially very useful. It should reduce the 
work required for calculating large numbers of problems and 
provide a means for quickly estimating the effects of simple 
geometric changes on the nozzle boundary-layer development 
and heat transfer. 


® Aeronautical Research Scientist, NACA-Lewis Flight Propulsion 
Laboratory, Cleveland, Ohio. Assoc. Mem. ASME. 

10 ‘*The Compressible Laminar Boundary Layer with Heat Transfer 
and Arbitrary Pressure Gradient,”” by C. B. Cohen and Eli Reshotko, 
NACA TN 3326, 1955. 
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AvutHoR’s CLOSURE 

The author wishes to thank Mr. Reshotko for his interesting 
comments. As was pointed out by the discusser, the value of 
h, depends on the solution of the energy equation only through 
the factor (A/5)'”. Specifically, the maximum values of 
(4/6) '” resulting from the solution of the energy equation for 
Cases 1, 2(a), and 2(b) of the paper (cf. Fig. 3) were 1.19, 1.27, 
and 1.17, respectively, near the throat. If, instead of solving the 
energy equation, a constant value of (A/é) '/”’ of one was assumed 
for each case, the computed values of h, would be from 17 to 27 
per cent too high near the throat. It should be noted that in 
Equation [32] A, is actually more sensitive to the development 
of the temperature boundary layer than to the development of 
the velocity boundary layer since the exponent of A is 1/7, 
whereas that of 6 is only 3/28. Solution of the energy equation 
may become particularly important for cases with certain wall- 
temperature distributions which could exert a strong effect on the 
development of the temperature boundary layer. 

The discusser is quite correct about negative displacement 
thicknesses resulting over part of the nozzle. Using the values 
of A/é and 7,,/T> resulting from the first approximation re- 
sults to compute second approximation values of 6*/@ from 
Equation [51], negative values were calculated over the range 
of x/z,, from 0.24 to 1 for Case 1, from 0.12 to 1 for Case 2(a), 
and from 0.54 to 1 for Case 2(b). As a result of the calculated 
boundary-layer development for the two cases in which 6*/@ 
was negative at the throat, the effective throat areas were found 
to be 0.0027 per cent and 0.055 per cent greater than the geo- 
metrical areas, and for the other case 0.0094 per cent less than 
the geometrical area. Negative-displacement thicknesses are 
to be expected where the temperature boundary layer is much 
thicker than the velocity boundary layer because much higher 
densities in the boundary layer relative to those in the free 
stream result in higher boundary-layer values of pu. The fact 
that 6*/@ does go negative does not particularly retard the con- 
vergence of the momentum-equation solutions since 6*/@ enters 
into the momentum equation only through the variable co- 

*/9) — 
efficient k In making a second approxi- 


mation calculation, revised values of 


0/6, o, and In (To — Tw) 


must also be used. 
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The Influence of Curvature on Heat 
Transfer to Incompressible Fluids 


By FRANK KREITH,' BETHLEHEM, PA, 


The analogy between momentum transfer and heat u = steady velocity in axial direction for straight duct me 
transfer has been extended to flow channels with heating Ve = tangential velocity in curved channel 
surfaces of either a convex or a concave curvature in the V_ = average tangential velocity in curved channel (based 


direction of flow. Using experimental results of wall shear 
and velocity distribution obtained by Wattendorf, Nusselt 
numbers have been calculated for Reynolds numbers rang- 
ing from 10‘ to 10° and Prandtl numbers ranging from 0.01 
to 100, and for radii of curvature ranging from 0.12 to 1.2 
ft. It was found that the heat-transfer coefficient from 
a heating surface with a concave curvature is considerably 
higher than for a heating surface of the same curvature in 
a convex configuration under similar conditions of flow- 
cross-sectional area and flow rate. The calculated results 
are in agreement with results from heat-transfer experi- 
ments using flow channels with convex and concave heating 
surfaces in the direction of flow. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = thermal diffusivity of fluid 
A = rA@ = area per unit width through which q flows 
A, = R,A@ = area per unit width at the convex (inner) sur- 
face through which q, flows 
A; = R,A@ = area per unit width at the concave (outer) 
surface through which q flows 
b = half-depth of channel 
c, = heat capacity of fluid at constant pressure 
= hydraulic diameter 
= heat-transfer coefficient 
= gravitational force per unit mass 
= thermal conductivity of fluid 
= heat flow rate at any area, A 
= heat flow rate at convex surface, A; 
= heat flow rate at concave surface, Az 


qi 

A,ac,y V p 
A,ac,y Tw/P 
radius 
radius of curvature 
radius at convex surface 
radius at concave surface 
temperature at any r 
turbulent fluctuation of temperature 
temperature at R, 
temperature at R; 
mixed mean fluid temperature 


! Associate Professor of Mechanical Engineering, Lehigh Univer- 
sity. Assoc. Mem. ASME. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28-December 3, 1954, 


on rate of flow and flow area) 

= turbulent fluctuating component in tangential direc- 
tion in curved flow 

= Ve + 

= distance from outer wall (R, — r) 

= distance from inner wall (r — R,) 

= pg = weight density of fluid 

= eddy diffusivity for heat 

= eddy diffusivity for momentum 

= kinematic viscosity of fluid 

= mass density of fluid 

= shearing stress at any point r 

= shear between wall and fluid in a straight duct 

= shear between wall and fluid at a convex surface 

= shear between wall and fluid at a concave surface 


€H 


€u 


d 
= Fanning friction factor defined by = = 4f 


= 
= 


“—* Nusselt modulus based on hydraulic diameter 


= = = fe = Reynolds number based on hydraulic 
v 
diameter 


Prandtl number 
a 
= Nre Ner = Peclet number 
= u/Vi-/p 
= 
= 


V7:/p 
v 


= ey)/Vi./pb 


Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 6, 1954. Paper No 54—A-55. 
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INTRODUCTION 


In numerous heat-transfer devices an incompressible fluid is 
heated or cooled while flowing in a channel along a surface which 
is curved in the direction of flow. In the design of such equip- 
ment it is important to evaluate the heat-transfer coefficient, 
but heretofore there has been only scant information (1, 2)? 
available to determine the effect of curvature. It was therefore 
deemed desirable to study the effect of curvature by comparing 
heat-transfer coefficients for fluids flowing along a heating surface 
of concave curvature in the direction of flow with the heat- 
transfer coefficients for a convex heating surface and for a flat 
heating surface. 

For the purpose of this analysis an idealized system is postu- 
lated. This system consists of a flow channel formed by the 
annulus between two concentric cylinders with the fluid flowing 
in a direction perpendicular to their common axis. 


THEORETICAL DERIVATION OF THE NUSSELT NUMBER 


The heat-transfer equation in cylindrical polar co-ordinates 
for incompressible fully developed turbulent flow with constant 
fluid properties in a curved channel as shown in Fig. | is (3) 


2b 
A-A [ ~ 
Fie. 1 Scuematic SkeTcH 


or IpEALIZED SysTeM R, 


Assuming that V, = 0, V, = 0, 
duces to 
oT re) oT 


Utilizing Prandtl’s concept of mixing length and eddy diffusivity 
(4), Equation [2] becomes 


OT oT 
Ve K + €x) Ses [3] 


A heat balance or a fluid element of unit width for heat flow from 
the convex (i.e., inner) surface only gives 


Substituting Equation [4] into Equation [3] and integrating of 


2 Numbers in parentheses refer to the Bibliography at the end 
of the paper. 
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the resulting equation with the boundary condition that at r = 
q = 0, and d7'/dr = 0, yields 


Aye, or 


The total heat flow per unit width from the inner surface is carried 
away by the fluid. Denoting average quantities by bars one 
obtains 


Equation [6] can be simplified without introducing a serious 
error (5) by assuming that Vg = Vo at all r. Postulating that 
oT /00 = ar/ 06, combining Equations [6] and [4] and integrat- 
ing from R, to r gives 


4 (R: 
A A, 2b ( 1) [7] 
Defining anew variable, yrur— R, Equation [7] becomes 
y/2b — 1 
(8) 


where 2b = R, — Rj. 
A separation of variables yields the temperature distribution 
across the channel 


T 

1 2b — 1 

f aT = y. 
qT Jy =00 + €y 1 + 


By definition, the heat-transfer coefficient and the Nusselt 
number (based on the hydraulic diameter) are, respectively 


Utilizing the quantities Q; and @ (see nomenclature) and de- 
fining 7, as the tractive force at the wall of a straight channel 
having a flow-cross-sectional area geometrically equal to that 
of the curved channel, the Nusselt number can be expressed as 


_ re 


Nyu 
T, — 


By definition 


27 
f p (Ti — 7) (y/b) 


0 
2 
Ve 
d b 
(y/b) 


Equation [9] supplies the expression for 7, — T and thus the 
Nusselt number can be evaluated once the velocity and the eddy 
diffusivity are determined as a function of the radius. The 
equation to be solved is 


7,—T, = 
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In a similar manner, the Nusselt number for heat flow from the 


concave (i.e., outer) surface can be derived and the expressions 
for the temperature distribution and Nusselt number, respec- 
tively, are 


z ——— 
qe 2b 1 
dT = - f dz... [9b 
1 —2/R2 (a + €y) [96] 


2 
Ye 
avn 
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Convex surface 
Ty+=30 — T; = —5Qim[aNrr + In (5aNpr + 1))... [15a] 
Concave surface 
Tz+=30 — T: = + In (5aNer + 1))}... [15d] 


Adding to Equations [15a] and [15b] the temperature drop in the 
turbulent core (Equations [9a] and [9b] ) and substituting the re- 


= 


1 


Rz 2b 


For the purpose of analysis (5), the flow field is subdivided 
into three regions, the laminar sublayer, the buffer layer, and the 
turbulent core. Experimental data obtained by Wattendorf 
(6) indicate that in the region adjacent to a convex or concave 
wall the velocity distribution may be correlated by dimensional 
parameters similar to those used for straight channels or circular 
pipes. In fact, if the shearing stress 7 is taken at the value cor- 
responding to the conditions at the wall, the curves u* versus 
y* for a straight channel (5, 7) are identical in the buffer layer 
to the curves obtained by plotting Vg* versus x* for a curved 
channel, Fig. 2. The edge of the laminar boundary layer was 
therefore taken at values of y* or z* equal to 5, respectively, and 
the buffer layer was assumed to extend from the edge of the 
laminar boundary layer to a distance at which z* or y* have 
values of 30, respectively, in agreement with previous analyses 
for flow in straight ducts (5, 7). It should be noted, however, 
that even though the correlating equations are similar, the physi- 
cal thickness of the laminar boundary layer and the buffer layer 
depend upon the geometry of the channel as a result of the de- 
pendence of the wall shearing stress on the curvature. 

In the laminar boundary layer z/2b and y/2b are very small 
compared to unity and heat is only transferred by conduction 
(i.e.,€y = 0). Inthe buffer layer x/2b and y/2b are still negligible 


PJ, 2b x b 
570 


a N Pe V/12.5f 


0.2 
° 0.2 0.4 0.6 0.8 1.0 
Y 
2b 
Fie. 2 Dimenstontess Vevocity IN A CURVED 
CHANNEL 


sulting expressions into Equations [14a] and [146] yields upon 
some simplification the following expressions for the Nusselt 
numbers for heat flow from the convex and concave surface, re- 
spectively 


N vw = 
2 
Veo 1 — 2/2b d(x/b) EJ 
[aN pr + In (1 + 5aN Pr)] Ne + 5t: f V, f 4 d (<) 


(5). 


compared to unity; also it may be assumed that V@/r is negli- 
gible compared to 0V¢/dr (less than 1 per cent error for the 
geometry of the channel used in reference 2), and that the shear- 
ing stress remains constant (5). Postulating the usual relation- 
ship between heat and momentum (or vortex) diffusivity, €y = 
aéy, Equations [9a] and [9b] give the following expressions for 
the temperature drops through the laminar boundary layer and 
the buffer layer in series for heat flow from a convex or concave 


wall, respectively. 


2b 
+ 


aNre V f/2 


NuMERICAL EVALUATION OF THE NUSSELT NUMBER 
The numerical evaluation of Equations [16a] and [16b] for a 
given geometry and flow condition resolves into: 
Determination of the velocity distribution. 
Evaluation of the shearing stress at each wall. 
Determination of the eddy diffusivity in a curved channel. 
Evaluation of the last integral in the denominator. 


The velocity distribution in the curved channel can be 
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estimated closely from data which were obtained by Wattendorf 
(3) at Reynolds numbers ranging from 30,000 to 120,000 and for 
radii of curvature ranging from 0.65 ft to 1.3 ft. These data 
were correlated, Fig. 3, by plotting Vgr/(Voer)max versus y/(2b), 
but for practical purposes the term (Vgr)max may be replaced 
without serious error by VR: within the range of the experimental 
data. 

2 The distribution of the shearing stress 7, for fully developed 
turbulent flow, can be obtained from the Navier-Stokes 
equations (3). If turbulence is introduced into the Navier- 
Stokes equation as a fluctuation of the variable around the 
average (e.g., v9 = Ve + v9’, etc.) and the time averages of all 
fluctuating terms of the variables as well as their derivatives 
are neglected as compared to averages of products of such 
fluctuating variables, one obtains the following set of equations 


av, 
a 


— pws) += 


- — pV,V, — pr,'v 
1 

[(r,, — eV, — pez?) 


— (ree — — pre’) | 


ra) 
700 (roo — — pve’) +; 


(ra 


(ro — pV, Vo — pr,'v9’) +; 
2 
— pV Ve— po,'v9’) + — pV,Vo— 


av, 


at pr, 2) + or (r,, 


— pV,V, — v,'0,') Tis 


— pV eV, — pvs'r,’) 


+ ov, 
or 


Under the assumptions made previously for Equation [2], the set 
of Equations [17] reduces to 


2 
r — pv, 'v9’) + pv,'v9') see [18] 
Defining the total stress (viscous + turbulent) = T,¢ 


— po,'vg’, the distribution of shearing stress across the channel 
can be obtained by integrating Equation [18]. This yields 


1 dp 
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where R,, is the radius at which the shearing stress vanishes. 
Experimental data (6 and 8) indicate that r(r) = 0 at the point 
where 0V9/d0r = Vo/r and can be found geometrically by drawing 
a tangent from the center of curvature to the velocity profile. 
The frictional pressure drop in the curved channel can be deter- 
mined (6) from the relation 


dp R, +R: f pVe* 
dé 2 b 


where f is the Fanning friction factor. The foregoing relations 
permit the evaluation of the shear stress ratios 4,;* and 72? in the 
absence of secondary vortices of a three-dimensional mean flow 
such as is encountered in sharp pipe bends. 

3 To determine the shape of the eddy-diffusivity curved 
channel, it is necessary to find a pertinent transport property. 
Considering the transfer of a property P in the direction of r 
when the mean value of P is constant over cylindrical surfaces 
perpendicular to r, the mean rate of transfer S of P across a unit 
area can be obtained by expansion in a Taylor series. Neglecting 
all but the first term one obtains 


Introducing a mixing length L,, in the direetion of r, the effect of 
turbulence on the transfer of a property may be written as 


aP 
dr 


=—»,'L, [22] 
For the case of fully developed turbulent curved flow there are 
several properties which could be transferable. They are as 


follows: 
Momentum: pve 


Moment of momentum: 


Vorticity: 
orticity: 


va 
Forced vortex parameter: p ag 
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Substituting these properties into Equation [22] and noting 
that 7,6 = p v,'v9’, the stresses due to turbulent fluctuations for 
the four cases are as follows: 


/ov, 
Momentum transferable: 7,6 = p L,,’ 


Moment of momentum transferable: 


FOR 
Te = p Ly,’ + 


Vorticity transferable: 


1 OVe Ve 


Forced vortex parameter transferable: 


ov, 


or r 


Experimental data (6 and 8) agree with the hypothesis that 
the turbulent shearing stress depends on the vortex parameter 
rather than the physically equally plausible moment of momen- 
tum as has been assumed by Prandtl (9). 

Postulating the similarity between the diffusivity, Lv,’ = ¢, 
for the heat content and the pertinent flow property, the heat 
content per unit volume transferred in Equation [2] is 

——  @T aT 
pc, L dr pec, dr [24] 

Data obtained by Wattendorf (6) show that in the vicinity 
of a curved wall, the velocity distribution in the turbulent core 
can be represented by a dimensionless equation of the type 


Va* = const or = const (r+)*.. . [25] 


However the exponent n depends on the curvature parameter, 
(v/R. V. T./p) as shown in Fig. 4, which is taken from reference 
(6). (It may be noted that the abscissa in the original reference is 
in error.) The constant in Equation [25] can be evaluated by 
joining the velocity profile in the turbulent core to that in the 
buffer layer (i.e., Vet = 14 when x* or y+ = 30). The velocity 
gradient can be obtained by differentiating Equation '25], and 
can be expressed as 


oVe (7:/p Ve) const 


Convex: — = [26a] 
( 
v 
Concave: = (12/p Vo) [260] 


Equations [26a] and [26] upon substitution into Equation [23] 
yield the eddy diffusivity from the respective walls to a distance 
where a maximum is reached. The value of the eddy diffusivity 
in the vicinity of the point in the channel where the shearing 


3 It is interesting to note that the viscous stress is 


= 
or 


and therefore p L,v,’ is virtually a viscosity coefficient similar to the 
case of straight flow. 
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stress approaches zero is uncertain because the equation for the 
eddy diffusivity becomes indeterminate. This difficulty has 
been discussed by Harrison and Menke (10) and their comments 
also apply here. 

For the purpose of numerical calculations it was assumed that 
the shape of the eddy-diffusivity curve in a curved channel is 
similar to that observed by Nikuradse in a straight pipe (7) and 
tends toward zero at the point where the shearing stress disap- 
pears. This assumption may lead to a maximum error in the 
calculated Nusselt modulus of about 20 per cent at Prandtl num- 
bers near unity as compared to a shape joining the peaks by a 
straight line. 

4 The last integral in the denominator can be evaluated nu- 
merically or graphically using the velocity distribution and the 
eddy-diffusivity curve determined previously (see items 1 and 3). 

An important point to note in the evaluation of this integral 
is that the lower limit of integration (i.e., the edge of the buffer 
layer where y* or x* = 30) is inversely proportional to the 
viscosity. Physically, this means, of course, that a more viscous 
fluid has a thicker boundary layer. In view of the fact that the 
local value of the integral, especially for large values of Npe, is 
very large for small values of €,, (i.e., near the wall and in the 
region T — 0) a thick buffer layer will result in a smaller numerical 
value for the integral than a thin buffer layer. Hence the 

choice of the fluid or the viscosity will influence the Nusselt 
modulus even at a specified Peclet number. This effect of vis- 
cosity is in addition to its influence on the curvature parameter 


(v/ R, VJ z,/p) which determines the value of the exponent n used 
in Equations [26a] and [265]. 


CALCULATIONS 


Nusselt numbers, Equations [16a] and [16b], have been evalu- 
ated numerically for conditions of heat flow from the convex or 
concave surface for flow channels having geometries similar to 
those used in references (2) and (6) (ie., R; = 0.655 ft, Re = 0.820 
ft for Case I, and R,; = 0.1250 ft, Re = 0.1305 ft for Case IT). 
For the numerical calculations, a value of viscosity equal to that 
of standard air has been used for Case I and a viscosity equal to 
that of water (vy = 1.0 X 10~* lb-sec/ft*) for Case II. The selection 
of v for Case II was dictated by the available experimental data. 
The calculations have been extended over a Prandtl-number range 
from 0.01 to 100 and a Reynolds-number range from 10‘ to 10®, For 
Case I, the calculations have been performed for eddy-diffusivity 
curves based on Equation [23] as well as the assumption that the 
moment of momentum is conserved, in order to determine the 


TABLE 1 NUSSELT CALCULATED FOR CONCAVE WALL OF 


Convex  Straight* Concave 
NRe Nrer NPe wall wall wall 
x 104 0.01 1.0 xX 10? 5.4 5.5 5.5 
x 104 0.10 1.0 X 103 6.65 on 8.05 
104 1.0 1.0 104 18.0 26.1 
x 104 10.0 1.0 x 105 57.5 nt 80.0 
x 104 50.0 1.0 X 108 90.0 - 116.0 
x 104 0.01 5.0 X 10? 6.9 7.0 
x 104 0.10 5.0 xX 108 14.7 19.0 22.6 
x 104 0.70 3.5 104 54.3 88.8 
x 104 1.00 5.0 X 104 59.0 98.0 
xX 104 10.00 5.0 X 105 244.0 333.0 
x 10 100.00 5.0 X 106 400.0 ied 510.0 
x 105 0.01 2.0 x 108 9.0 11.0 13.5 
x 105 0.10 2.0 xX 104 36.2 aad 61.0 
105 0.70 1.4 xX 105 147.0 260.0 
x 105 1.00 2.0 X 105 179.0 ‘ 306.0 
x 105 10.0 2.0 X 106 780.0 si 1090.0 
x 106 0.01 1.0 X 104 21.0 24.4 33.8 
x 106 0.05 5.0 X* 104 65.6 90.0 122.0 
x 106 0.10 1.0 xX 105 115.0 one 217.0 
x 106 0.70 7.0 X 105 500.0 700.0 930.0 
x 106 1.00 1.0 106 653.0 1117.0 
x 104 0.01 5.0 X 10? 6.9 7.0 7.1 
x 104 0.10 5.0 X 108 12.3 19.0 29.5 
104 1.00 5.0 X 106 50.3 108.0 
x 104 10.0 5.0 X 105 198.0 322.0 
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effect of Prandtl’s hypothesis on the Nusselt modulus. In addi- 
tion, for Case I the Nusselt numbers at a Prandtl number of 
unity also were calculated on the assumption that the eddy 
diffusivity follows a straight-line relationship between the maxima 
calculated from Equation [23]. The eddy-diffusivity curves used 
for these calculations are shown in Fig. 5 for Case I and Fig. 6 for 
Case II. For all calculations a was assumed to be unity. 

The Nusselt numbers calculated for Case I are shown in Table 
1, both for a convex and a concave curvature. For comparison 
also the results obtained by Harrison and Menke (10) for a 
straight channel are included in this tabulation. Their Nusselt 
numbers extend only over a limited range of Reynolds numbers, 
but where a comparison can be made the agreement with the 
results of reference (10) is excellent. Fig. 7 shows these results 
for Case I as a plot of Nusselt number versus Prandtl number for 
Reynolds number of 1.0 X 104, 5.0 * 104, 2.0 X 105, and 1.0 X 
10°. 

The Nusselt numbers calculated for Case II are shown in 
Table 2. The results of this theoretical analysis have been 
compared in Fig. 8 with the results of heat-transfer experiments 
in curved flow channels. The experimental phase of the work 
(11) is described in the Appendix. 


Discussion oF Errect or CurRVATURE ON NussELT NUMBER 


The analysis leading to Equations [16a] and [16b] shows that 
the degree of curvature affects the tractive forces at the wall as 
well as the shape of the eddy-diffusivity curve. The first phe- 
nomenon directly affects only the thermal resistances of the 
laminar sublayer and the buffer layer because their respective 
thicknesses are inversely proportional to the square root of the 
wall shear. Hence this mechanism is most important for fluids 
having Prandtl numbers larger than unity because for such 
fluids the thermal resistance in the turbulent core is relatively 
small. Asarule of thumb, the ratio of the Nusselt number for a 
concave wall to the Nusselt number for a convex wall under 
similar flow conditions is equal to the square root of the ratio of the 
respective shearing stresses. For geometries encountered in 
practical applications the Nusselt number for a concave surface 
is from 25 to 60 per cent larger than for a convex surface at 
the same Reynolds number, when the Prandtl number of the 
fluid is larger than unity. 

For fluids having Prandtl numbers 
of unity or less, the shape of the eddy- 
diffusivity curve may affect greatly the 


NNu Concave Eddy 

“Nu Convex diffusivity value of the Nusselt number. How- 
(R) based on 
1.02 Eq. [23] or Ver, the influence of curvature is im- 
meu ref. (7) portant only for large values of the 
1.45 Peclet number. If the Peclet number 
2 is small, then the heat transfer by con- 
1.03 duction in the turbulent core is more 
1.54 
1.62 important than the convective mecha- 
= nism, and consequently the value of 
1.38 the last integral in the denominator of 
Equations [16a] and [16b] is not ma- 
He terially affected by the shape of the 
1.30 eddy-diffusivity curve since 
4 
1.86 F 1 or 2 
1.03 Ref. (9)® 
162 Ref. For Peclet numbers less than 10? Equa- 


tions [16a] and [16b] yield values of 
Nusselt numbers which are in agreement 
with those for a straight heating surface 
(10). On the other hand, for va ues of 
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TABLE 2 NUSSELT NUMBERS CALCULATED FOR CONVEX AN 


CHANNEL II (Ri = 0.1250 ft, R2 = 0.1305 ft) 


NNu NNu 
NRe Npr Nee (convex) (concave) 

1.0 X 104 0.1 1.0 X 10° 7.2 10.0 
1.0 X 104 1.0 1.0 XK 108 22.1 32.8 
1.0 X 10¢ 10.0 1.0 x 104 65.5 88.0 
1.0 104 50.0 5.0 95.0 119.0 
3.0 X 104 1.0 3.0 & 104 56.0 87.5 
3.0 XK 104 10.0 1.0 X 105 176.0 240.0 
5.0 X 104 0.01 5.0 X 10? 7.1 8.9 
5.0 X 104 0.1 5.0 X 108 19.7 32.2 
5.0 X 104 1.0 5.0 X* 104 79.0 128.0 
5.0 X 104 10.0 5.0 XK 108 256.0 352.0 
5.0 * 104 50.0 2.5 x 106 378.0 482.0 
5.0 X 104 100.0 5.0 XK 106 415.0 512.0 
2.0 x 105 1.0 2.0 x 105 56.0 87.5 
2.0 xk 105 10.0 2.0 x 106 176.0 240.0 


the Peclet number larger than 10%, the shape of the eddy-diffusiv- 
ity curve becomes increasingly important and essentially con- 
trols the value of the Nusselt number. For instance, in the 
case of a molten metal at a Reynolds number of 10, an almost 
twofold increase in the heat-transfer coefficient could be 
attained for a wall of concave curvature, compared to the 
heat-transfer coefficient for a convex wall of similar curvature. 
Since this increase in heat-transfer rate can be achieved without 
an increase in pumping requirements, special geometries might 
be considered in heat-exchange equipment for molten metals 
where a high heat flux in a small space is desired. 

To determine the effect of Prandtl’s hypothesis of the exchange 
mechanism on the Nusselt number in a curved channel, Equa- 
tions [16a] and [16b] were re-evaluated at a Reynolds number of 
5 X 10‘, using values of the eddy diffusivity calculated on the 
basis that the moment of momentum instead of the vortex 
parameter is the transfer property. The results of these calcu- 
lations are presented in Fig. 7, and an inspection of these curves 
shows that the effect of curvature would be even more pro- 
nounced if the moment of momentum is used as the transfer 
property. For instance, at a Prandtl number of 0.7 the ratio of 
concave to convex Nusselt number is 2.2 according to Prandtl’s 
hypothesis, as compared to 1.6 for the vortex parameter theory. 

In view of the fact that there exists considerable uncertainty 
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R 


NNu concave 
NNu convex 


regarding the shape of the eddy-dif- 
fusivity curve in the neighborhood of 
the point where the shearing stress be- 
comes zero, the Nusselt numbers also 


1.39 

ie were evaluated using an assumed 
12 straight-line relationship for the eddy 
1.35 diffusivity between the peaks calcu- 
Se lated from Equation [23]. This shape 
1.63 of the curve represents only a hypo- 
1.27 thetical extreme, indicating the small- 
oa est possible effect of curvature. At a 
1.35 Reynolds number of 5 X 10‘ and a 


Prandtl number of 0.7, the minimum 

Nusselt number ratio is 1.4 as compared to 1.6 for the analysis 

based on the vortex parameter and 1.5 for the experimental 
results. 

The analytical results have been compared in Fig. 8 with ex- 

perimental results obtained with a test section whose geometry 
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corresponds to Case II of the analysis. There appears to be 
reasonable good agreement between theory and experiment at 
low values of heat flux, while under conditions of higher heat 
flux, the experimental ratio of concave to convex Nusselt number 
was found to be somewhat less than the value predicted from the 
analysis. This deviation cannot be explained in terms of the 
theoretical approach which assumes constant properties in the 
flow channel. However, if the experimental results are extrapo- 
lated to zero heat flux so as to approach constant property con- 
ditions the experimental data agree with the analysis to within 
10 per cent. 


CONCLUSIONS 


Based on the foregoing analysis, the following conclusions are 
made: 


1 The heat-transfer coefficient for an incompressible fluid 
flowing in a curved channel is (a) larger than for a flat surface 
along the wall having a concave surface in the direction of flow, 
(6) smaller than for a flat surface along the wall having a convex 
surface in the direction of flow for similar Reynolds numbers and 
similar cross sections. 

2 For geometries encountered in practice the Nusselt num- 
ber for a concave surface is from 25 to 60 per cent larger than 
for a convex surface at the same Reynolds number for fluids hav- 
ing Prandtl numbers larger than 0.7. 

3 For fluids having a Prandtl number below 0.02 the influence 
of curvature is insignificant at Reynolds numbers below 10*, 
but at Reynolds numbers above 10° a twofold increase of the 
Nusselt number along a concave surface over that of a convex 
surface is predicted by the analysis. There are no experimental 
data available for such fluids to verify this result. 

4 Experimental results with water and alcohol in a heat- 
transfer test section having a radius of curvature of 1.5 in. agree 
within 10 per cent with the theoretical analysis. 

5 Assuming that the forced vortex parameter, p(vg/r), is a 
transferable property in curved flow, the turbulent and viscous 
stresses in the equations of motion may be superimposed in 
direct analogy with the mixing-length theory for straight flow. 

6 Additional experiments should be performed with various 
radii curvature and with different fluids to verify the theoretical 
results over wider ranges of the variables. 
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Appendix* 


EXPERIMENTAL CoMPARISON OF HEAT TRANSFER From Convex 
AND ConcavE HEATING SURFACES 


Heat transfer from a convex surface was compared experi- 
mentally with heat transfer from a concave surface of the same 
radius of curvature by means of a test section shown in Fig. 9. 
The test section consists of two flow channels which are of similar 
cross-sectional dimensions. The inner (concave) and outer 
(convex) flow channels have a common central dividing wall. 
This wall presents a concave surface to the coolant in the inner 
flow channel and a convex surface to the coolant in the outer flow 
channel. The central wall also serves as a resistance heating 
element for the liquids in both channels, since it is heated by 
electric current. The combined central-wall heating element 


4 This Appendix presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of Tech- 
nology, under Contract Number W-04-200-Ord-455, sponsored by 
the Department of the Army, Ordnance Corps. 
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is insulated from the walls of the inner and outer channels by in- 
sulating gaskets as shown in detail A-A of Fig. 9. Provisions 
were made to use both water and n-butyl alcohol as coolants. 

During each test, equal flow rates were maintained in the inner 
and outer channels and the respective temperature differences 
between inlet and outlet were measured for given heat input. 
The inlet temperatures of both streams were identical since a 
common inlet line was used. 

Calculations of temperature gradients compatible with known 
heat-transfer rates in the 0.005-in.-thick heating element showed 
that the surface temperatures of the concave and convex surfaces 
must be within 1 deg F at heat fluxes below 1 Btu/in.* sec. The 
bulk temperature rise of the coolant was less than 25 deg F in both 
channels, and it could be assumed without introducing an appre- 
ciable error (less than 3 per cent), that the temperature potentials 
between wall and bulk of liquid were equal for the inner and outer 
flow channels. 

The heat-transfer coefficient is given by 


qd 
h — [27] 


The rate of heat transfer from the entire heating strip is given 
for each flow channel by 


q = we, (Tour — Tia)........ 


where w is the fluid flow rate. 


Therefore the following relationship between the heat-transfer 
coefficient of the concave and that of the convex surface is ap- 
proximately correct 


heonsave (Tout T'in eoncave 
heonvex (Tout T in convex 


By means of this equation, it is possible to compare the heat- 
transfer coefficients of the convex surface with those of the con- 
cave surface. 

Experimental results (2 and 11) at Reynolds numbers of 
1 X 104, 1.5 X 104, and 3 X 10‘ for water and n-buty! alcohol 
were obtained at various heat fluxes between 1 X 10° and 8 X 10° 
Btu/hr-sq ft. In all cases the ratio heoncave/heonvex Was found 
to decrease slightly with increasing heat flux. The ratios of 
heoncave/heonvex for each Reynolds number were plotted versus 
heat flux and the curves were extrapolated to zero heat flux to 
correspond with the assumption made in the analysis. The re- 
sults of these tests are shown in Fig. 8. 

The equipment used for these tests unfortunately did not 
permit the quantitative determination of the heat-transfer 
coefficient. Additional tests would be desirable to determine 
the heat-transfer coefficient and extend the range of variables. 


Discussion 


Kurt GoutpMann. The author is to be congratulated for a 
very good paper which presents another valuable contribution to 
the knowledge of heat-transfer characteristics for fluids flowing 
through curved channels. 

One may perhaps point toward the need for further work 
to increase the usefulness of the results and to ascertain the 
effects of certain simplifying assumptions. 

The author presents results for two geometries (Cases I and IT). 
It should be possible to define a curvature parameter (b/R or a 
similar expression) which allows a presentation of the results 


5 Research Engineer, Nuclear Development Associates, Inc., 
White Plains, N. Y. Assoc. Mem. ASME, 
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as a function of this parameter. It would be of interest to ob- 
serve the effect of the amount of curvature on heat-transfer 
coefficients. 

The author has assumed that the eddy diffusivity is zero in 
laminar sublayers adjacent to walls. While errors introduced 
by this assumption are small for fluids with Prandtl numbers less 
than unity, they do become significant for fluids with higher 
Prandtl numbers. Thus the results presented in Fig. 7 for water 
and particularly those for oils may not be valid. 

An interesting consequence of curved channel flow is the 
centrifugal field which is set up by the fluid motion. The writer 
has carried out some work to confirm his postulate that it is pos- 
sible to “centrifuge” boundary layers to increase heat-transfer 
coefficients under certain conditions. Such conditions prevail 
at high-rotational fluid velocities and simultaneously high-heat 
fluxes. The high-heat fluxes establish temperature differences 
through boundary layers that are large enough to be associated 
with significant density differences for all common fluids. For 
concave surfaces and heating of the fluid, the centrifugal field set 
up by the fluid motion will exert forces that tend to replace low- 
density particles in the boundary layer by higher-density par- 
ticles of the fluid bulk. The converse is true for convex surfaces 
and fluid cooling. The expected effect in either case is a con- 
tinuous breaking up of boundary layers by centrifuging with 
an attendant increase of heat-transfer coefficients. 


AvuTHoR’s CLOSURE 


The author agrees with Mr. Goldmann that further work on the 
influence of curvature on heat transfer should be done in order to 
verify the results presented in this paper over wider ranges of 
the variables and also to explore the potential applications of the 
phenomena associated with convection in the presence of a 
centrifugal-force field. 

The author originally intended to investigate a wide range of 
curvature radii and channel widths in the hope of finding some 
kind of generalized curvature parameter which would allow a 
simple correlation of the results. The only reason the numerical 
computations are limited to two geometries is that no mechanical 
computing equipment was available and the computations are 
extremely time-consuming without it. The author would like to 
take this opportunity to encourage someone who has access to 
mechanical computing equipment to continue the calculations. 
Mr. Goldmann has used IBM equipment successfully on a similar 
problem (12)* and the same general method should be applicable 
to the calculations of Nusselt numbers in curved channels. 

The second point raised in the discussion concerns the assump- 
tion that laminar flow exists in a fluid layer adjacent to the wall. 
Deissler (13) recently measured the velocity distribution during 
turbulent flow in the vicinity of a pipe wall and found that the 
velocity distribution in the region between y+ = 0 and y*+ = 26 
can be correlated by a single equation. His results, however, do 
not eliminate the possibility of the existence of a thin laminar 
layer as was originally postulated by Prandtl. Some direct evi- 
dence for the existence of a laminar layer was obtained by Fage 
and Townend (14) who observed no velocity fluctuations in a 
radial direction near the wall during turbulent flow ina tube. On 
the other hand, Deissler (15) obtained excellent agreement with 
experimental data at high Prandtl numbers by assuming that the 
diffusivity can be represented by a continuous function which 
approaches zero at the wall. It should not be overlooked, how- 
ever, that similar correlation between theory and experiment can 
be obtained without abandoning the laminar sublayer concept 
by simply allowing for a variation in the layer thickness (16). 


* Numbers in parentheses refer to Bibliography at the end of the 
closure. 
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To determine the effect of turbulence in the laminar sublayer, 
Deissler’s equation 17 in reference (15) 


€ 
= ett) 


was used in the region between y+ = 0 and y+ = 5 to calculate 
the Nusselt numbers for channel I at Re = 25,000 and Pr = 10. 
The Nusselt numbers calculated in this manner were found to be 
about 12 per cent larger than before. At very high Prandtl num- 
beis, however, the assumption that purely laminar flow exists up 
to y+ = 5 will yield Nusselt numbers considerably smaller than 
those predicted by Deissler’s equation. An equally important 
factor at high Prandtl is the variation of properties under severe 
temperature gradients. This effect was not considered in this 
paper but could be included in the analysis (12, 13). 

Mr. Goldmann’s last comment is extremely interesting. Ex- 
periments are presently also under way at Lehigh University to 
determine the effect of large centrifugal forces on heat transfer by 
forced convection. Preliminary results indicate that in a strong 
centrifugal-force field it may indeed be possible to break up the 
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boundary layer and increase heat-transfer coefficients apprecia- 
bly. This technique has potential applications im heat ex- 
changers where high heat-transfer rates per unit area in single- 
phase flow are desired and it may also be used to replace finned 
surfaces in certain compact heat exchangers. 
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Heat Transfer and Pressure Drop for 


Viscous-Turbulent Flow of Oil-Air 


Mixtures in a Horizontal Pipe 


The heat transfer and static pressure drop for two-phase, 
two-component flow of oil and air were measured for flow 
in a steam-heated horizontal 15-ft length of */,-in. extra- 
heavy copper pipe. This is a second part of a two-phase 
heat-transfer program for which the first part, on water- 
air mixtures, was reported in reference (1).?- Tentative cor- 
relations are presented and used in a comparison of the 
oil-air and water-air results for heat transfer and noniso- 
thermal pressure drop in the same test system. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= inside surface heat-transfer area of tube, sq ft 

= specific heat of single-phase fluid, Btu/lb deg F 

= inside diameter of the tube, ft 

= Weisbach single-phase pipe friction factor de- 
fined by 


L w 


G,, Gg = single-phase weight rates of flow per unit of tube 
cross-sectional area, lb/sq ft hr 
= gravitational force per unit mass, 32.2 ft/sec? 
h,, hg = calculated single-phase heat-transfer coefficient 
based on tube dimensions, Btu/sq ft hr deg F 
hrp = two-phase heat-transfer coefficient, Btu/sq ft hr F, 
defined by 


gre = hypA(tz — t,)/In (t,, — 4) — ta) 


k = thermal conductivity of single-phase fluid, Btu/ft 
hr deg F 
L = tube test section length, ft 
P,, P,,, P2: = static pressures, psia 
AP,, APg = calculated single-phase pressure drop based on 
tube dimensions and neglecting momentum 
effects, psi 
APy = calculated momentum change pressure drop, psi 
APrp = two-phase pressure drop = (P; — P:) — AP y, psi 
du Y = calculated single-phase heat-transfer rate based 
on tube dimensions, Btu/hr 
q;,qTP = single-phase and/or two-phase heat-transfer rate 
equal to enthalpy increase of fluid mixture, 


Btu/hr 


1 Professor, Mechanical Engineering, University of California. 
Mem. ASME. 

2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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q, = heat-transfer rate based on steam-condensate 
rate, Btu/hr 
Qu Ya = upstream and downstream heat-transfer rates de- 
termined as fractions of g, by first and second 
test section condensate collection rates, Btu/hr 
R,, Re = liquid and gas (vapor) volume fractions, respec- 
tively, fraction of tube volume occupied by one 
phase 
t,, tg = mixed mean temperatures at entrance and exit, 
deg F 
= arithmetic mean of 4; and fz, deg F 
ty Tou tog = average inside tube-wall surface temperatures for 
total upstream and downstream sections of 
heated lengths, respectively, deg F 
uy, Ug = actual single-phase velocities, fps 
W,, We = weight rates of single-phase flow, lb/hr 
“ = viscosity of the single-phase fluid, lb/hr ft 
p = density of single-phase fluid, pef 


Dimensionless Groups: 
G_D/tim, = single-phase pipe flow Reynolds 
moduli 
G_D?/(k/c)iml: = liquid-phase modified Graetz 
modulus 
APre/AP,and V/ AP,/APg = Martinelli-Lockhart (7) two- 
phase flow correlation param- 
eters. Other dimensionless 
ratios of h, q, and AP are 
arbitrary parameters sug- 
gested by Martinelli-Lock- 
hart procedure 
hD/k = single-phase Nusselt modulus 
cu/k = single-phase Prandtl modulus 


Subscripts: 

1,2 = positions at entrance and exit of test section 

downstream or second condensate collection section of 
heated test length 
f = fluid, single-phase and/or two-phase mixture 

L,G@ = liquid and gas (vapor) phases, respectively 
m = mean of states 1 and 2 or temperature at which a prop- 
erty is evaluated 

momentum effects 

steam condensate 

two-phase 

upstream or first condensate collection section of heated 
test length 

inside tube-wall surface or temperature at which a 
property is evaluated 


a 


» 


INTRODUCTION 


This paper on heat transfer and nonisothermal pressure drop of 
oil-air mixtures in horizontal pipe flow is the second part of a 
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continuing two-phase two-component flow heat-transfer program 
at the University of California. The first part, on water-air 
mixtures, has been reported by Johnson and Abou-Sabe (1), King 
(2), and Fried (3). With the annular flow analysis by Levy (4) 
and the results for air-water mixtures in a vertical pipe by Ver- 
schoor and Stemerding (5), this appears to be the present extent 
of the two-phase two-component flow heat-transfer literature. 
There is, however, considerable published information on iso- 
thermal two-phase pressure drop which has been reviewed re- 
cently by Baker (6) in a paper on oil and gas-pressure drop for 
large-diameter pipes. 

The interpretation and attempts at correlating the experimental 
results presented here parallel the isothermal two-phase flow pro- 
cedures suggested by Martinelli and Lockhart (7) who character- 
ize the essential features of the flow with the three parameters: 


1 Two-phase pressure-drop ratios defined as APre/AP,, or 
APrr/APzg. 

2 Single-phase pressure-drop ratio parameter defined as 
V AP,/APg. 

3 Volume fraction R defined as the fraction of conduit volume 
containing one phase. 


They also indicate four modes of flow, grouped according to 
viscous or turbulent single-phase flow for each fluid, and for each 
mode several flow patterns arbitrarily characterized by such terms 
as stratified, bubble, slug, annular, and others. Of the four possi- 
ble modes, the previous results for heat transfer to water-air 
mixtures (1) were in the turbulent-turbulent regime while the 
present oil-air results are for the viscous-turbulent regime. 

The alternative procedure for treating the mixture as the flow of 
a homogeneous fluid (8, 9) has not been investigated here. Lud- 
wig (8) shows this procedure to be in substantial agreement with 
the Martinelli-Lockhart turbulent-turbulent two-phase pressure- 
drop correlations, and reports good design results for the relation 


_ AP [=] 
G? L 


where 


f = effective pipe-friction factor 
G =(W, + Wa)/ D? 


p = (We + W1)/(We/pe + 
u = G/p 


However, the analytic development for idealized annular flow by 
Levy (4) shows the Martinelli-Lockhart parameters to be funda- 
mental though not necessarily complete, i.e., not independent of 
the flow pattern. 


APPARATUS AND OIL PROPERTIES 


The apparatus is essentially the same as described in reference 
(1), although it has been completely rebuilt. The test section 
was changed to a */,-in. extra heavy-wall copper pipe (0.737 in. 
ID) in which the 24 wall thermocouples are imbedded and made 
flush with the outside tube surface. The test-section lengths are 
193.6 in. between pressure taps, the center pressure tap of the first 
system having been removed, and 186.6 in. of heated length. 
Since the heated length was short for oil and long for air, satis- 
factory heat-transfer data required complete mixing and careful 
measurement of the inlet and outlet fluid temperatures. This was 
done by installing an outlet mixing chamber in which the baffles 
and screens could be changed readily and by comparing the 
average of three inlet and three outlet thermocouples with a 
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threefold temperature-difference thermocouple pile. The ob- 
served deviations in the fluid temperature rise seldom exceeded 
0.2 deg F. The steam condensate streams were collected sepa- 
rately for upstream and downstream heated lengths of 92.7 and 
93.9 in., respectively. The quick-closing-valve system for 
measuring the volume fraction R,;, was removed so that data 
were not obtained. Dependent on the results of a current study 
for the effect of the system pressure level, it is believed that 
further investigations of the volume fraction eventually will be 
necessary. 

The oil was substantially equivalent to the crystal mineral oil 
used by Sage and Lacey (10) for their properties studies. Pur- 
chase specifications were: Freezene heavy SP, specific gravity at 
60 F 0.875 to 0.885, viscosity at 100 F 200 to 210 SUS, flash 400 F, 
fire 455 F, and pour —30 F. The properties given in Table 1 were 
obtained in the petroleum inspections laboratory of the University 
of California for this investigation; however, the specific heats 
were adjusted to favor the Sage and Lacey values since our num- 
ber of determinations was minimal. 


TABLE 1 PHYSICAL PROPERTIES OF THE OIL 


Temperature 80 F 140 F 200 F 
Thermal conductivity, Btu/ft hr deg F..... 0.0075 0.0732 0.0689 
ref to water at 0.873 0.852 0.831 
Speci 0.464 0.504 0.543 
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Viscosity, lb/hr ft = 60 F <¢< 220F 


As a check on the stability of the oil, the viscosity was meas- 
ured after approximately 400 hr of operation with air. These re- 
sults, supplied by courtesy of the Shell Development Company, 
are compared with our original measurement, i.e., foregoing 
formula, in Table 2. 


TABLE 2 USED OIL VISCOSITY, LB/HR FT 


Temperature 100 F 210 F 
New oil original values (as received) ................ 92.9 12.2 

After 3 years in storage................. 11.7 
Used oil after 400 hr of operation with air............ 95.8 12.0 


Although the used oil showed some color change, the 5 per 
cent viscosity variation in Table 2 is considered to be within 
the accuracy of sampling and measurement. 

Also, after the 400 hr of operation with air, only minor losses 
due to leakage and entrainment were observed, so there is no 
evidence of any mass-transfer effects for these tests. 


Tests 


A series of single-phase flow tests for both oil and air were made 
to establish the validity of the system instrumentation and testing 
techniques. That these results are satisfactory is revealed in 
Fig. 1. In correlating the oil-flow results the Sieder and Tate 
viscosity corrections (11) were used. An alternative, more com- 
plex laminar-flow correlation procedure proposed by Yamagata 
(12) was found to be unsatisfactory. It is interesting to note 
that these laminar-flow heat-transfer data lie between pre- 
dicted values based on the Leveque constant of 1.615 and 
McAdams, recommended constant of 1.86 (11). The apparent 
high-transfer value at a Reynolds modulus of 135 is attributed to 
experimental error since the total temperature rise here was only 
3 deg F, and the high value at the Reynolds modulus of 2200 may 
be due to the onset of transition flow. Since the heated seetion 
was too long for air only, it was necessary to apply a heat-loss 
temperature correction for the short section of piping between the 
end of the heated section and the point of outlet-temperature 
measurement. This correction, while negligible for high air rates, 
is substantial for Reynolds moduli values below 15,000 and is the 
probable cause of the large deviations there shown in Fig. 1. 
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Two-Puase Test ProcepuRE 

The two-phase test series were conducted at approximately con- 
stant oil rates of 700, 1400, 2100, 3500, and 5000 lb/hr with the oil, 
prior to mixing with the air, controlled at a supply temperature of 
120 F. For each liquid rate the air rates were approximately 4, 
8, 15, 22, 35, 56, 130, and 280 lb/hr, the highest air rate for any 
liquid rate being determined by capacity limitations of the air- 
supply system. On completion of this test series, in which the 
system pressure level was determined by discharge flow condi- 
tions, a discharge valve was installed and two runs made at aver- 
age system pressures of 30 and 60 psia for oil and air rates of 1400 
and 35 lb/hr, respectively. This was done as a trial of the as- 
sumption that the system pressure may be an independent 
parameter having a significant effect on the flow pattern; i.e., 
some quantitative measure of the flow pattern appears necessary 
(see Baker, reference 6). 

Isothermal pressure-drop runs included a test series for oil 
rates of 700, 2100, and 5000 lb/hr with air rates of 4, 15, 35, 130, 
and 280 lb/hr, and two runs at an oil rate of 1400 Ib/hr and air 
rate of 35 lb/hr for system pressures of 22 and 60 psia. These 
isothermal runs were not planned originally but appeared neces- 
sary when the heated pressure drop showed unexpected decreas- 
ing values at high air rates. 

The flow patterns upstream and downstream of the test section 
were observed and recorded for each run; however, these patterns 
are reported here by an arbitrary choice of single words, it being 
understood that the appearance was often different in the up- 
stream and downstream observation glasses and that in all cases 
the flow was stratified; i.e., approximately one half or more of the 
oil always flowed along the bottom of the tube. The difference in 
appearance usually showed the oil to be transparent or clear 
upstream and opaque or white downstream. No attempt has been 
made to include the flow-pattern information in the correlation 
of results. 


Resu_ts AND Discussion 

For the heated two-phase runs the experimental data are pre- 
sented in Table 3 and Figs. 2 and 3, while calculated results are in 
Table 4 and Fig. 4. The two-phase isothermal data and calcu- 
lated results are presented in Table 5 and Fig. 4. 

Considering first the two-phase pressure-drop results in Fig. 4 
and the comparison with previous water-air results for the same 
system shown in Fig. 5, all values have been corrected for momen- 
tum effects by subtracting from the measured two-phase pressure 
drop (P; — P2) a momentum pressure drop AP y calculated in the 
following manner: 

If the liquid and gas (vapor) are assumed to have steady and 
uniform but not necessarily the same actual velocities uz, and ug, 


the momentum pressure drop would be expressed by the relation 
prgR 12 pagRes pagRa 


APu 


in which it is understood that the liquid and gas properties and 
flow rates at stations | and 2 are corrected to include mass-trans- 
fer effects. While not necessary for the oil-air mixtures, this was 
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TABLE 3 HEATED OIL-AIR EXPERIMENTAL DATA 
(0.737-in-ID tube; pressure-drop length 193.6 in.; total heated length 186.6 in.; upstream heated length 92.7 in.) 


NOVEMBER, 1955 


OIL AIR TEMPERATURES PRESSURES HEAT TRANSFER FLOW PATTERN 
RATE RATE t., t, toa -P. a,/ A a,/ a, Upstrm. Downstrm. 
lb/hr 1b/hr F F F F F F psia psi Btu/ft-hr 

OIL RATE 700 1b/nr OIL SUPPLY TEMP. 120F 

683 0 117-6 125-6 134-1 215-2 214.8 215.6 15-19 0.35 1850 0.57 0.92 -- -- 

678 4.320 2117-7 «157-9 156-1 211-2 208.8 213.6 15.72 0-77 4590 0-56 1.12 Slug Slug 

675 %™, 117-7 136.8 150.0 210.5 205.5 214.0 15.66 1.00 4820 0.59 1.15 Slug Slug 

57> 14.75 117-5 14i.4 165.5 213.0 208.6 7.2 16.48 1.47 5470 0.59 1.07 Slug Slug 

S75 21.9 117-2 142.7 168.2 211.2 205.0 216.4 16.96 1-91 5890 0.59 1.07 Slug Slug 

694 35-2 116.4 143.3 170.2 208.9 203.0 214.8 17.06 2.56 6430 0.57 1.12 Slug Slug 

683 56.9 115.8 14h.4 173.1 212.6 207-5 217-4 18.78 3.16 6860 0-60 1.06 Annular Annular 

658 131.2 114.7 141.4 168.0 211.4 204.6 218.0 2h.47 5-21 64.30 0.62 1-12 Annular Annular 

675 279. 113.5 151-9 150-4 209.9 202.0 217-5 37-29 5.18 4950 0-66 1.09 Annular Mist 

OIL RATE 1400 lb/hr OIL SUPPLY TEMP. 120F 
1370 337.8 187.0 15-75 0.70 2070 0.69 1.04 
1380 118-7 131-9 «145.1 200-7 199-0 202-2 16.85 1.57 6060 0-55 1-20 Slug Slug 
1370 7-79 118.6 135-9 153.3 211-3 209.6 212.9 17-37 2.10 7970 0.54 1.05 Slug Slug 
13900 14.68 118.5 135-9 153-3 205-5 201-8 209-1 18.54 3.08 8120 0.54 1.09 Slug Slug 
1390 22.0 218.1 137.1 156.1 207-0 203-1 210.6 19.53 3.86 8910 0.55 1.06 Slug Slug 
1390 35.9 117-8 138.6 159.4 207.0 201.3 211.8 21.30 5.21 9850 0.54 1.07 Slug Slug 
1380 35.0 118.1 139-4 160.7 215.0 212.7 217-2 31-01 3.85 9980 0.57 1.03 Slug Slug 
142005564 117-6 136.1 154.6 215.0 212.6 217.2 59.56 2.54 8870 0.55 1.03 Slug Slug 
1390 53-1 117-1 137-9 158.7 204.8 199.2 209.9 22.98 6.26 9870 0.55 1.08 Slug Slug 
1390 130.5 116.7 134.5 152.4 205.2 202-7 209.5 28.92 6.76 8600 0-54 1-08 Annular Annular 
1380 281. 115-8 130.1 144.4 216.4 213.0 219.8 4o.82 5.63 7200 0.70 1.02 Mist Mist 

OIL RATE 2100 lb/hr OIL SUPPLY TEMP. 120F 
2090 fe) 118.8 122.6 126.4 215.8 214.7 216.8 16.60 1.02 2640 0.60 1.05 = ar 
2080 4.48 119.7 133-0 145.4 214.5 213.2 215.6 18.14 2.40 9260 0-51 1-05 Slug Slug 
2100 7-95 119-5 135-9 148.3 212.8 210.8 ahd 19.12 3.22 10110 0.52 1.13 Slug Slug 
2090 14.67 119-4 135.9 152-4 213.2 211.6 215.6 20.66 4.350 11570 0.52 0.99 Slug Slug 
2080 21.8 119-2 136.4 153.7 213.0 211.0 215.2 22.10 5.41 12030 0.54 1.16 Slug Slug 
2090 35.2 119-5 137-0 154.5 210.0 207-2 212.5 24.2 7-20 12320 0.54 1.02 Slug Slug 
2100 56.4 119.2 157-1 154.9 207-0 202.8 211.0 27-62 9-04 12720 0.53 1-04 Annular Annular 
2080 146.2 118.2 137-3 156.4 212.1 210.6 213.7 35.46 9.90 13700 0-54 1.00 Annular Annular 
2100 204. 116.9 131-1 145.2 212.9 208.0 217.9 50.9 6.45 10510 0.57 0-99 Annular Mist 

OIL RATE 5500 lb/hr OIL SUPPLY TEMP. 120F 

3450 ) 120-3 122.9 125.6 214.8 213.8 215.6 18.88 1.79 3000 0.60 1.01 -- -- 
3500 4.36 120.9 129.9 138.9 212.3 211.6 213.6 21.89 4.30 10450 0-51 1.03 Slug Slug 
3530 8.19 121.1 131-5 141.8 2135.0 - 211.4 224.4 23.5] 5.46 12150 0.51 1.01 Slug Slug 
3320 18.85 120.7 132.5 164.3. 213.2 212.2 214.0 25.6 6.94 13830 O51 1-0 Slug Slug 
3450 21-9 119-4 «131-5 145.2 207-1 205.4 208.7 27-95 8.3 15670 0.52 1.05 Slug Slug 
3550 34.9 120-0 1352.2 144.5 209.2 206.3 212.1 31-58 10.70 14500 0.52 1.03 Slug Slug 
3520 56.7 120-0 134.2 148.5 211.1 209.4 212.9 35-94 13.00 16870 0-53 1-08 Annular Annular 
900 119-2 134.3 149.3 210.5 206.2 214.8 43.53 15-00 17470 0.55 1-01 Annular Annular 
3480 129.0 119.9 135-5 150.5 212.5 208.5 216.0 49.67 16.30 18170 0-55 1-02 Annular Annular 


4gho O. 120-5 121-9 124.4 217.2 
4810 5-21 119.9 1265.8 155.7 : : 214.0 
4810 8.15 119.4 126. 154.5 210.7 
4910 «6.14.79 127-3) 1355-5 209.2 
4840 21-7 119-2) 126-4 138.6 212.9 
4810 36-7 120-1 130.5 140.9 . 8 212.2 
4805 50.35 121.2 152.5 143.8 . 212.7 


done for the water-air mixtures, assuming the air to be saturated 
at both stations, a condition necessary for satisfactory heat 
balances. In the momentum relation the liquid-volume fraction 
R, = 1— Rg, and by definition equal to the ratio of actual liquid 
cross-sectional area to the pipe cross-sectional area, may be ex- 
pressed in terms of the mass-flow rates by 


Wi 


Pate 

Sufficient information is available to evaluate all quantities 
locally except for the actual liquid-gas velocity ratio uz/ug. 
However, when the foregoing relations for R, and Rg are substi- 
tuted into the momentum expression, it can be shown that the 
calculated momentum pressure drop for u,/ug unity will be large 
since this ratio is equal to or less than unity (1). In general, the 
calculated momentum pressure drop is a major (more than 25 per 
cent) correction only for the heated water-air flows where mass 


R, =1—Rg= 


22.51 -61 3160 0.60 1.01 -- -- 

27-06 6.64 10970 0-52 1-01 Bubble Ann. Slug 
27-60 7-70 11870 0-52 1.01 Bubble Ann. Slug 
51-95 9-51 13320 0.52 1-02 Bubble Slug 

34.22 10.62 15630 0.52 1-01 Bubble Ann. Slug 
39.12 13-23 16630 0.52 1-01 Annular Ann. Slug 
44.93 15.76 18170 0.53 1.02 Wave Ann. Slug 


transfer was important, i.e., at water rates of 2000 lb/hr or less. 
Thus the error in the corrected two-phase pressure drop due to 
the assumption of unity for uz/ug is considered negligible for re- 
sults presented to date, and the results presented in Figs. 4 and 5 
are believed to represent the two-phase friction pressure drop. 
In the evaluation of the nonisothermal pressure-drop ratios 


APre/AP, and V/ AP,/APg, the oil single-phase pressure drop 
AP, was calculated with and without the Sieder and Tate vis- 
cosity correction and results are given in Table 4. The effect of 
this correction is to increase AP, causing the pressure-drop re- 
sults to lie higher and to the left of the uncorrected values which 
are used in Figs. 4, 5, and 6. Since this relocation is not favorable 
for the Martinelli-Lockhart correlation, it is suggested that the 
viscosity correction is not appropriate for the dispersed and 
therefore probably turbulent oil-air flows. This is of course in- 
consistent with the concept that AP, should represent the actual 
oil only pressure drop. 

Referring to Fig. 4, it is seen that at low air rates, i.e., 
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(S and T designate Sieder and Tate viscosity correction.) 


TABLE 4 HEATED OIL-AIR CALCULATED RESULTS FOR TOTAL TUBE LENGTH 
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2 
lb/hr psi psi ft°hrF 10 10°x AP, based on Sand T AP, based on 
OIL RATE=700 lb/hr § OIL SUPPLY TEMP. 120F 
fe) fe) 0-35 20.8 0.287 0.373 -- 1.20 -- 115 -- -- -- 1.18 
4.32 0.01 0.76 64.2 0.364 0.380 1.86 3.89 9.04 2.93 1.33 11.0 1.99 1.96 7.43 44.3 3.18 
7-74 0.02 0.98 69.3 0.370 0.380 3.32 4.23 5.38 3.89 1.09 6.50 2.66 1.59 4.62 24.8 3.39 
14.76 0.04 1.43 79.3 0.389 0.382 6.31 4.87 3.05 5.94 0.82 3-68 4&.08 1.19 2.76 12.8 3.77 
21.9 0.08 1.83 90.2 0.398 0.383 9-35 5-57 2-17 7-65 0-73 2-60 5.32 1.05 1.98 8.69 4.15 
35-2 0.15 2-41 104.0 O.414 0.394 15.05 §-% 1-49 9.80 0.65 1.7 6.88 0.93 1.36 5.47 4.60 
56.9 0.25 2.91 107-1 0.417 0.388 2h.2 -61 0.92 12.86 0.52 1-17 8.96 0.74 0.920 3.39 4.68 
131-2 0.51 4.70 96-7 0-378 0-372 56.1 5.97 0.5% 19.7% 0.30 0-66 13.6 O.44 0.48 1.49 4.39 
279. 0.60 4.58 63.7 0-321 0-372 120-4 3.82 0.390 16.36 0.23 0-48 10.8 0.3% 0.27 0.74 3.31 
OIL RATE =1400 1b/hr OIL SUPPLY TEMP. 120F 
fe) 0-70 23.1 0.532 1.06 -- 1.06 -- -- -- -- -- -- 1.05 
4.45 0.02 1.55 89.2 0.660 0.763 1.92 4.29 135.91 2.63 1.63 16.8 1.80 2.38 9.21 59.6 43.72 
7+79 0-05 2-05 107-7 0-707 0-765 3.36 5.13 8.16 3.84 1.34 9-96 2-58 1.968 5.91 32.3 4.28 
14.68 0.11 2.97 119.1 0.717 0.775 6.33 5.70 4.95 5.38 1.05 5.99 3.68 1.55 3.53 172 4.67 
22.0 0.18 3.68 130.9 0.735 0.778 9-46 6.29 3.48 7.00 0.90 4.20 4.81 1.31 2.54 12.0 5.03 
35-9 0.32 4.89 148.9 0.759 0.780 15.40 7.19 2.36 9.26 0.78 2.84 6.41 1.12 1.72 6.98 5.60 
35-0 O13 3-72 135-5 0-765 0.775 15.10 6.48 2.84 7.36 0.88 3-42 «4.98 1.30 1.76 7-20 5.15 
35-4 0.04 2.50 114.3 0.736 0.791 15.30 5.35 4.06 4&.59 1.17 5-00 3.05 1-75 1-79 7-31 4.46 
D3-L O49 5-77 152-7 0-745 0.779 22.8 7.38 1.75 10.7% 0.69 2-11 7-45 0.99 1.25 &.71 5.70 
130.5 0.86 5.90 122.7 0-700 0.773 56.2 5.87 0.92 10.52 0.56 1.12 7-16 0.82 0.62 1.99 4.86 
281. 0-82 4.81 84.0 0.633 0.760 122. 3.89 0.58 8.33 0.47 0.726 5.34 0.73 0.34 0.96 3.50 
OIL RATE 2100 1b/hr OIL SUPPLY TEMP. 120F 
-- 1.02 2.0 0.617 1.130 1.10 1.06 <--« co -- 0.90 
4.48 0.04 2-36 114.5 1.023 1.15% 1.94 4.61 15.60 2.75 1.68 19.3 1.80 2.56 10.85 66.3 4.12 
7-93 0.08 3-14 129.8 1.049 1.167 3.42 5.33 10,79 3.78 1.41 13.3 2.50 213 6.7% 37.5 %.60 
14.67 0.17 4.13 152.0 1.083 1.16% 6.33 6.25 6.29 5.14 1.29 7-72 3-42 1.83 4.14 20.6 5.28 
21-8 0.27 5-14 159.1 1.099 1.162 9.38 6.63 4.57 6.51 1.02 5-58 4.37 1.51 2.96 14.1 5.32 
35-2 O45 6.75 172-0 1-118 1.168 15.13 7.18 3.20 8.52 0.8h 3-89 5.77 1-24 2.02 8.65 5.67 
56-4 0.73 68.31 186.3 1-121 1.17 24.2 7.78 2.27 10.34 0.75 2-7 7-09 1.10 1.38 5.45 6.03 
146.2 1.35 68.55 187.5 1.121 1.165 63.0 7.7% 1.09 10.95 0.71 1-33 7-36 1-06 0.64 2.12 6.12 
284. 1-18 7-25 130-1 0-989 1.160 123.1 5.28 0.772 8.36 0.63 0-96 5-45 0.97 0.39 1-11 4.61 
OIL RATE’ 3500 1b/hr OIL SUPPLY TEMP. 120F 
0 -- 1-79 32-6 1.388 1.866 -- 110 -- 1135 
4.36 0-07 4.32 127-2 1-612 1.926 1.89 4.36 25.6 2-43 1-49 31-8 1-91 2-28 13-05 85.5 3.99 
8.19 0.14 5.32 149.5 1.701 1.949 3.54 4.99 14.6 3.62 1.39 18-1 2.36 212 7.99 43.7 4.60 
14.85 0.26 6.68 172-7 1-724 1-950 6-42 5.94 9.28 4.7h 1-25 11-5 3-11 1.91 4.89 24.0 5.29 
21-9 0.39 8.00 181.9 1.662 1.903 9-50 6.33 6.90 5.60 1.13 8-46 1-69 5455 16-2 5-55 
34.9 0-64 10.05 190.3 1.962 15.11 6.67 4.90 7-28 0.92 6.01 1-38 2-46 10.5 5-79 
56.7 1.00 12.00 222. 1.761 1-958 24.5 7-72 3-36 8.65 0.89 4.12 5-76 1-34 1-65 6.34 6.26 
90-0 1.25 13-75 232. 1-720 1.920 39-0 8.12 2-4h 10.01 0-81 2-96 6.60 1-19 1-13 4.01 6.85 
129.0 1.53 14.77 239. 1-77 1-940 55-7 8-33 1-92 10.66 0.78 2-35 7-11 1-17 0-85 2.68 7.01 
OIL RATE*5000 lb/hr § OIL SUPPLY TEMP. 120F 
5-21 0-10 6.54 128-0 2.06 2.63 2-27 3-90 29-2 3.05 1-26 36-4 1-97 1-98 12-79 77-0 3.70 
8.16 0-19 7-51 143.5 2.06 2.63 3.56 4.39 20-1 3-48 1.26 25.0 2.26 1.94 8.90 49.0 4.10 
14.79 0.31 9-20 163.1 2-12 2.69 6.45 4.98 13.0 4.191219 16.1 2.72 1.83 5.54 27.2 4.53 
21-7 0-45 10-17 187-9 2-17 2.65 9-43 5.78 9:23 44.86 1.19 11-6 3.15 1.83 4.03 18.6 5.26 
36.7 0-73 12-50 207 2-23 2.65 15.50 6.44 6.18 6.15 1.05 7-67 4.01 1.60 2.68 11-1 5.78 
56.3 1.02 14.7% 230 2.32 2.67 867.18 986 5.55 &.97 1-45 1.86 7.38 6.37 


V AP,/APzg > 2, both the nonisothermal and isothermal pressure 
drops increase with increasing air and oil rates, and the maximum 
deviation from the Martinelli-Lockhart isothermal viscous-turbu- 
lent line is +50 per cent. Note also here that increasing system 
pressure for a given oil and air rate causes the deviation from that 
reference line to change sign. In the same low air-rate range, 
Fig. 5 reveals only a slight tendency for the oil-air results to favor 
the viscous-turbulent line by lying only a little below the turbu- 
lent-turbulent water-air results. The trend of increasing pressure 
drop with increasing oil rate, however, is reversed for increasing 
water rates. 

Referring again to Fig. 4 and considering the range of high air 
rates, VV AP,/APg < 2, where the flow pattern is increasingly 
annular for low oil rates, see Table 3, the nonisothermal pressure 
drop is seen to depart radically from the trend of the viscous- 
turbulent reference line. This behavior is indicated, to a lesser 
degree, for the isothermal pressure drop at an oil rate of 2100 lb/ 


hr, but is not observed for the isothermal oil rate of 700 lb/hr or for 
any of the nonisothermal water-air results shown in Fig. 5. A 
comparison of values in Tables 3, 4, and 5 reveals that the cause 
cannot be attributed to either an excessive momentum pressure- 
drop correction or to differences in system pressure. There is 
some indication that the effect may be due to a change in the flow 
pattern between the entrance and exit of the test section, see 


Table 3. Thus it is clear that much more analysis is needed to 
rationalize the behavior of this complex system and, since the 
analytical model used by Levy (4) appears too idealized at 
present, an empirical approach is indicated, possibly one including 
the system pressure as an independent variable. 


Two-Puase Heat TRANSFER 


The two-phase heat-transfer performance is, as in reference (1), 
again represented in Figs. 3, 4, 5, and 6 by ratios of heat-transfer 
coefficients based on the total heated length and logarithmic 
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TABLE 5 ISOTHERMAL OIL-AIR DATA AND RESULTS 
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3.46 


3.48 
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10. 35 
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1.10 
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0.01 
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0.04 
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1.13 
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mean temperature differences referred to averaged wall tempera- 
tures. Of course the temperature rise was usually small enough 
for all the oil-air mixtures that the difference between the arith- 
metic and logarithmic mean temperature differences was negligi- 
ble. Selection of the heat-transfer-coefficient ratios for this pur- 
pose of correlation was an arbitrary choice, since corresponding 
graphs of the heat-transfer rates (see Table 4) revealed no 
promise for improved correlation and the alternative of an effec- 
tive Nusselt modulus is believed to be of potential value only if 
an appropriate and meaningful thermal conductivity were 
devised. 

Fig. 3 reveals the two-phase heat-transfer coefficients as forming 
a consistent pattern for increasing air and liquid rates. The 
curve for the 700-lb/hr oil rate is of particular interest since it 
shows a maximum and the limiting single-phase values. It is 
probably well for the author that the limiting capacity of the air- 
supply system was 280 lb/hr. Again, it is noted that the system 
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pressure level at a given oil and air rate effectively influences the 
heat-transfer performance; i.e., increasing system pressure re- 
duces the liquid displacement and thus the liquid velocity, causing 
a lowered heat-transfer performance. 

In Fig. 4 the two-phase heat-transfer-coefficient ratios exhibit 
a curve shape and pattern similar to that shown and discussed 
for the two-phase pressure drop. Because this is consistent with 
the momentum-heat-transfer analogy the heat-transfer coefficient- 
pressure drop ratio, shown in Figs. 4 and 6, is selected as appro- 
priate and more convenient than the alternate Equation [1] corre- 
lation suggested in reference (1). Although Fig. 4 indicates a 
+20 per cent correlation for this ratio, it should be noted that the 
liquid rate appears as an irregular parameter with unfavorable 
trends at the limiting air-flow rates. 

That the similarity of variation in the oil-air heat-transfer co- 
efficients and pressure drop is not present for the water-air mix- 
tures may be seen in Fig. 5. In fact, Fig. 5 reveals the water-air 


lb/nr PF pia 10x 10% 

SUPPLY TEP. 1 

560 4.46 8117-1 15-82 1.410 0.221 1.96 1.88 Slug Slug 
684 14.40 116.8 16.89 2.18 0.226 3-48 Slug Slug 
S70 116.2 18.34 5.56 0.224 15.5 5.82 Slug Slug 
115.G 25.60 7-05 0-250 57-0 10.75 Annular Annular 
td ep 680 275. 110.0 36.66 10.36 0-227 121.5 15.90 Annuler Annular 
1380 35-5 117-6 9-22.39 || 5-16 = Slug Slug 
13380 35.8 117-9 60.47 . 282 Slug Slug 
OIL SUPPLY TEMP. 

2080 4.45 18.6 0.595 1.96 Slug Slug 
2090 14.50 3-58 0.698 6.38 Slug Slug 
2060 33.8 118.3 8.40 0.688 14.87 Annular Annular 
2090 131. 117-1 0-698 57-6 Annular Annular 
2110 278. 116.5 10.84 0.705 122.3 Annular Annular 

4770 4.64 119.2 1 Annular Annular 
SES. 48h0 14.52 120.9 1.614 6.39 Annular Annular 
4850-3566 119.6 1.622 15.66 Annular Annuler 
4860 56.1 119-4 47.17 1.Ge2 24.7 Annular Annular 
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heat-transfer coefficients as being less dependent on the 


V AP,/AP, abscissa than upon the water rate, contributing to 
the greater (+40 per cent) correlation variation shown in Fig. 6. 
Finally, itis observed in Figs. 5 and 6 that the oil heat-transfer 
performance increase due to air addition is roughly 2 to 4 times as 
great as that for water. 

The two-phase, two-component flow system is thus shown to be 
of such complexity that much more analysis and experimental 
work must be done to develop an acceptable design procedure for 
two-phase heat transfer and pressure drop. It is hoped that these 
data and results will encourage others to perform similar investi- 
gations and to develop more effective analyses. 
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Discussion 


O. P. BerGe.in.* This paper presents, the writer believes, the 
first data on heat transfer to gas-liquid mixtures without ap- 
preciable mass transfer (and change of phase). The physical 
processes are so complicated that this simplification is welcome, 
but even so, it does not leave the process simple enough for com- 
plete analysis at this time. Anyone with experience in this field 
will appreciate the difficulties of the author and agree that more 
data are needed before an effective analysis can be developed. 
The experimental equipment and methods of the author appear 
excellent and these data should serve as a good standard for 
future work. 

The effect of flow pattern seems worthy of some additional 
comments: (1) The highest rates of heat transfer, for a given 
oil rate, usually were obtained during slugging flow. For these 
cases the heat-transfer coefficient remained nearly constant along 
the heated section. This maximum during slugging flow agrees 
with the previous observations of Verschoor and Stemerding. 
(2) At high air rates and low oil rates the rate of heat trans- 
fer becomes less and the heat-transfer coefficient decreases 


* Professor of Chemical Engineering, University of Delaware, 
Newark, Del. Mem. ASME. 
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with distance from the beginning of the heated surface. For 
instance, in some of the runs listed as annular or mist flow, the 
coefficient appears to be only about half as large in the down- 
stream section as in the upstream section. Assuming an ade- 
quate upstream calming section and a decrease in oil viscosity 
with temperature this behavior seems difficult to explain. Per- 
haps there is a thin annular oil layer which greatly increases the 
wall resistance while the major part of the oil passes through as 
mist without contact with the wall. Some information seems 
necessary on the liquid mass exchange between the core and the 
annular wall layer. 

The main point to be brought out, however, is that any analysis 
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must take into account the flow pattern, in spite of the complica- 
tions that are thereby added. 


CLOSURE 


Professor Bergelin appropriately directs attention to the flow 
pattern as an important factor and is quite correct in his sug- 
gestion for mist flow, since it was always accompanied by thin 
rivulets of oil on the tube wall. It is unfortunate that the 
cited experimental evidence should support his conclusions and 
so contradict the hopeful result of Levy’s (4) analytic analysis 
which suggests that the flow pattern might be of secondary 
importance, 
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Numerical Solutions for Laminar-Flow Heat 


Transfer in Circular Tubes 


By W. M. KAYS,' STANFORD, CALIF. 


The existing solutions for laminar-flow heat transfer in 
a circular tube are generally based on the assumption of a 
fully established velocity profile at the point in the tube 
where heating begins. For high Prandtl number fluids, 
such as the viscous liquids, this idealization does not seri- 
ously restrict the usefulness of the solutions because the 
velocity profile is established much more rapidly than the 
temperature profile. However, for the Prandtl] number 
range near 1.00, which includes the gas range, the velocity 
and temperature profiles develop at similar rates along the 
tube, and the assumption of a fully established velocity 
profile at the tube entrance can, for many applications, 
lead to a considerable error in predicted performance. 
In this paper, numerical solutions are presented for a num- 
ber of heating conditions for the case of a fluid of Npr=0.7 
with both velocity and temperature uniform at the tube 
entrance. The solution of Langhaar (1)* is employed to 
provide the velocity profiles which are introduced into the 
energy equation. Experimental data for laminar air flow 
in circular tubes are presented for two heating con- 
ditions, constant wall temperature and constant heat in- 
put per unit of tube length. These data correspond 
closely to the numerical solutions based on the Langhaar 
velocity profiles, while differing considerably from solu- 
tions based on a parabolic profile throughout the tube. 
All of the solutions and experimental data are presented 
in the form of either a local or mean Nusselt number as a 
function of a modified Graetz number, Nr Np-r/(«/D). 


NOMENCLATURE 


The following nomenclature is used in the paper: 


English Letter Symbols 


c = specific heat, Btu/(Ib deg F) 
D = tube diameter, ft 
fi, fo, fs = constants in computing procedure defined by Equa- 

tion [11] 

G = mass velocity, Ib/(hr sq ft) 

h = unit conductance for convection heat transfer, Btu/- 
(hr sq ft deg F) 

I,(y) = i-"J,(iy), where J, is nth order Bessel function 

k = unit thermal conductivity, Btu/(hr sq ft deg F/ft) 

L = tube-length parameter in energy equation, 4(z/D)/- 

R = nondimensional tube-radius position, r/ro, measured 
from center line 

r = tube-radius position measured from center line, ft 


1 Associate Professor of Mechanical Engineering, Department of 
Mechanical Engineering, Stanford University. Mem. ASME. 

2? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of THe AMERICAN Society oF MecHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 21,1954. Paper No 54—A-151. 


ro = total tube radius, ft 

t = temperature, deg F 

t; = initial fluid temperature, deg F. 

T = nondimensional temperature, t/t; 
T., = tube wall temperature, or T at R = 1.0, dimension- 

less 

T,, = mixed mean fluid temperature, dimensionless 

v = fluid velocity, fps 

v, = component of fluid velocity in radial direction, fps 
Um, = mean fluid velocity, fps 

V = v/v,,, dimensionless 

zx = length co-ordinate in flow direction, ft 


Greek Letter Symbols 
Y = a parameter in Langhaar’s solution, dimensionless 
A = prefix, denoting ‘final minus initial’ 
p = fluid density, pef 
BK = fluid viscosity, lb/(hr ft) 


Nondimensional Groups 
Nyu.z = local Nusselt number, hD/k 
Nyu.m = mean Nusselt number defined by Equation [1] 
Np, = Prandtl number, uc/k 
Nr = Reynolds number based on tube diameter, DG/u 


INTRODUCTION AND OBJECTIVES 


Background to the Problem. Interest in laminar-flow heat 
transfer in tubes has arisen in the past primarily in connection 
with heat-exchanger applications involving oils. More recently, 
laminar gas flow has become of technical interest in high-tempera- 
ture, compact heat-exchanger applications where tube diameters 
are small (less than '/, in.) and densities are low. 

All of the published solutions for laminar-flow heat transfer in 
a tube are based on the idealization of either a fully established 
velocity profile, or a uniform velocity profile (slug flow or rod- 
like flow). For high Prandtl number fluids, such as oils, an as- 
sumption of a fully established parabolic velocity profile, even 
though both velocity and temperature are uniform at the tube en- 
trance, does not lead to significant error because the velocity pro- 
file is established much more rapidly than the temperature profile. 
In contrast, for very low Prandtl number fluids, such as the liquid 
metals, the temperature profile is established much more rapidly 
than the velocity profile. However, for Prandtl numbers near 
unity, as for gases, both temperature and velocity profiles de- 
velop at a similar rate along the tube (assuming uniform velocity 
and temperature at the entrance), and neither the assumption of 
a fully developed parabolic velocity profile, nor uniform velocity, 
is satisfactory. As a result, experimental data on laminar gas 
flow in circular tubes indicate considerably higher Nusselt num- 
bers than would be predicted on the assumption of a fully de- 
veloped velocity profile throughout the tube.* 

Most of the published solutions for laminar-flow heat transfer 
in a circular tube have been obtained for a constant wall tem- 
perature, as would be approximated closely in a condenser or 
evaporator. Methods are now available for extending such solu- 
tions to any kind of wall-temperature variation (3). In Fig. 1 


3 See, for example, reference (2), fig. 61, p. 105. 
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ity at the tube entrance as Prandtl number becomes very - 
large; for in this case the velocity profile is established 
very much more rapidly than the temperature profile. 

Thus the true solution for any real fluid for the tech- 
nically interesting case of both velocity and temperature 
uniform at the tube entrance must lie somewhere between 
the extremes shown in Fig. 1, the exact position depending 
upon the Prandtl number of the fluid. Near the tube en- 
trance (high Graetz number) the Pohlhausen flat-plate 
solution should closely approximate actual performance as 
long as the displacement thickness of the boundary layer 
is small relative to tube diameter. The following equation 
is obtained from the Pohlhausen solution when it is con- 
verted to the parameters of Fig. 1 
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some of the available constant wall-temperature solutions are 
plotted. All of these solutions are based on a uniform tempera- 
ture profile at the tube entrance. 

The ordinate is the mean Nusselt number, Nwu,», which is 
often termed the log-mean Nusselt number since it can be used 
directly in the log-mean-rate equation heat-exchanger analysis. 
Actually, it is the mean of the local Nusselt numbers, Nyu.:, 
averaged with respect to tube length, i.e. 


The abscissa is a modified Graetz number, NrNp-/(x/D), 
which is the inverse tube-length variable in the energy equation. 
As NrNp;/(x/D) approaches zero, Nyu.z and Nyum approach 
limiting minimum magnitudes if the surface temperature re- 
mains constant (3.66 for parabolic velocity, 5.75 for uniform 
velocity). These limiting magnitudes can be readily evaluated 
directly upon the assumption of a fully established generalized 
temperature profile. 

The Graetz uniform-velocity solution shown in Fig. 1, is com- 
plete for all magnitudes of Graetz number (4). This solution 
provides an upper limit Nusselt number for constant wall tem- 
perature, since it is what would be obtained as Prandtl number 
approaches zero; i.e., the temperature profile becomes established 
much more rapidly than the velocity profile. As such it ap- 
proximates what would be obtained for a liquid metal near the 
tube entrance. 

The Graetz parabolic-velocity-profile solution, from (4), is in 
the form of an infinite series of which only the first three terms 
have been evaluated. For NrNp,/(z/D) < 100 the series con- 
verges sufficiently rapidly so that this is adequate, but for higher 
magnitudes of NrNp,/(z/D) it yields magnitudes of Nyu., that 
are quite obviously high because of insufficient terms. 

For high magnitudes of NaNp,;/(x/D), with parabolic velocity 
distribution, the Leveque approximation is most generally em- 
ployed (4). The Leveque approximation yields adequate Nusselt 
numbers only for NrNp;/(z/D) > 1000. In the intermediate 
region between the Leveque approximation and the Graetz 
parabolie-velocity-profile solution, Norris and Streid (5) proposed 
a straight-line interpolation shown in Fig. 1. 

The parabolic-velocity solutions in Fig. 1 provide a lower limit 
Nusselt number for constant wall temperature. They are what 
would obtain for the case of both uniform temperature and veloc- 
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However, this Nusselt number is based on the initial 
tube-to-fluid temperature difference. The following re- 
lates the Nusselt number based on the initial tempera- 
ture difference to the Nusselt number based on log-mean- 
temperature difference 


L (2/P) 3) [3] 
4 “| 

(x/D) 


It will be noted that when Equation [2] is plotted in Fig. 1, the 
Prandtl number is a parameter. Equation [2], modified hy 
Equation [3], is plotted in Fig. 1 for Npr = 0.7. In order to de- 
termine approximately the limits of applicability of Equations 
[2] and [3], the mass velocity in the Reynolds number in Equa- 
tion [2] has been modified to account for the displacement thick- 
ness of a laminar boundary layer, and the result is the dashed line 
shown in Fig. 1. These results indicate that for NrNp-/(z/D) > 
about 600 the flat-plate approximation, modified for boundary- 
layer displacement thickness, should be accurately applicable 
to the circular tube, but for lower magnitudes of NraNp-/(x/D) 
approximations of this type are apparently not going to be suita- 
ble. Unfortunately it is this latter rezion that is of greatest in- 
terest in heat-exchanger analysis and design. 

In order to have adequate design data in the laminar-flow re- 
gion for gas-flow heat exchangers, a direct solution of the energy 
differential equation, with both temperature and velocity uni- 
form at the entrance, will evidently be necessary. 

Objectives of This Paper. The energy equation can be solved 
quite readily by numerical means and, at the same time, any de- 
sired velocity distribution may be introduced into the problem. 
The solution of Langhaar (1) for the velocity profiles in the en- 
trance region of a circular tube in laminar flow provides a con- 
venient source of velocity data for a numerical solution for the 
case of both uniform temperature and velocity at the tube en- 
trance. Solutions can be obtained for any type of wall-tempera- 
ture variation. The specific objectives of this paper are to de- 
scribe and present the following solutions obtained by numerical 
integration and, in addition, to present a limited amount of ex- 
perimental confirmation obtained with air-flow in circular tubes: 


1 Constant wall temperature, parabolic velocity profile 
throughout, temperature uniform at tube entrance. This 
numerical solution is presented as a check on the adequacy of 
the numerical method, since it can be compared with the Graetz 
parabolic-velocity solution. 

2 Constant wall temperature, velocity and temperature uni- 
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form at the tube entrance. The velocity profiles from Langhaar’s 
solution (1) are employed. Np, = 0.7 is specified. 

3 Constant wall-to-fluid temperature difference, velocity and 
temperature uniform at tube entrance. The velocity profiles 
from Langhaar’s solution are employed. Np, = 0.7 is specified. 

4 Constant heat input per unit of tube length, parabolic 
velocity profile throughout, temperature uniform at the tube en- 
trance. 

5 Constant heat input per unit of tube length, velocity and 
temperature uniform at tube entrance. The velocity profiles from 
Langhaar’s solution are employed. Np, = 0.7 is specified. 


Enercy Equation AND BounDARY CONDITIONS 


If the only heat-transfer mechanism in the tube is conduction 
(laminar flow), if fluid properties are constant, and if conversion 
of mechanical to thermal energy is neglected (low velocities), the 
following differential equation‘ obtains for heat transfer in a 
circular tube 


1 pe ol Ot 


For the typical gas-flow problem it may be assumed safely 
that conduction in the direction of flow is negligible, and thus the 
0*t/Oz* term is eliminated. If the velocity distribution is fully 
established the radial component of the velocity, v, = 0, and the 
term involving v, is eliminated. However, this paper is primarily 
concerned with those situations where the velocity profile is 
established simultaneously with the temperature profile and, in 
this case, the radial component of the velocity is not zero. Anin- 
vestigation of the relative magnitudes of the various terms of 
Equation [4] reveals that near the tube entrance the term involv- 
ing v, is of considerable importance, but that its importance 
diminishes rapidly away from the entrance. 

At NrNp,/(z/D) = 1000 the v, term is 10 per cent of the other 
term on the right-hand side of Equation [4] at one point in the 
flow cross section. For lower magnitudes of NrNp;/(z/D) this 
term becomes of rapidly decreasing importance, and for NrNp,/- 
(z/D) < 100, which is the region of primary interest in gas-flow 
heat-exchanger design, the effect is quite negligible. If the », 
term is neglected the local Nusselt number evaluated from calcu- 
lated temperature profiles will tend to be low, but an error of 
greater than 5 per cent at NrNp-/(x/D) = 1000 appears un- 
likely, with the error becoming quite small at 100 and lower. To 
include the v, term greatly complicates a numerical solution to 
Equation [4], so for all of the solutions to be considered here the 
v, term has been omitted. For those solutions where it is de- 
sired to evaluate a mean Nusselt number with respect to tube 
length in addition to local Nusselt number, Equation [1], the 
Pohlhausen flat-plate solution is employed from the beginning of 
the tube to NrNp-/(x/D) = 1000, and the numerical solution 
only thereafter. 

From its reduced form, Equation [4] can then be put into a 
more convenient form by the introduction of nondimensional 
variables 


oT 1 OT , oT 
R OR [5] 
or 
oT 
oR OT 
oR VR [5a] 
where 


4See, for example, reference (4), equations (3—24), p. 22. 
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R= r/ro T= t/t, 


V =v/v, L = kz/(v,,pcro?) = 4(2/D)/(NrNer) 

Integration of Equation [5] for given boundary conditions 
yields 7’ = T(R,L). Then the mixed mean temperature is de- 
termined from 

1 
T, = VT RAR. 


Finally, the local Nusselt numbers are evaluated from 


oT 


For those solutions where the mean Nusselt number is desired 
1 
Nuun = > 
N L f Nusz [8] 


The parabolic velocity profile for fully established flow in a 
circular tube is expressed by 


V =2(1—R’... 


For the case of uniform velocity profile at the tube entrance the 
velocity is a function of both R and L, and is expressed, from 
Langhaar’s solution (1), as 
Io vy) — If YR) 
[10] 


where 


Nr 


7 is tabulated in Langhaar’s paper. It will be noted that in order 
to establish V as a function of R and L for insertion into Equation 
(5], a Prandtl number must be specified. For the solutions con- 
sidered in this paper Np, = 0.7 is specified so that the solutions 
may be applicable to gases. 

With a numerical method of solution any kind of wall-tempera- 
ture variation or heating rate can be handled with equal ease. 
Consideration has been restricted to those wall-temperature 
variations most commonly encountered in heat-exchanger design. 
One of the most common cases met in design is constant wall 
temperature; the fluid-temperature variation for this case is 
shown in Fig. 2(a). An essentially constant wall temperature 
occurs not only in condensers and evaporators, but also is often 
approximated in parallel-flow heat exchangers, especially where 
the two fluid capacity rates and heat-transfer resistances are 
nearly the same. For this boundary condition Nyu,z is of sec- 
ondary importance, and Nwu,» is desired so that the temperature 
of the fluid leaving the heat exchanger may be evaluated. 

If the tube is electrically resistance heated, or is heated by other 
means that provide a constant heat input per unit of tube length, 
a wall-temperature variation, such as shown in Fig. 2(b), will be 
approximated. The surface reaches the fluid temperature right 
at the tube entrance, and finally assumes a linear variation as the 
local Nusselt number approaches a constant magnitude. For 
this case Nyu.m has no particular use, and the local Nusselt num- 
ber, Nwu.2, is desired so that the wall temperature can be evalu- 
ated at any point in the heat exchanger. 

Constant Wall-to-Fluid Temperature Difference. third 
temperature-boundary condition that is approximated in many 
heat exchangers is a constant wall-to-fluid temperature difference 
along the flow tube. This occurs approximately in counterflow 
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heat exchangers where the two fluids have close to the same ca- 
pacity rates and heat-transfer resistances. Fig. 2(c) shows the sur- 
face and fluid-temperature variation obtained. The surface tem- 
perature tends to drop near the entrance, and the assumption 
of a constant wall-to-fluid temperature difference is close to what 
is often encountered. For this case Nnu,m is of primary interest 
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so that the over-all performance of the heat exchanger may be 
evaluated. For large magnitudes of 4(2/D)/NrNrr this case 
approaches constant heat input per unit of length, and Nyu.2 
would be expected to approach the same minimum limit as for 
constant heat input, while near the entrance the behavior is more 
like the constant wall-temperature case. 

The constant wall-temperature and constant temperature-dif- 
ference solutions represent the extremes encountered in most two- 
fluid heat-exchanger applications. Constant heat input is a 
situation of more restricted usefulness. 


SOLUTION 


The partial differential Equation [5] can be expressed in finite- 
difference form, for the interior points of the tube, as follows 


Treat = fiT rear + foT + [11] 
V AR/ LAR 2R 

AR? 
fa V/\AR/ LAR 2R 


AL and AR are the arbitrarily chosen increments in tube length 
and tube radius, respectively. For all of the solutions AR was 
specified at 0.1; thus the radius was divided into 10 equal incre- 
ments. With AR chosen, the choice of magnitude of AL is not 
entirely arbitrary, because if AL is chosen such that fe becomes 
negative the solution will not converge. This is similar to be- 
havior encountered in finite-difference solutions of transient con- 
duction problems in solid bodies (4). It will be noted that fi, fe, fs 
are functions of velocity V, as well as R, and it is here that the 
velocity profiles, Equation [9] or [10], are introduced into the 
problem. For the solutions involving the Langhaar velocity pro- 
files, AL = 0.001 was employed for L = 0 to L = 0.010, and AL 
= 0.002 for L = 0.010 to L = 0.200. At L = 0.200, fe becomes 
equal to zero for the Langhaar velocity profiles, but in all cases 
the temperature profile becomes sufficiently near fully estab- 
lished at L = 0.200, NrNp-/(z/D) = 20, so that this is as far as 
any of the solutions were carried. 

The computing procedure involves calculation of the tempera- 
ture profiles at successive increments of L, employing Equation 
[11] to extrapolate to the new temperatures 7 p+ 7, from the 
previous temperatures 7’. At the same time the appropriate 
boundary conditions are applied to each profile. 

The local Nusselt numbers are evaluated from Equation [7]. 
The wall temperature 7’, is taken directly from the temperature 
profile. The mixed mean temperature is evaluated from Equa- 
tion [6], using Simpson’s rule for the integration. The tempera- 
ture gradient at the wall is best evaluated by fitting a curve to the 
temperatures at R = 0.8, 9.9, and 1.0, of the type 


tT, + di — &) + — BP......... 


where 


After evaluation of a and b, this equation is differentiated and R is 
set equal to zero to provide the slope at R = 1.0. These opera- 
tions are combined into the following convenient computing 
equation 


= 5[47 — — 3T R10)... -. [13] 


For those solutions where the mean Nusselt number is desired, 
Equation [8] is employed. For the solutions where the Langhaar 
velocity profiles are used (constant wall temperature and constant 
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temperature difference) the Pohlhausen flat-plate solution (see 
Fig. 1) is used to provide Nnu.m from the tube entrance to 
NrNp-/(x/D) = 1000, corresponding to L = 0 to L = 0.004, for 
reasons previously discussed. The integration of Equation [8] is 
started at this point. 

In order to check the adequacy of the numerical method, a solu- 
tion was obtained for the case of constant wall temperature and a 
fully established parabolic velocity profile, since the Graetz solu- 
tion for this condition is already available. The results of this 
solution are presented in Table 1. The mean Nusselt number was 
evaluated from Equation [8], using the Leveque approximation, 


TABLE s SUMMARY OF NUMERICAL SOLUTION CONSTANT 
ALL TEMPERATURE, PARABOLIC VELOCITY 


RNpPpr) NNu,z NNu,m NRNPr/(2/D) 
0.004 10.91 1000 
0.010 7.77 11.83 400 
0.020 6.12 9.43 200 
0.030 5.39 s 133.3 
0.040 4.96 7.44 100.0 
0.050 4.67 6.91 80.0 
0.060 4.47 6.52 66.7 
0.070 4.32 6.22 57.2 
0.080 4.18 5.97 50.0 
0.090 4.09 8.77 44.4 
0.100 4.02 5 40.0 
0.110 3.96 5.45 36.4 
0.120 3.90 5.32 33.3 
0.160 3.78° 4.95 25.0 
0.200 3.72¢ 4.71 20.0 
0.400 3.674% 4.19 10.0 
0.800 3.66% 3.93 5.0 
a 3.66 3.66 0.0 


* By interpolation. 


COMPARISON OF NUMERICAL SOLUTION 
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Fic. Compartson or NuMerIcaAL FOR PARABOLIC 
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SoLvuTION FoR SAME Case 


Fig. 1, as a start at NaNpr/(z/D) = 1000. In Fig. 3 the results 
of this numerical solution are compared with the Graetz solution. 
The maximum deviation is 2 per cent, which provides a measure 
of confidence in the technique employed, and hence in the other 
solutions to be presented. 
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TABLE 2 SUMMARY OF NUMERICAL SOLUTION CONSTANT 
WALL TEMPERATURE, LANGHAAR VELOCITY, Npr = 0.7 


4(z/D)/(NRNPr) NNu,z NNu,m NRNPr/(z/D) 
0.004 18.46 1000 
0.010 11.31 17.44 400 
0.020 7.90 13.36 200 
0.030 6.53 11.28 133.3 
0.040 5.82 10.00 100.0 
0.050 5.34 9.12 80.0 
0.060 5.02 8.46 66.7 
0.070 4.75 7.95 57.2 
0.080 4.57 7.53 50.0 
0.690 4.42 7.19 44.4 
0.100 4.29 6.91 40.0 
0.110 4.18 6.67 36.4 
0.120 4.09 6.45 33.3 
0.130 4.03 6.27 30.8 
0.140 3.97 6.11 28.6 
0.150 3.91 5.96 26.7 
0.160 3.88 5.83 25.0 
0.170 3.85 5 72 23.5 
0.180 3.82 5.61 22.2 
0.190 3.79 5.52 21.1 
0.200 3.77 5.43 20.0 
0.400 3.67° 4.56 10.0 
0.800 3. 66° 4.11 5.0 
© 3.66 3.66 0.0 


* By interpolation. 


TABLE 3 SUMMARY OF NUMERICAL SOLUTION CONSTANT 
TEMPERATURE DIFFERENCE, LANGHAAR VELOCITY, Ner = 0.7 


4(z/D)/(NRNPr) NNu,z NNu,m NRNPr/(z/D) 
0.004 18.80 1000 
0.010 11.80 17.81 400 
0.020 8.36 13.76 200 
0.030 7.11 11.73 133.3 
0.040 6.40 10.48 100 0 
0.050 5.95 9.62 80.0 
0.060 5. 62 8.98 66.7 
0.070 5.38 8.48 57.2 
0.080 5.21 8.08 50.0 
0.090 5.06 7.75 444 
0.100 4.94 7.48 40.0 
0.110 4.85 7.24 36.4 
0.120 4.7 7.04 33 3 
0.130 4.70 6.86 30.8 
0.140 4.64 6.71 28.6 
0.150 4.59 6.57 26.7 
0.160 4.56 6.44 25.0 
0.170 4.53 6.33 23.5 
0.180 4.51 6.23 22.2 
0.190 4.49 6.14 | 
0.200 4.48 6.06 20.0 
0.400 4.41% 5.24 10.0 
0.800 4.394 4 82 5.0 
4 0.0 


By interpolation. 


TABLE 4 SUMMARY OF NUMERICAL SOL or CONSTANT 
HEAT INPUT, PARABOLIC VELOCIT 


4(2/D)/NRNPr NNa,z po Pr/(z/D) 
0.005 13.81 800 
0.010 10.40 400 
0.020 8.06 
0.030 7.05 133.3 
0.040 6.56 100.0 
0.050 6.07 80.0 
0.060 5.76 66.7 
0.070 5.54 57.2 
0.080 5.37 50.0 
0.090 5.24 44.4 
0.100 5.11 40.0 
0.110 5.00 36.4 
0.120 4.95 33.3 
0.130 4.88 30.8 
0.140 4.83 28.6 
0.150 4.79 26.7 
0.160 4.74 25.0 
0.170 4.70 23.5 
0.180 4.66 22.2 
0.190 4.64 21.1 
0.200 4.59 20.0 
0.400 4.45°% 10.0 
0.800 4.40° 5.0 
4.364 0.0 


@ By interpolation. 
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TABLE 5 SUMMARY OF NUMERICAL SOLUTION Comstans 
HEAT INPUT, LANGHAAR VELOCITY, Npr = 0.7 


4(z/D)/(NRNPr) NRNPr/(z/D) 
0.004 1000 
0.010 400 
0.020 3 200 
.030 133. 
100 
66. 


eee S299 S599 Ssse 


By interpolation. 
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So.utTions ror Various BounpARY CONDITIONS 


The complete solutions for all of the conditions outlined in the 
objectives to this paper are presented in Tables 2, 3, 4, and 5. 
The local Nusselt numbers are plotted in Fig. 5. The mean 
Nusselt numbers for the constant wall-temperature and constant 
temperature-difference solutions are plotted in Fig. 6. It will be 
noted in Fig. 6 that, as anticipated, the constant wall temperature 
mean Nusselt numbers based on the Langhaar velocity profiles lie 
considerably above the mean Nusselt numbers obtained on the 
assumption of a fully established parabolic velocity profile. In 
the range of greatest interest in heat-exchanger design, 20 < 
NRNp-/(x/D) < 100, this difference amounts to 12 to 25 per cent. 

It will be noted that, in addition to the solutions for a uniform 
velocity at the tube entrance, a solution for constant heat input, 
parabolic velocity profile, isincluded, Table 4. This solution was 
run off numerically because the author is aware of no published 
solutions for this case. 

The solutions based on the Langhaar velocity profiles should be 
applicable to the Prandtl number range of gases; the parabolic 
velocity solutions are applicable to high Prandtl number fluids, 
unless a starting length of tube is used. 
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As a matter of further interest, some of the velocity and tem- 
perature profiles are shown in Figs. 4(a) and 4(b). The velocity 
profiles in Fig. 4(a) are those of Langhaar and are direct plots of 
Equation [10]. The temperature profiles in Fig. 4(b) are taken 
from the numerical solution for constant wall temperature in 
which the Langhaar profiles are used for velocity. 

It is sometimes convenient to the designer to have such solu- 
tions as these expressed as equations rather than in tabular or 
graphical form. Hausen (2) has proposed the following equation 
as an empirical representation of the Graetz solution for constant 
wall temperature, parabolic velocity profile 


[ | 
|" 
0.04 
| 


= 3.66 + 


Equation [14] fits the best interpretation for the useful regions of 
the Graetz, Leveque, and the Norris and Streid interpolation, all 
within about +6 per cent out to NrNpr/(z/D) = 1000, Fig. 1. 

Empirical equations of the same general form can be employed 
to approximate the other solutions presented here. The following 
equations fit the indicated solutions with a maximum discrepancy 
of about +3 per cent over the range of VrNP;/(x/D) covered by 
Figs. 5 and 6. 

Constant Wall Temperature, Langhaar Velocity Profiles 


Nyum = 4.36 + 


(2/D) 
Constant Heat Input, Parabolic Velocity Profile 


1 + 


= 4.36 


Comparisons EXPERIMENTAL Data 


Good laminar-flow test data for gases in circular tubes are not 
easy to obtain. Because of the uncertain effects of natural con- 
vection, consideration must be limited to rather small diameter 
tubes, i.e., 1/, in. or less. Most of the available data have been 
obtained with a constant wall temperature, since most often con- 
densing steam has been used as a heating medium. With constant 
wall temperature it is necessary to operate the test heat exchanger 
at very high effectiveness to obtain low magnitudes of NrNp,/- 
(z/D), and the results become very sensitive to small tempera- 
ture-measurement errors. There is, however, a small amount of 
approximately constant heat-input data obtained with electric 
heating. 
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Fie. 8 Comparison or Constant Heat-Input WITH 
Constant Heat-Input ANALYTICAL SOLUTIONS 


In (6) the author presented laminar-flow data obtained from 
tests with air flow in steam-heated small-diameter tubes. Part of 
these data were obtained by the author personally; the remainder 
by Green and King (7), and by Godfrey and Saunders (8). The 
experimental uncertainty for these data has been estimated at 
less than +5 per cent. Fig. 7 shows a plot of the results of these 
tests. Superimposed is the numerical solution of this paper for 
constant wall temperature with Langhaar velocity profiles, and 
the Graetz parabolic-velocity solution. The comparison be- 
tween the experiments and the numerical solution is excellent. 
It is quite evident that the Graetz solution underestimates the 
Nusselt number for laminar gas flow by a substantial amount. 

It should be added that approximately half of these data were 
obtained with tubes with a sharp-edged entry, while the other 
half had entries that had been expanded to a hex shape. No ap- 
parent effect of entry type is noticeable. Values of (x/D) for the 
tubes ranged from 42 to 80. It is quite probable that the be- 
havior of very short tubes would be much more sensitive to the 
character of the entry. 

Klein and Tribus (3) discuss some laminar air-flow data ob- 
tained by ‘Kroll of M.I.T. These data were obtained in an elec- 
trically heated system where the local Nusselt number could be 
determined at points along the tube. Of the three test runs dis- 
cussed, one, Run 54, showed very close to constant heat input per 
unit of tube length, and thus should form a basis of comparison 
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with the constant heat-input numerical solutions of this paper. 
The local Nusselt numbers from Run 54 are plotted in Fig. 8. 
Superimposed are the numerical solutions for constant heat-input 
local Nusselt numbers for both the Langhaar and parabolic 
velocity profiles, and also the local Nusselt numbers from the 
Graetz constant wall-temperature solution. 

Considering the fact that the experimental uncertainty for these 
data is probably rather large because of the very small-diameter 
tubes ('/i¢ in.), the correspondence between the test data and the 
numerical solution using the Langhaar velocity profiles is re- 
markably good. Certainly the use of any solution based on a 
parabolic velocity profile throughout would lead to substantial 
error. The cther test runs of Kroll, discussed by Klein and 
Tribus, showeu a considerable variation of heat flux with tube 
length, so that the constant heat-input solution would not be 
expected to apply. However, there seems little doubt that the 
numerical method described herein using the Langhaar velocity 
profiles could be used to predict performance for these other test 
runs as well. 

Mention should be made of the effects of temperature-de- 
pendent fluid properties on the Nusselt number. For the test 
results plotted in Fig. 7, all of the fluid properties have been eval- 
uated at bulk mean temperature. For Fig. 8, properties are 
evaluated at local bulk mean. An investigation by the author of 
the effects of temperature-dependent gas properties for fully 
established laminar flow with constant heat input per unit of tube 
length indicates that if all properties are evaluated at bulk mean 
temperature, the effect can be expressed by 


where 
m = 0.25 for gas heating 
= 0.08 for gas cooling 


These results are in substantial agreement with those of Diessler 
(9). 

For constant wall-temperature data in Fig. 7, this correction 
would amount to raising the test points by about 3 per cent 
and would, if anything, improve the correlation between experi- 
ment and analysis. The indicated correction to the data in Fig. 
8 is about 10 per cent; i.e., the data points would be raised about 
10 per cent. However, the analysis upon which Equation [19] 
was based was for a fully established velocity and temperature 
profile. An examination of the temperature-dependent property 
correction indicated by Crocco’s solution for the laminar bound- 
ary layer on a flat plate (10) shows only a very small correction, 
m = 0.08 for gas heating. The experimental data in Figs. 7 and 
8 would be expected to lie between these extremes. 


SUMMARY AND CoNCLUSIONS 


It has been shown that for fluids in laminar flow in the Prandtl 
number range of gases, the assumption of a fully established para- 
bolic-velocity distribution for heat-transfer calculations can result 
in a substantial underestimation of the Nusselt number if heat 
transfer starts at the tube entry. The velocity profiles of Lang- 
haar have been employed in numerical solutions of this problem 
for three boundary conditions, constant wall temperature, con- 
stant wall-to-fluid temperature difference, and constant heat in- 
put per unit of tube length. Local Nusselt numbers have been 
evaluated for all three cases, and mean Nusselt numbers with re- 
spect to tube length have been evaluated for the first two. In 
addition, a numerical solution for constant heat input with a fully 
established parabolic-velocity distribution has been obtained. 

Simplifying assumptions made in the numerical solutions where 
the Langhaar velocity profiles are employed are believed to intro- 
duce only small error. Experimental data for the two cases of 
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constant wall temperature and constant heat input are shown to 
be in good agreement with the numerical solutions, while differing 
substantially from solutions based on the parabolic-velocity-pro- 
file assumption. 
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Discussion 


Rosert Liekis.6 As a check on his numerical method, the 
author compares his result for the uniform wall-temperature 
parabolic-velocity case with the well-known Graetz solution, as 
given by Norris and Streid (author’s reference 5). This latter 
solution can be put into the form 


where Z is the dimensionless length parameter (= L/2 in the 
author’s notation) and the coefficients G, are functions of the 
eigenvalues \,, and the eigenfunctions occurring in the Graetz 
solution. The author states that, for low values of Z, high magni- 
tudes of NrNp-/(x/D), the series yields magnitudes of Nyu that 
are obviously high because of insufficient terms (only the first 
three terms were known to the author). This statement is in 
error; the effect of taking insufficient terms is to give too low a 
magnitude. This is apparent from Equation [20] of this discus- 
sion when it is realized that the successive terms of the two series 
are of decreasing magnitude, all are positive, and the denominator 
converges much more rapidly than the numerator. 


5 University of California, Los Angeles, Calif. 
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The writer recently has calculated the first five terms of the 
series accurate to 5 significant digits. These, together with ad- 
ditional terms available from asymptotic expressions given by 
Lauwerier,’ and Sellars, Tribus, and Klein,* permit extending the 
Graetz solution as close to the inlet as desired. Table 6, herewith, 
compares the more exact values, calculated by the writer, with 
the author’s results, taken from his Table 1. 


TABLE 6 VALUES CALCULATED BY WRITER COMPARED TO 
AUTHOR'S RESULTS 


NNu,z 


4(2/D)/(NRNPr) (Kays) (Lipkis) 
0.004 10.91 10.12 
0.010 7.77 7.471 
0.020 6.12 6.002 
0.040 4.96 4.9169 
0.100 4.02 4.0050 
0.200 3.72 3.7101 


The writer’s calculations appear to have sufficient internal 
checks to establish their correctness. Thus, near the tube inlet, 
the author’s numerical method yields results approximately 8 
per cent too high; farther downstream the agreement is excel- 
lent. 

The Leveque asymptotic approximation for uniform wall tem- 
perature can be put into the form 


or Nwuz = 1.357Z~'/#/(1 — 4.0702")... ....... [22] 


where the conductance is based on the fluid entrance temperature 
in Equation [21] and on the local mixed mean fluid temperature in 
Equation [22]. Even at Z = 0.001 (somewhat closer to the 
inlet than the closest point calculated by Kays) these solutions 
are still 7 and 11 per cent, respectively, above the exact solution, 
Equation [20], for which 13 terms suffice for convergence. 

To examine how closely the exact solution approaches the 
Leveque approximation, it is noted that the denominator of 
Equation [20] converges to within 1 or 2 per cent of 0.250 at a 
value of Z somewhat below 0.001. Then, in terms of the appro- 
priate asymptotic expressions 


where the first five terms are retained in exact form since they 
are known. Expanding 


bed 8\2 
Nwuz = 4C (1 *) Z 


n=0 


4 
+ E Ge- "2 (4 =) 


n=0 n=0 


For Z < 10~* the bracketed term can be shown to be equal to 
0.1. If the first summation is approximated by an integral, the 
equation can be shown to reduce to 


6 “Heat Transfer to an Incompressible Fluid in Laminar Motion,” 
by Robert Lipkis, Master’s Thesis, University of California, Los 
Angeles, Calif., August, 1954. 

7™Use of Confluent Hypergeometric Functions, Mathematical 
Physics and Solution of Eigenvalue Problem,” by H. A. Lauwerier, 
Applied Scientific Research, vol. A2, 1950, pp. 184-204. 

8 “Heat Transfer in a Round Tube or Flat Duct,’’ by J. Sellars, M. 
Tribus, and J. Klein, University of Michigan, Ann Arbor, Mich., 
1954. 
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Nuws = — [23] 


This is the Graetz solution extended to the region of the tube 
inlet (Z <4 X 107), eliminating the need for summing the series 
of Equation [20]. It may be compared with the corresponding 
Leveque approximation, Equation [22]. The two solutions agree 
within 3 per cent at Z = 10-5, and within 7 per cent at Z = 10~¢. 
Note that the region of applicability of this (and the Leveque) 
solution is very short; for example, for a fluid with Np, = 100 
flowing with Nre = 1000, the solution applies only for the first 
few tube diameters. 

The writer is indebted to Dr. Myron Tribus for suggesting and 
aiding in this extension of the Graetz solution to small values of Z. 


Joun Seviars,’? Joun Kier, anp Myron Trisus.” The 
author’s Fig. 9 of this discussion is taken from a paper recently 
submitted to the Society and shows the variation in Nusselt 
modulus with Graetz modulus for three different wall-boundary 
conditions. This figure was prepared from equations which uti- 
lize all of the Graetz problem eigenvalues and coefficients, These 
eigenvalues and coefficients were determined by Dr. John Sellars 
at the University of Michigan and form a part of the paper re- 
ferred to in the first sentence of these comments. The paper 
would have been submitted much earlier but delays were en- 
countered in getting permission from the U. 8. Air Force to pub- 
lish the report." 

The Norris and Streid extrapolation to join up the Leveque 
solution with the Graetz solution is not correct. The infinite- 
series solution does not join smoothly to the Leveque approxima- 
tion even when 22 terms are used (x* > 10>). 

The equations used to prepare Fig. 9 are as follows 


2 
s* = = (NreNpr) = 


=0 
T (z*)— = f [25] 
&=0 
h(E, x*) = — > [26] 
2k m=1,2,... 
8 
A, = 4n + 3? n = integer,n > 3......... [28] 
Cc. 
R,'(1) = n > 3 
m Ym Bn 
1 25.639 4.405 .. [29] 
2 84.624 5.7308 
3 176.40 6.0084) 


If the wall-temperature variation is known, Equation [24] of this 
discussion is to be used with Equation [26] and the constants of 
Equation [28] to determine the wall heat flux. For values of 'n 


® University of California, Los Angeles, Calif. 

” Associate Professor, University of California, Los Angeles, Calif. 
Mem. ASME. 

11 ‘Heat Transfer to Laminar Flow in a Round Tube or Flat Con- 
duit, the Graetz Problem Extended,”’ by J. R. Sellars, M. Tribus, and 
J. Klein, University of Michigan, Engineering Research Institute, 
WADC Contract No. AF 18 600-51. 
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Laminar Flow of a Constant Property Fluid inaRound Tube 
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= 0, 1, and 2 the coefficients reported by Jakob (author's ref- 
erence 4) should be used, though even for n = 1 the approxima- 
tion formulas given are sufficiently accurate for most purposes. 
If the wall heat flux is given then Equation [25] with Equation 
[27] and the data of [29] are to be used.!* 

The Leveque approximation can be extended to cover 
the cases of variable wall temperature or heat flux. For the 
three cases at hand 


Isothermal 
Constant (q/A) 


zt . [30] 
z+ 10~.. [31) 


Nu = 1.35652+~-'/* 
Nu = 1.63932+~'/ 


Nu = 2.03482+~'/' _ Linearly varying wall temperature 


z+ 10-. . [32] 


In the paper mentioned at the beginning of these comments 
details are given for the preparation of the asymptotic solution 
for any wall-temperature variation or heat-flux distribution. 

The author’s correlation of Run 54 (see his Fig. 8) clears up 
some interesting points in regard to Kroll’s thesis. As was 
pointed out in reference (3)'* of his paper, even when corrections 
for the nonisothermal wall were applied to Kroll’s data, agree- 
ment with the Graetz solution could not be obtained. It was not 
noticed then for this run that the Reynolds modulus was 2850 
and therefore the “entry length’’ should be quite large. The 
agreement with the author’s calculations is most gratifying. We 
note that at low values of the Reynolds modulus the agreement 
between the solution with parabolic velocity distribution is much 
better, thus fortifying the author’s conclusions concerning the 
use of the Langhaar velocity distributions. 

If the wall shear stresses had been inserted in the integrating 
kernels proposed by Lighthill it would probably have been possi- 
ble to avoid the numerical integration of the energy equation. 

12 The author’s reference (3) is no longer in print. The same in- 


formation appears in the book ‘‘Heat Transfer—A Symposium,” 
University of Michigan Press, Ann Arbor, Mich., 1953, p. 211. 


These kernels and their uses have been discussed elsewhere.!* 


AutHor’s CLOsURE 

Mr. Lipkis’ discussion concerning the effect of insufficient 
terms in the Graetz solution indicates that there is apparently 
an error in the original paper by Norris and Streid (5),? since 
the authors’ statement in this regard was based simply upon a 
replot of their curves. 

It is gratifying to learn that the Graetz solution has now been 
extended to include all the eigenvalues and coefficients. To- 
gether with the method proposed by Sellars, Klein, and Tribus 
for applying the Graetz solution to any kind of wall-temperature 
variation, it now appears that the Graetz problem has been 
pretty well cleaned up. It should be remembered, however, 
that the Graetz solution is based on an assumption of parabolic 
velocity distribution throughout, whereas the major concern of 
the present paper is for those cases where such an assumption is 
not valid. 

In regard to Mr. Lipkis’ comparison, Table 6, of the exact 
solution and the author’s numerical solution for constant wall 
temperature and parabolic velocity, it is worth noting that the 
numerical method error of 8 per cent at 4(z/D)/(NrNpr) = 0.004 
occurs after only four steps in the numerical integration. Con- 
sidering the relatively coarse grid used, this is not bad, and the 
solution converges very rapidly thereafter. After 20 steps the 
error is less than 2 per cent, and it was for this latter region that 
the numerical grid was set up. Thus Table 6 provides an even 
better verification of the numerical method than does Fig. 3. 

It appears that there must be an error in the abscissa of Fig. 
9 presented by Sellars, Klein, and Tribus. In order for curve 3 
to check with Table 6, the abscissa would have to be z* rather 
than z*/2. 

The author would like to thank the various discussers for 
their substantial contribution to the paper. 

18 An article published in the Journal of the Aeronautical Sciences, 
Readers’ Forum, January, 1955. 
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An Interferometric Study of Free- 
Convection Heat Transfer From 
Enclosed Isothermal Surfaces 


By C. D. JONES' anv D. J. MASSON? 


Variations of point and average heat-transfer coefficients 
with spacing are presented for (a) horizontal isothermal 
cylinders near plane partial enclosures and (6) vertical 
isothermal prisms of small height in a duct.* 


NOMENCLATURE 
The following nomenclature is used in the paper: 


Gr = Grashof number 
h = heat-transfer coefficient, Btu per hr-sq ft-deg F 
h' = heat-transfer coefficient, pure conduction 
h” = heat-transfer coefficient, pure convection 
k = thermal conductivity, Btu per hr-ft-deg F 
Nu = Nusselt number 
Pr = Prandtl number 
t = temperature, deg F 
Applying te Cylinders Only 

a = peripheral position on cylinder reading clockwise with 

zero at top of vertical axis, deg 

a’ = peripheral position on cylinder, radians 

D = diameter, ft 

x = perpendicular distance from vertical wall to vertical cen- 

ter line of cylinder, ft 

zx’ = minimum horizontal distance from cylinder to wall, in. 

= z/D 
= perpendicular distance from horizontal wall to hori- 
zontal center line of cylinder, ft 
= minimum vertical distance from cylinder to wall, in. 
Y = y/D 
a = (subscript) refers to point value on cylinder 
Applying to Prisms Only 
d = distance between top of prism and top of duct, ft 
L = total height of prism, ft 
n = exponent 
= distance between side of prism and side of duct, ft 
= co-ordinate normal to heated vertical surface, ft 
= co-ordinate parallel to heated vertical surface, ft 
= temperature difference (¢, — t,), deg F 
dt/dx = temperature gradient, deg F per ft 

IR ch A iate Supervisor, Mechanical Engineering Depart- 
mente, The Ohio State University, Columbus, Ohio. Assoc. Mem. 
ASME. 

? Engineer, Frame and Auxiliaries Engineering, Guided Missiles 
Department, General Electric Company, Schenectady, N.Y. Mem. 
ASME. 

3 The results of prisms in ducts were obtained in the course of re- 
search sponsored by the United States Air Force, Wright Air Develop- 
ment Center, under Contract No. W33-038ac-14987, while the author? 
was Instructor in Mechanical Engineering at The Ohio State 
University. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of Tae Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 27,1954. Paper No. 54—A-147. 


m = (subscript) mean value 

s = (subscript) refers to cooled surface of duct 
w = (subscript) refers to heated surface of prism 
y = (subscript) refers to point value 


INTRODUCTION 


When any heat-dissipating surface is placed in close proximity 
to an enclosing structure at a lower temperature, some effect upon 
the local and average free convection may be expected. It was 
the purpose of these investigations to provide such data, and to 
correlate them with those of unconfined surfaces, for horizontal 
cylinders and the vertical surfaces of prisms of small height. 

The effects of plane enclosures on the average free-convection 
coefficients of cylinders (1)* and on local surface temperatures of 
cylindrical fixed-composition resistors (2) have been reported 
for a limited number of configurations and temperatures. Some 
results for free-convection coefficients in enclosed-plane gas layers 
greater than '/: in. in thickness also have been reported (3). 


Heat-TRANSFER MECHANISM 


When the heated bodies are unconfined, the conventional 
parameters of Nusselt, Grashof, and Prandtl should define the 
heat-transfer process where the characteristic dimensions are the 
diameter of the cylinder and the height of the vertical surface. 
However, when the body is in close proximity to an enclosure at 
a lower temperature, the size of the intermediate space also be- 
comes significant because reduction of this dimension below that 
of the velocity boundary-layer thickness around the heated body 
may be expected to restrict the free-convective fluid flow. Since 
the free-convection heat-transfer process involves both conduc- 
tion, through the fluid layers adjacent to the heated surface, and 
convection, it is, therefore, convenient to separate these two basic 
phenomena since gaseous conduction is predominant at small spac- 
ings and convection is most significant at large spacings. When 
the heated and cooled surfaces are parallel, this separation of 
processes can be made easily. However, in the case of a cylin- 
drical surface adjacent to a plane wall, the problem becomes quite 
complex since the conduction path is nonlinear and varies in 
length from point to point. For this latter case, a dimensionless 
parameter equal to the perpendicular distance between the wall 
and the center line of the cylinder parallel to the wall per unit 
evlinder diameter has been suggested (1). 


Test MopELs AND APPARATUS 


The outer surfaces of the 10-in-long test models were made of 
1/,-in-thick copper attached to transite cores which contained 
closely spaced heating elements. Several independent circuits 
provided separate control of the heat dissipation of various por- 
tions of the surfaces to insure a closely isothermal condition. 
The distances between the models and the surrounding surfaces 
could be varied by screw adjustments. 

The cylindrical model was 2 in. in diam and was mounted 
adjacent to the water-cooled walls as shown in Fig. 1. The 


4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Test APPARATUS IN LicHT PaTH oF 
INTERFEROMETER 


Fic. 1 


Fic. 2. Prism-Stupy Test APPARATUS 
prismatic models, */,in. thick, were mounted on an insulated base 
plate within a water-cooled duct as shown in Fig. 2. Most data 
were obtained with a 4-in-high model. A 2-in-high model also 
was studied to confirm the established correlations. 

All temperature-gradient data were obtained with a Zehnder- 
Mach interferometer (4) which had an elliptical field of view with 
dimensions 7.44 X 4.50 in. 


Errects 


The heat-transfer coefficients were evaluated from the inter- 
ferograms by the usual transformation equations (5, 6); these 
equations assume that the temperature of the air within the length 
of the model along any line parallel to the light beam of the 
interferometer is constant. Typical temperature fields adjacent 
to and beyond the ends of the test models were measured by very 
fine thermocouple probes and the resulting temperature gradients 
compared with those indicated by the interferograms. In the 
case of the cylinder studies the error was approximately 2 to 5 per 
cent which fell within the over-all reproducibility of a given set 
of test conditions and was thus neglected. For the prism studies 
it is desirable to change as abruptly as possible the air tem- 
perature in the end planes of the duct, toa uniform temperature 
within the duct length along any line parallel to the duct axis. 
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In order to create the change it was found desirable to round the 
ends of the confining top surfaces and to introduce a series of 
horizontal heating wires of 0.004 in. diam (spaced at */s-in. in- 
tervals) in each vertical end plane of the duct. This decreased 
the heat loss from the end of the model and the inflow and out- 
flow of air at the ends of the duct. 


Score AND PRocEDURE 


The variables investigated and the range of each are shown 
in Fig. 3 and Table 1 for cylinders; Fig. 4 and Table 2 for prisms. 


Fic. 3) Diacram or CYLINDER CONFIGURATION 
In each case the model surface 
was maintained at one uniform 
temperature and the walls at a 
lower uniform temperature. All 
interference photographs of the 
cylindrical model were made 
with the interferometer mirrors 
adjusted to produce no fringes 
when the temperature field was 
uniform. Using this method, 
the fringes appearing around 
the heated model may be inter- 
preted as isotherms as shown in 
Figs. 5 (a, b, and c). With the 
prism studies, it was most con- 
venient to adjust the mirrors to 
produce horizontal fringes when 
no temperature gradient existed 
as shown in Fig. 6(a). A typical 
fringe pattern produced by a 
heated model is shown in Fig. 
6 (b). 
Heat-transfer coefficients re- 
ported are defined in terms of 
the temperature difference be- 
i tween the heated and cooled 
surfaces. The water-cooled walls 
were at all times maintained at 
the ambient-air temperature. 


Fie. 4 DrtaGramM or Prism 
CONFIGURATION 


TABLE 1 RANGE OF CYLINDER TEST DATA 


Confined Cylinder. Sixteen combinations of z’ and y’ at each @ for both 
wall-floor and wall-ceiling enclosures for total of 128 runs. 
Number of Range of 
settings settings 
1/1 to in. 
to 3/4 in. 
40 to 200 F 


26 to 368 F 


So 
— 

Free cylinder 
4 | 
“ 
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(c) Cylinder in vicinity of wall-ceiling corner 


Fic. 5 InTeERFEROGRAMS OF CYLINDER CONFIGURATION 


TABLE 2 RANGE OF PRISM TEST DATA 


Model height, Number of 
in. Variable settings Range of settings 


14 0.135 to 1.015 in. 

q 0.125 to 1. 866 in. 

4 50 to 112 F 

14 0.125 to 0.875 in. 

4 0.125 to 1.8 in. : 

2 100 F (70 and 108 F for one dis- 
tance d each) 


(b) Cylinder in vicinity of wall-floor corner 


EXPERIMENTAL ResuLts—PRISMS 


Typical temperature gradients at the surface of the heated 
prism, which are directly proportional to the local heat-transfer 
coefficients, are shown in Fig. 7 for various wall-to-wall spacings. 
The experimentally determined local heat-transfer coefficients 
may conveniently be described as the sum of a pure conduction 
and pure convection coefficient as shown in 


where h,’ = (k,,/w). This is shown graphically in Fig. 8 where 
the calculated conductive temperature gracient curve is tangent 
to the experimentally determined curve at low values of w, and 
the convective gradient is the difference between the two. 

Point Coefficients. Fig. 9 shows the local Nusselt number, 
based on h,”, as a function of the Grashof number and spacing. 
The linear curves for the large top distances may be empirically 
correlated by Equation [2] in which the n is described by Equa- 
tion [3] 

Nu,” = 0.37 tanh 36w (Gr,)” 


n = 0.25 — 0.0008w-'-*8 
The expression for the total heat-transfer coefficient is as follows 
h, = (k,,/w) + (k,,/y)0.37 tanh 36w (Gr,)* 


The experimentally determined values of h, are predicted with 
good accuracy by Equation [4] except for values of y less than 
0.1 in. The deviations from a straight line for small top dis- 
tances, as shown in Fig. 9, are not taken into account in Equa- 
tion [4] aud therefore a correction factor must be applied. This 
factor (7) was found to be dependent on the values d, w, y, and 
total model height, Z. It should be noted that, since the Prandtl 
number variation was only about 1 per cent, it is included in the 
constants of the foregoing equations. 

Average Coefficients. Integration of Equation [4] over the 
height of the model gives an expression for the average heat- 
transfer coefficient 
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Temperature Gradient,-dt/dx x 10°F per foot 


Distance between Surfaces, W, inch 


Fic. 7 Variation oF Ain TEMPERATURE GRADIENT AT Prism Sur- 
FACE Wits Distance Between Mopet ror Pornts 
oF DirreRENT ELEVATION 


Experimental Curve, -dtjdx 
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Temperature Gradient 
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Fie. 8 AwNatysis oF TEMPERATURE-GRADIENT VARIATION FOR 
ConDUCTIVE AND Convective Errects 


——d = 1.8 inch 
0.4 inch 


(b) Field with heated model 


Fig. 6 InTeERFEROGRAMS OF Prism CONFIGURATION 


h = (k,,/w) + (k,/3nL) (0.37 tanh 36w) (Gr,)".... [5] 


It is recommended that this equation be used for values of w 
greater than 0.025 ft since it fits the experimentally determined 
values of h. For smaller values, it will be observed that Equa- 
tion [5] yields heat-transfer coefficients that are not rational. 
For values of w smaller than 0.025 ft, Equation [5] should read 
h = (k,,/w) which fits the experimentally determined values to 
within less than 6 per cent. 

Free Vertical Plate. For large values of w, Equation [4], when pyg, 9 Por or Pomt Convective Nussevt Numsers Versvs 
rearranged, approaches Point GrasHor NuMBERS FOR PrIsMs 
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Nu, = 


which is in good agreement with both theoretically derived (8) 
and experimentally measured (9) values; namely, constants of 
0.378 and 0.36, respectively. 

The average heat-transfer Equation [5] reduces to 


for large values of w. The constant in Equation [7] may be 
compared with typical experimentally determined values of 0.48 
(9) and 0.503 (10) and a theoretically determined value of 0.501 
(10). 


EXPERIMENTAL REsuLTS—CYLINDER 


Point Coefficients. Peripheral variation of the local Nusselt 
number on a cylinder in the neighborhood of the enclosures studied 
is shown in Figs. 10 and 11 for various spacings. The notable 
trends in these figures are the maximum values which occur at 
the peripheral locations closest to the enclosure, attributable 
to the predominance of gaseous conduction, and the minimum 
values which always occur approximately 45 peripheral degrees 
“upstream” from a narrow spacing (e.g., at a = 225 deg in 
Fig. 10, and a = 135 and 320 deg in Fig. 11.) It should 
be noted that the curves in Fig. 10 for the largest values of Y and 
X are applicable to cylinders near a wall only and floor only, re- 
spectively, since at these distances the effect of the adjoining wall 
is negligible. 

The curves of Figs. 10 and 11 are drawn through the average 
of the available test data for which the maximum deviation from 
the curves is approximately (Nu,/Gr®-*) = 0.05. As noted in 


Fig. 10 CorreLaTiIon or Point Heat-TRANSFER COEFFICIENTS ON 
A CYLINDER NEAR A WALL-FLOOR CoRNER 


DEGREES 


Fig. 11 Corre.atTion or Pornt Heat-TrRANSFER COEFFICIENTS 
on A CYLINDER Near a Corner 


Fic.12  Errect or a FLoor-Type ENCLOSURE ON AVERAGE NUSSELT 
NuMBER OF A CYLINDER 


0.50 
one 
°7.7 
0.45 
040 \ 4 
0.35 


Fic.13 Errect or a ENCLOSURE ON AVERAGE NUSSELT 
NuMBER OF A CYLIDNER 


60 


Fic. 14 Errect or a WALL-FLoor CorNnER ON AVERAGE NUSSELT 
NuMBER OF A CYLINDER 


the next section, the heat-transfer coefficients generally tend to 
increase with temperature difference, however, at points where 
gaseous conduction is predominant, the reverse is true. 

Average Coefficients. The effects of the various enclosures in- 
vestigated on the average heat-transfer coefficients are shown 
in Figs. 12 through 15. The general trends shown are a decrease 
in the heat-transfer parameter with decreased spacing, indicative 
of decreased fluid velocities between the cylinder and enclosure, 
followed by an increased heat-transfer coefficient which may be 
attributed to gaseous conduction. The remarkable effect of an 
increase in the parameter (Nu/Gr®-®) with increasing Grashof 
number for a given spacing probably may be attributed to the 
fact that the larger Grashof numbers, with which are associated 
larger buoyant forces, promote greater local air velocities through 
a given-size cylinder-to-enclosure space. The relative signifi- 
cance of the foregoing trends is shown to depend upon the number 
of walls in the enclosure and the relative location of the enclosure 
with respect to the cylinder. 
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Fie.15 Errect or 4 CoRNER ON AVERAGE NUSSELT 
NUMBER OF A CYLINDER 


Free Cylinder. For an unconfined cylinder it has been shown 
tueoretically (11) that the parameter (Nu,/Gr®*) depends 
only on the circumferential position a for a large range of Grashof 
numbers. Fig. 16 compares the results of this investigation 
(solid curve) with theoretical (11) (short-dash curve) and experi- 
mental (5) (long-dash curve) values. The cross symbols show 
the maximum deviation of the correlated data from the average 
shown by the circular symbols. The latter data may be em- 
pirically expressed by 


(Nu,/Gr®%) = 0.463 tanh (a ’+ 0.22)........ . [8] 


It has been suggested (5) that the deviation of the experimental 
from the theoretical heat-transfer distribution, as shown in Fig. 
16, is probably due to the fact that the thickness of the boundary 
layer is assumed small compared with the cylinder diameter in 
the theory, thus higher Grashof numbers, which are associated 
with thinner boundary layers, should give better agreement with 
the theory. The relative locations of the curves in Fig. 16 show 
this trend. 
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Fie. 16 Pornr Heat-TRANSFER CORRELATION OF FREE-CYLINDER 
Data 


Integration of Equation [8] for the average heat-transfer 
parameters yields 


if the Prandtl number is assumed constant at 0.70, or 
Nu = [10] 


The constants in Equations [9] and [10] may be compared with 
0.401 (5) and 0.45 (12), respectively, where similar physical 
property data (13) were used. 

A constant of 0.37 in Equation [9] has been determined from 
theoretical considerations (11). 
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CoNCLUSIONS 


In addition to the previously mentioned trends, the following 
pertinent conclusions are drawn from the results of this investi- 
gation. 

Vertical Prisms 

1 The free-convection heat-transfer equations for unconfined 
vertical surfaces are not applicable when a parallel surface is 
within a distance of approximately 1 in. 

2 The occurrence of a minimum heat-transfer coefficient is 
dependent upon the values of y and 0. 

3 For conditions which produce a pronounced minimum heat- 
transfer coefficient, the spacing w would be in the range of '/, to 
1/5 in. 

4 For any particular prism height L, there is a limiting value 
of the Grashof number below which the value of w for minimum 
heat transfer is infinite. 

5 The effect of reducing the distance between the top of the 
prism and the top of the duct d is to decrease the local heat- 
transfer coefficients in the upper portion of the vertical surface 
while those near the bottom remain unaffected. 

6 The height of the prism L has no effect on the local heat- 
transfer coefficients for top distances d exceeding */, in. For 
smaller top distances, the prism height affects only the heat 
transfer from the upper portion of the model. 


Horizontal Cylinders 

1 The free-convection heat-transfer equations for uncon- 
fined horizontal cylinders are not applicable when a plane partial 
enclosure is within a distance of approximately 0.75 diam, a 
minimum surface-to-surface spacing of '/: in. 

2 The occurrence of a minimum heat-transfer coefficient is 
dependent upon the Grashof number (or temperature rise) and 
the orientation of the enclosure relative to the cylinder. 

3 Spacings for which a pronounced minimum heat transfer 
occur are in the range of approximately 0.56 to 0.68 diam; a 
minimum surface-to-surface spacing to in. 

Comparison of the cylinder data here reported with those ob- 
tained by earlier investigators (1) using some quite similar en- 
closures shows remarkably opposite trends; that is, the earlier 
studies show average heat-transfer coefficients which continu- 
ously decrease with decreased cylinder-to-wall spacing for all 
enclosures studied. This implies that the effect of gaseous con- 
duction on the average coefficient is negligible. However, in the 
present study, local heat-transfer coefficients approximately 
equal to the numerical value of 12 k,,/x’, indicative of nearly 
pure gaseous conduction, were calculated from interference photo- 
graphs of small spacings. 

The foregoing inconsistencies may possibly arise from experi- 
mental differences. For example, in the present study, a closely 
isothermal surface condition was maintained by means of sepa- 
rately controlled beaters in each of the four surface quadrants 
rather than relying on peripheral conduction in the model. It 
‘is also possible that in the earlier investigation (1) local decreases 
in surface temperature did occur but were undetected, in which 
case, the cylinder surface temperature used to calculate the heat- 
transfer coefficients would be greater than the true average sur- 
face temperature. 

It may be noted that recent studies (2) of the effects of the 
proximity of plane enclosures on the surface temperatures of 
cylindrical fixed-composition resistors showed trepds similar to 
those presented here. 
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Free-convection heat-transfer correlation for a rotating 
horizontal cylinder in air was evaluated experimentally 
for a range of Reynolds numbers from 0 to 65,400. The 
stability of flow around the rotating cylinder and the tran- 
sition from laminar Couette flow to fully developed second- 
ary flow were investigated with the aid of a Zehnder- 
Mach interferometer. The heat-transfer data obtained 
agree well with the experimental results of Anderson and 
Saunders (1). The experimental results for the models 
in the stationary state exhibited substantial correlation 
with published data. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= specific heat of air at constant pressure, Btu/lb deg F 
= outside diameter of the test cylinder, ft 
= acceleration of gravity, ft/hr? 
Gr = Grashof number = BgAtD*p?/p? 
h = heat-transfer coefficient at the surface of the rotating 
cylinder, Btu/hr sq ft deg F 
= thermal conductivity of air, Btu/hr ft deg F 
Nu = Nusselt number = AD/k 


aS 
a Ow" 


Prandtl number = C,u/k 

Reynolds number = VDp/u 

¢t = temperature, deg F 

= arithmetic mean temperature of test cylinder and ambient 
air, deg F 

t, = temperature of test-cylinder surface, deg F 

= temperature of ambient air, deg F 

= peripheral velocity of test cylinder, fph 


ot 
= viscosity of air, lb/hr ft 
= weight density of air, pcf 
At = temperature difference between surface of the test 
cylinder and the ambient air, deg F 


t, 
V 
8 = coefficient of volumetric expansion, ~< ( ) p 
p 


INTRODUCTION 


Free-convection heat transfer from horizontal cylinders has 
been the subject of many investigations, both from a theoretical 
and from an experimental point of view. McAdams (9) and 
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Free-Convection Heat Transfer From a 
Rotating Horizontal Cylinder to Ambient 
Air With Interferometric Study of Flow 


By G. A. ETEMAD,? BUFFALO, N. Y. 


Jakob (7) have presented the results of numerous theoretical and 
experimental investigations which yield a host of data on free- 
convection heat transfer from wires and horizontal cylinders of 
different sizes and in various fluids. 

On the other hand, relatively little attention has been given to 
the prediction of heat transfer from rotating models. Millsaps 
and Pohlhausen (10) investigated the problem of heat transfer 
from a rotating plate in an ambient fluid with laminar flow. 
Taylor (12) investigated the velocity and temperature distribu- 
tion between concentric rotating cylinders at different tempera- 
tures. The problem of flow between two rotating cylinders also 
has been considered by several other investigators (3, 13, 14). 
Their efforts have been concerned mostly with measurement of 
drag and with the study of stability of viscous flow between ro- 
tating cylinders. 

When the present investigation was initiated there was no 
published information concerning free-convection heat transfer 
from a rotating cylinder. Anderson and Saunders (1) recently 
investigated heat transfer by convection from an isolated heated 
horizontal cylinder rotating about its axis in air. In this paper 
the results of their study will be compared with those of the 
author. 

The primary purpose of this investigation was to obtain experi- 
mental data on free-convection heat transfer from a rotating 
horizontal cylinder in air. A second purpose was to study the 
flow and the stability of the Couette motion around the rotating 
cylinder and, specifically, to visualize the changes that occur in 
the type of flow around the rotating cylinder. Extensive prelimi- 
nary experimentation was conducted to determine a satisfactory 
means of measuring the surface temperature of the cylinder rotat- 
ing at high speeds. A method of measuring the surface tempera- 
ture of the rotating cylinder by means of calibrated and carefully 
aged thermistor beads was developed, and with this method— 
plus other improvements—the experimental measurements were 
extended up to a rotational speed of 5250 rpm. 


EXPERIMENTAL EQUIPMENT 


The test program involved the use of a 2°/;-in-OD copper model 
and a 2'/:-in-OD bakelite model. The copper model was used 
primarily as a preliminary test cylinder; secondarily, as a means 
of obtaining a higher cylinder-surface temperature than could be 
obtained with the bakelite model. The bakelite model was used 
to extend the tests into higher rotational speeds and also to permit 
interferometric study of flow around the cylinder. 

The details of the construction of the copper model are shown 
in Fig. 1. The heater consisted of No. 22 nichrome wire wound 
around a threaded transite tube and inserted in the copper cylin- 
der. The surface temperature of the cylinder was measured by 
means of thermocouples. The thermocouple wires and the elec- 
trical power leads were led through the hollow shaft to a brush 
and slip-ring arrangement. 

The bakelite model comprised a central rotating cylinder and 
two stationary end cylinders which housed the ball bearings and 
brush mountings. The central rotating cylinder, 14'/, in. long, 
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Description 


seamless copper tube 


Transite tube for heater 


2 

3 Bakelite end-cylinder 
4 Hard-rubber washer 
5 
6 


Support nut, 3/4" bore, N.F. 
Hollow shaft, |/2" double 13 


extra strong stee! pipe 


| Test cylinder, 2" extra heavy 


© 


Description 
Ball bearing, 302-KDD y 
Lock nut & washer, N-02 & W-02 \Y 


BS | 


GF 


Supporting aluminum plate 
Supporting pl y-board box 

I Aluminum disk for bearing support 
Brush assembly 

Slip-ring system 


Fig. 1 Detatts or Construction or Copper 


consisted of a 13'/:-in-long bakelite tube and two end pieces 
which supported the central tube and held the end shafts. The 
heating element consisted of six turns of 0.002 X 1.0-in. nichrome 
ribbon wound helically around the middle 7'/s in. of the bakelite 
tube. The ends of the nichrome ribbon were brought inside 
through thin slots in the tube wall and held tight by means of 
two coil springs. The surface temperature of the test cylinder 
was measured by means of two preaged and calibrated glass- 
coated thermistor beads. The thermistor beads, 0.045 in. diam 
with opposite platinum leads, were installed 90 deg apart in 
angular position under the surface of the mid-section of the 
nichrome ribbon in the following manner. 

Two holes '/¢ in. diam were drilled */, in. apart at each thermis- 
tor location. These holes were joined by an axial slot cut in the 
surface of the bakelite tube to a depth of 0.005 in. The middle of 
this slet was enlarged to the size of the thermistor beads. Ther- 
mistors were laid in the enlarged part of the slot, and their end 
wires were led through the holes to the inside of the cylinder. In 
order to calibrate the thermistors under operating conditions, two 
iron-constantan thermocouples were placed each next to a ther- 
mistor underneath the ribbon and the end wires were led through 
a new set of holes to the inside of the cylinder. 

In order to estimate the conduction losses to the interior and 
axially along the test cylinder, two more thermocouples were 
fitted to the inside wall of the bakelite tube, each one being 
located directly behind a corresponding thermocouple on the 
surface. The conduction losses were reduced greatly by filling 
the interior of the rotating bakelite tube with glass wool. Details 
of the construction are shown in Fig. 2. 

The driving mechanism was a variable-speed a-c motor with 
variable pulleys arranged so that any speed was obtainable from 
15 to 10,000 rpm. 


Test PROCEDURE 


For each run throughout the experiment, the surface tempera- 
ture of the test cylinder, the temperature of the ambient air, the 
rotational speed, and the rate of heat input to the test cylinder 
were measured. Experimentation covered the following ranges: 


Grashof numbers from 1.5 10° to 1.7 10° 
Reynolds numbers from 0 to 65,400 
Nusselt numbers from 7.8 to 179 


The total number of runs made was 196. They were per- 
formed at various levels of approximately constant surface tem- 
perature of the test cylinder. For each series of runs, the rota- 
tional speed was varied in such a way that the correlation of Nu 
with Gr X Pr at constant Re was possible. 


Surrace-TEMPERATURE MEASUREMENT 


The surface temperature of the copper model was measured by 
means of thermocouples, and slip rings were used to transmit the 
thermocouple emf. This method of transferring thermocouple 
voltages gave satisfactory results at rotational speeds up to 600 
rpm. At higher rotational speeds the frictional heating of the 
brush and ring, caused by rotation, generated considerable ex- 
traneous emf in the thermocouple circuit. This extraneous emf 
was due to the difference between the temperature at the con- 
tact point of the leading wire and the ring and the temperature at 
the contact point of the brush and the wire going to the potenti- 
ometer. The magnitude of this error was measured by insulating 
the test cylinder and bringing it to a steady-state temperature 
without any heating. The maximum error involved in the ther- 
mocouple readings at rotational speeds up to 600 rpm was 0.01 
millivolt; it was 0.03 millivolt at 750 rpm and increased very 
rapidly beyond 750 rpm. This method of temperature measure- 
ment would entail considerable error in the determination of 
heat-transfer coefficients at higher rotational speeds. For this 
reason, the experimentation with the copper model was not con- 
tinued beyond 700 rpm. 

The surface temperature of the bakelite model was measured by 
means of thermistors. Briefly, a thermistor, or thermally sensi- 
tive resistor, is a type of circuit element made of a semiconductor 
whose electrical resistance decreases rapidly as temperature rises. 
Because of the high resistance of the thermistors, the contact 
resistance of the brush-and-slip-ring system and the lead re- 
sistances are not bothersome. The important problems in the 
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| _22413/32" 


No. Description No. 
| Nichrome ribbon, 0.002 x |.0" 9 
Canvas base bakelite tube 10 
Hollow steel shaft 12 
5 Shaft lock nut 13 
6 Stationary end bakelite cylinder 14 
7 Slip-ring assembly 15 
8 Carbon-copper brushes 


_ 7-178" 3-3/6" _ 7-3/8" 
7 
8-3/4" 


Description 

Supportihg steel rods, 3/16" diam. ‘ith 
Supporting pl y-board box 
Supporting steel angles 
Center bearing, 20I-KDD 
Bearings’ lock nut and washer 

End bearing, 200-SFF 

Alluminum pulley for 3/16" 

linen belt 


Fic.2 or Construction oF BAKELITE 


2x10” 
| 
| 
| 
After aged at 250 °F 
~ for 200 hours 
= After heating up to 
230 °F for about 500 
hours of experimental 
Aging characteristics of 
thermistor No. 2 
RA, | 
Before any aging ~ 
° 
8 After p et at 300°? After aged at 250°F 
tes for 200 hrs & at the 
or 85 hours end of experinen- 


Aging characteristics 
of thermistor Mo, 1 
~ — 


| 

2x0? | | | 

60 100 140 180 220 260 
Temperature , °F 


Fic. Acine CHARACTERISTICS OF THERMISTORS 


application of thermistors to temperature measurement are the 
aging characteristics and the calibration of the thermistors. 
The thermistors used were preaged at 300 F for 85 hr, and after 
they were placed in the test cylinder they were aged at 250 F for 
200 hr. Fig. 3 shows aging data for both thermistors. The 
curves demonstrate that remarkably good stabilities were ob- 
tained. The change in resistance during 500 hr of the experi- 
mental period was only about 0.8 per cent of the resistance after 
aging. This change in resistance corresponds to a temperature 


change of about 1 deg F. However, the effect of this change was 
eliminated by calibrating the thermistors by means of the thermo- 
couples in the test cylinder before each series of runs, 

The thermistor resistances were measured by a Wheatstone 
bridge. The bridge current was supplied by a 1.25-volt air cell. 
The current through the thermistors was kept below 5 microamp; 
therefore the power dissipated in the thermistor produced no 
appreciable heating, and the thermistor resistance was solely de- 
pendent upon its ambient temperature. 


Discussion OF RESULTS 


The experimental results are presented graphically in Figs. 4 to 
7. In Fig. 4 the values of heat-transfer coefficient calculated 
from the experimental data are plotted against the rotational 
speed of the cylinder for the different values of the temperature 
difference between the surface of the test cylinder and the am- 
bient air. The heat-transfer coefficient decreases slightly with 
speed until it reaches a minimum at a critical rotational speed 
somewhere between 70 and 100 rpm, depending on the surface 
temperature of the cylinder, then increases rapidly at higher rota- 
tional speeds. The effect of the cylinder-surface temperature on 
the relation of the heat-transfer coefficient to rotational speed is 
significant at rotational speeds below the critical value but it be- 
comes negligible at higher rotational speeds. The variation of the 
heat-transfer coefficient with rotational speed, for the range of the 
cylinder-surface temperatures covered in this experiment, be- 
comes independent of the cylinder-surface temperature at speeds 
greater than 750 rpm. The experimental results in this range can 
be represented by the equation 


h = 0.0336 (rpm) 


In Figs. 5 to 7 the experimental results are presented in terms 
of Nusselt, Grashof, Prandtl, and Reynolds parameters. The 
calculation of Reynolds numbers was based on the outside diame- 
ter and the peripheral velocity of the rotating cylinder. The 
physical properties of air were evaluated at the average of 
the surface and surrounding air temperatures. Fig. 5 shows the 
correlation of Nu as a function of Gr X Pr for the different values 
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Fie. 5 Nu Versus Gr X Pr ror Various MaGnitrupes or Re 


of Re. The dashed line in this figure represents data obtained 
from testing the models in a stationary state and can be repre- 
sented by the equation 


Nu = 0.456 (Gr X Pr)? 


The curves of Nu versus Gr X Pr for Re below the critical value 
are parallel to and slightly below the data obtained for Re = 0. 
The slope of these curves varies from 0.25 at the critical Reynolds 
number to almost zero at Re = 8000. The value of Re at which 
the free-convection effect becomes negligible depends upon the 
range of Gr X Pr covered in the experiment. 

The variation of Nu with Re for constant values of Gr X Pr is 
shown in Fig. 6. The curves of this figure show that at Re below 
the critical value, Nu is inversely proportional to Re and directly 
proportional to Gr X Pr in such a way that the latter (free-con- 
vection transfer) is controlling. At a critical Re of about 800 to 
1200 depending on the magnitude of Gr, Nu reaches a minimum 
value of about 5 per cent less than the corresponding free-convec- 
tion value. The decrease of Nu in this range of Re was seen, in 
the interferometric study of flow, to be due to the laminar 
Couette flow, which winds the hot air of the free-convection 
chimney around the cylinder and therefore increases the effective 
free-convection thermal-boundary-layer thickness. At Re above 
the critical value, the effect of free convection on heat transfer de- 
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creases with increase in Reynolds number, and it becomes almost 
negligible at Reynolds numbers above 8000. In this region the 
centrifugal and shearing forces caused by rotation are, together 
with the thermal buoyancy forces, responsible for the thermal con- 
vection flow; however, when the rotational speed becomes suf- 
ficiently large the free-convection transfer becomes negligible. 
At Reynolds numbers above 8000, the correlation of Nu versus Re 
can be represented by the empirical equation 


Nu = 0.076 Re®” 


Fig. 6 also inciudes some of the experimental results of Ander- 
son and Saunders (1). The present results are in remarkably 
good agreement with the results of Anderson and Saunders at 
Reynolds numbers below the critical value and also at Reynolds 
numbers above 6000, at which the free-convection effect is di- 
minished. At Reynolds numbers between these two values, the 
present results are 10 to 25 per cent, depending on the value of 
Grashof number, above the results of Anderson and Saunders. 
The dashed line in Fig. 6 shows the values based on the theoretical 
equation given by Anderson and Saunders as 


Nu = 0.10 Re™* 


This curve compares favorably with the empirical equation given 
in the present investigation. 

Fig. 7 shows the correlation of Nu as a function of (0.5 Re? + 
Gr) X Pr parameter which combines the effect of rotation and 
free convection. This parameter is found by assuming that the 
work done when the buoyant force acts on the horizontal cylinder, 
ie., pBAtD is converted into kinetic energy, pV?/2g, in producing 
a velocity V. From this assumption it results that Gr is analogous 
to 0.5 Re? and by plotting Nu as a function of (0.5 Re? + Gr) X 
Pr for Reynolds numbers above the critical value the following 
empirical equation is yielded 


Nu = 0.11[(0.5 Re? + Gr) X Pr]®-* 


This equation can be reduced to the previous empirical equation 
at higher values of Reynolds number where the term Gr can be 
neglected. 


INTERFEROMETRIC Stupy oF FLow 


The stability of flow around the rotating cylinder and, more 
especially, the process involved in the transition from laminar 
Couette flow to fully developed secondary flow were investigated 
with the aid of a Zehnder-Mach interferometer. The inter- 
ferometer used was of the kind described by Eckert, Drake, and 
Séhngen (6). The boundary layer investigated was built up 
around the heated rotating cylinder, which was placed in the 
object light path of the interferometer, and the flow was studied 
from interference photographs. The mirrors of the interferometer 
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were made parallel to one another and the optical path 
lengths were made equal, so that the interference lines in the 
pictures represent the constant-density lines. In the case of 
laminar Couette flow, which is a two-dimensional flow, the 
interference lines are also the constant-temperature lines. A 
number of photographs are shown in Figs. 8 to 11, and the 
corresponding values of Reynolds and Grashof numbers are noted. 
These photographs present an instructive view of the transition 
process and clearly show the changes that occur in the type of flow 
around the heated rotating cylinder. 

The interference photographs in Fig. 8 were taken at a constant 
Grashof number and at Reynolds numbers from 180 to 1140. The 
interference lines around the rotating cvlinder for Reynolds num- 
bers from 180 to 840 are similar to the interference lines of a cylin- 
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Fie. 9 INTERFERENCE PHOTOGRAPHS SHOWING VARIATION OF 
THickNess With RotaTIoNaL SPEED 


der in free-convection flow, with the exception that the free-con- 
vection chimney, or the breakaway region of the flow, is shifted 
in the direction of rotation. The flow caused by rotation was a 
laminar Couette fiow, and the interference lines were observed 
rotating around the cylinder. At a Reynolds number of 840, the 
position of breakaway, as Fig. 8(c) shows, was horizontal. 

At Reynolds numbers greater than 840, the interference lines 
began to oscillate and the shifted free-convection chimney started 
to disappear; it vanished completely at a Reynolds number of 
1140, as Fig. 8(d) shows. The first signs of unsteadiness in the 
laminar flow, according to an average of several observations, 
occurred at about Re = 900; the number varied from 880 to 915, 
depending on the magnitude of Grashof number. The effect of 
Grashof number on the critical Reynolds number was not quite 
detectable in the limited range of Grashof numbers covered in this 
experiment. Anderson and Saunders (1) give the relation be- 
tween the critical Reynolds number and the Grashof number as 
Re = 1.09°/ Gr. According to this equation, the value of the 
critical Reynolds number at the Grashof number of 9.8 X 10°, at 
which the interference photographs were taken, is 1080 compared 
to 900 determined by interferometry. At Reynolds numbers 
above the critical value, a three-dimensional secondary flow began 
to develop. The interference photographs of Fig. 9 show this 
region of flow up to a Reynolds number of 36,500. They also il- 
lustrate the decrease of the thermal-boundary-layer thickness 
with increasing Reynolds number. 

Figs. 10 and 11 were taken with the axis of the cylinder normal 
to the light beam of the interferometer. These pictures show the 
kind of secondary flow which develops around the rotating cylin- 
der. The secondary flow was such that the interference lines 
around the rotating cylinder were confined to a series of sym- 
metrical compartments. The size of these compartments in- 
creased with increases in Reynolds number. Up to a Reynolds 
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number of about 14,500 it was found that if Re and Gr were kept 
constant, the oscillations of the interference lines around the 
rotating cylinder were permanent and remained in perfectly 
steady motion. Increasing the Reynolds number beyond 14,500 
caused the steady symmetrical oscillations of the interference 
lines to break down into some kind of unsteady irregular oscilla- 
tions, and the flow became turbulent, as shown in Fig. 11 (c). 

It should be noted that the transition from laminar Couette 
flow to secondary flow and also the transition from secondary flow 
to turbulent flow observed in this investigation occurred first 
along the top of the rotating cylinder and then spread downward 
as the Reynolds number was increased. Fig. 11 (a) was taken at 
zero heat input and at the highest Reynolds number at which pic- 
tures were obtainable, in order to discover any density field that 
might be due to pressure variation around the cylinder. There 
was no significant density field. 

It is interesting to note that the secondary flow which develops 
around the rotating cylinder shows some resemblance to the 
secondary flow between two concentric cylinders when the inner 
cylinder is rotated, a flow observed by Taylor (13). It is also 
somewhat similar to the cellular motion between two horizontal 
plates heated from below, a motion observed by Schmidt and 
Saunders (11). 
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Through-Flow in Concentric and Eccentric 
Annuli of Fine Clearance With and With- 


out Relative Motion of the Boundaries 


By L. N. TAO! anv W. F. DONOVAN? 


The problem of the through-flow across annuli of fine 
clearance has been investigated both theoretically and 
experimentally. The study includes the effects due to the 
relative motion of the walls and to varying degrees of 
eccentricity of the bounding surface. The experimental 
work was carried up to a Reynolds number, based on the 
diametral clearance, of 30,000. The theoretical results are 
presented both graphically and in the form of equations. 
Nomographs are included for rapid solution of certain 
engineering problems. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


d = diametral clearance, in..................... L 
f = friction factor defined in Equation [7], dimen- 
g = gravitational constant = 386 in/sec?........ LT-* 
= coefiiciont or expoment...................... 
r = mean radius of annulus, in............. ie ° 
r, = inner radius of annulus, in.................. L 
re = outer radius of annulus, in............. ie 
A = cross-sectional area, sq in................... L? 
D = mean diameter of annulus, in................ L 
D, = inner diameter of annulus, in................ L 
D. = outer diameter of annulus, in................ L 
AP = pressure difference, psi...................-- FL-? 
Q = through-flow, cu in/sec..................... 
S = wetted surface of annulus, sq in.............. L? 
Re = Reynolds number - or = , dimensionless... 1 
a@ = angle between absolute and axial velocities... 1 
p = mass density of the fluid ; slugs/cuin....... FL~'T? 
density of the fluid, FL-* 
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Assoc. Mem. ASME. 
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u = dynamic or absolute viscosity, lb-sec/in.?... . FL~*T 
v = kinematic viscosity, in?/sec................. 
— = ratio of flows or axial velocities between eccen- 

tric and concentric cases.................. 1 
w = angular velocity of the boundary wall, radians/- 


Superscript prime refers to rotational case 
Subscript e refers to eccentric case 


INTRODUCTION 


An important problem associated with the design and applica- 
tion of certain types of journal bearings and pressure-reducing 
bushings as employed in turbomachinery in the form of wearing 
rings, labyrinth seals, balancing drums, and pressure-breakdown 
devices, involves the determination of the fluid flow through 
annuli of fine clearance, i.e., one or more spaces bounded axially 
by two cylindrical bodies of slightly different diameters nesting 
with varying degrees of eccentricity. A search of the published 
information reveals that many factors have an effect on the mag- 
nitude of the flow through these passages, the most significant 
ones being clearance, length, rotation, eccentricity, surface con- 
dition, and fluid properties. 

Some restricted cases of flow through an annulus have been 
treated both theoretically and experimentally by several investi- 
gators. Based on the fundamental concepts of Newtonian viscous 
shear the expression for flow through an annulus bounded by two 
concentric cylinders has been derived and was given by Becker 
(1)* and Lamb (2). But these early analyses were concerned with 
laminar flow of stationary and concentric annuli. Cornish (3) re- 
ported his results for flow with relative motion of the walls, 
Taylor (4) undertook an analysis and conducted experimental 
studies of the effects of rotation without through-flow. Schnecken- 
berg (5) analyzed the problem of flow through a stationary annulus 
with fine clearance for concentric and for fully eccentric cylinders. 
And Davis (6) compiled the available information on the pressure 
drop through a stationary and concentric annulus by various in- 
vestigators and suggested an empirically determined configuration 
factor to modify the “friction-factor’’ equation 


2 


p vw 


Nootbaar and Kintner (7) explored the range up to a Reynolds 
number of 10,000 for the flow through stationary and concentric 
annuli with fine clearances, and presented their results by equa- 
tions of the form 


f = C/Re* 


with rationalized coefficients and constants. Their work was 
carried out on small-diameter rods and tubing. In the field of 
centrifugal pumps Stepanoff (8) has performed and reported 
numerous experiments on the flow through wearing rings: In the 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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theory of lubrication a relation has been developed (12) for the 
flow of oil through a journal bearing which is essentially the ex- 
pression for the laminar flow of a fluid through an eccentric 
annulus. 

In this investigation the problem has been attacked both 
theoretically and experimentally. The principal interest has been 
in the turbulent region, with consideration given to the relative 
motion of the boundaries and the full range of eccentricity ratio. 
The theoretical and experimental investigations reported at this 
time are limited to annuli of smooth surfaces and of fine clearance 
handling a single-phase fluid. 


ANALYSES 


For the mathematical treatment the fluid is assumed to be in- 
compressible and the process isothermal and steady. This implies 
constant density and viscosity of the fluid. 

Stationary and Concentric. First, consider a steady flow of 
fluid through a concentric annulus with no motion of the bound- 
aries. The equation for the flow in the laminar range has been 
derived (1, 2), Fig. 1 


ar 


Fig. 1 


In order to determine the integration constants A and B, the 
boundary conditions w = 0 at r = r; andr = r; are substituted in 
the equation 


AP — r,? r 
w= — + ——_— log —\........ [2] 
log 


The flux or through-flow is 


(nt 


v2 AP 
2rrw dr = = ret — — . [3] 
Sul 


log — 


If a mean velocity v is used, the flux or through-flow will be 


f° 2rrv dr = — [4] 
Lal 
Therefore 
2__ 
— r;2) = wAP — [5] 
Sul re 
log — 
AP —r? 
v= Sul r? + n?— = [6] 
log — 


Now introduce the dimensionless quantities, Reynolds number 
Re and friction factor f. The Reynolds number is by definition 
the ratio of the product of a velocity and a linear dimension to the 
kinematic viscosity. Since in this investigation the entire passage 
is considered, the mean velocity v through the passage as calcu- 
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lated from the measurement of flow is used as the velocity, and 


the diametral clearance d is used as the linear dimension. The 
friction factor is defined as‘ 
4A AP 2 
= s — ee [7] 
p 
In an annulus 
and 
S = + 
which gives 
d AP 2 
l p v? 
By substituting AP of this equation into Equation [5] and solving 
for f 
64 
= — = - 7 P 9 
f (“) (=) [9] 
where 


This equation also applies to circular pipes, where r;/r2 = 0 and 
parallel flat plates, where r;/re = 1. It shows 


r r 
lim g ( . ) =1 when— =0 (circular pipe) 


im ( ) = 1.5 


g = 1.0 to 1.5 <1 (annulus) 


= = 1 (parallel flat plates) 
2 


So the equation for laminar flow, Equation [9], is reduced to 


f = 64/Re for a cireular pipe... ..... [10a] 


and 


f = 96/Re for parallel flat plates... . . [106] 


In the annular-flow channel here considered the diametral 
clearance is small in comparison with the diameter of the annulus 
or the shaft. Hence r;/r2 is in the range cf 0.99 to unity and 
g(ri/r.) is essentially 1.5 in value. Taking g(ri/r2) equal to 1.5, 
Equation [9] is reduced to 


for the annulus of fine clearance with laminar flow. Note that 
this equation is the same as Equation [105] and implies that the 
flow through a stationary annulus can be treated as flow between 


flat plates. 


4 Some writers divide the left-hand side by 4 or 2 which changes the 
numerical value of the friction factor. 
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For turbulent flow through a circular pipe the friction-factor 
equation, the Blasius law of turbulence, may be written as 


Since the fluid-dynamic characteristics are conformal on both the 
circular pipe and the annular flow channel it follows that the fric- 
tion-factor equation for the annular flow channel would take the 
same form. The constant C and the exponent n would be deter- 
mined from experiments. 

Rotational and Concentric. The preceding analysis was limited 
to steady flow through a concentric annulus having stationary 
boundaries. If one boundary of the passage, say, the inner wall, 
is rotating at an angular speed w, then the peripheral velocity of 
the flow is no longer zero and the analysis must be revised to in- 
clude this additional parameter. 

As mentioned previously, the problem of an annulus with small 
clearance may be considered as two flat plates separated by a 
distance equal to the radial clearance. According to Pai (9), who 
applied the mathematical statistical principles and perturbation 
method to the fluid flow between two parallel flat plates with one 
plate moving at velocity U, the velocity distributions for the 
laminar and turbulent regions are of the forms shown in Fig. 2 


U U 
a 
LAMINAR TURBULENT 
Fic. 2 
4 
@ \ / 
\ / 
| 
Fig. 3 


From this analysis it may be deduced that the mean velocity for 
both laminar and turbulent flow in these cases may be taken as 
U/2. Thus the mean peripheral component of the fluid velocity 
in an annulus will be assumed to be wr/2 and the mean absolute 
fluid velocity v’ will be the vector sum of wr/2 and v, the through- 
flow component. If the annular passage is then unwrapped it will 
form two parallel flat plates, as in Fig. 4, and the flow problem 
will be two-dimensional. 


\ 
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By this transformation the flow through the annulus with the 
inner wall rotating can be treated as a higher flow velocity through 
an annulus with stationary walls of greater length. 

Let the annulus through-flow before and after transformation 


be the same. Then 
= x [11] 
sec @ 
A’ = + D2)d = Aseca 
and 
S’ = m(D, + D,)l = S 
vy’ = vseeca.... [12] 
Therefore 
4A 
vp sec a 
= [13] 
or 
AP’ 14) 
AP 
and f’ = (Re’" {15 
or 
Re \" 


where C is an arbitrary constant and na constant exponent. So, 
by substituting Equations [16] and [12] into Equation [14] 


= Re’ sec @ = (sec @ . 


Eccentric. If a concentric annulus is unwrapped into a plane 
and the X-Y-Z axes taken as shown in Fig. 5, by equating the 
viscous and pressure forces of laminar flow 


AP’ 


Ody 


dy) dxdz 


Y age dxdz 


Pdyd2 (P+ ge dx) dydz 
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Integrating with respect to y 


Since 0P/Oz across the whole sleeve is —AP/l, and the annulus 
is concentric and stationary, w = 0 at the boundaries y = 0 and 
y = c, respectively. Substituting these boundary conditions into 
Equation [19] 


1 AP 
wa ——'— — 


Qu il 
Then the through-flow is 


2er 1 AP 
f wdA {=< y (y — c)dydz 
A 0 


and the mean axial velocity is 


8c? AP 


2c AP 2 
ul(Re)v 


l p 
Substituting v of Equation [22] into Equation [23] 


@AP 


This is the same result as given in Equation [10c}. 


h:c+e cose 
Fia. 6 
If the annulus is eccentric, the unwrapped space is as in Fig. 6, 
the boundaries are y = Oand y = h. Here h is not a constant but 


is equal to 
h=c+ecos@ =c(1 + 8) 


with » = e/c = eccentricity/clearance. Here the equation for 


the velocity is 


AP 
w= — — yy —h)...............120b] 
2Qul 


Then the through-flow is 


2er h AP 


mretAP (: 
6ul 2 7 


This equation is the same as that developed in the theory of 
lubrication (12). The mean velocity is 


v a ( 1 
A 12ul 


The ratio of flow between the two cases is found to be 
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v 
When the flow is in the turbulent range, the previous analyses 
no longer hold. As in the previous section the turbulent flow can 
be governed by an equation of the form similar to that for laminar 
flow 


By substituting the definition terms of f and Re into the equation 
and transposing the terms 


with 


In order to find the ratio of flow between eccentric and concen- 
tric cases, all parameters except the eccentricity are maintained 
constant. Hence both K and K’ are arbitrary constants; and 
the through-flow for a concentric case is 

3 

Q = Av = 2nrKe?—" 
When the flow is through an eccentric annulus, the axial velocity 
is 

So the through-flow for this case is 

and dA =hrd@ where h = c(1 + 7 cos 8) 


Thus 
= Kre (1 + 7 cos 0)?-* dé 


This equation also can be used to check the derivations for 
laminar flow in which the exponent n is unity 


Q = = 


and 


t= = + cos 


By using the binomial expansion and integrating 
3 
[34] 


Both Equations [316] and [34] give the same results as derived 
previously by Equations [21] and [28]. This verifies the relating 
equation between the friction factor and Reynolds number. 

For the turbulent flow the exponent in Equation [33] is not an 
integer but is 3/(2 — n) 


we — + Cy + Cr............ [19] 

Or 

= ——......[21] v = Ke2-" 

A 12ul 

24 

ecose 

3 

6yul 

4 3 2 

(1 + n cos d0.......... [35] 

Jo 


and i= 


Equation [35] becomes 


1 + — 1 cos 0) dO = 
0 


The expression 


0 


is known as the Laplacian form of Legendre function of degree ¢ 
(10), and the solution can be expressed as an infinite series (if ¢ is 
not an integer), which is known as the hypergeometric series de- 
noted as F(a, b; c; z) 


Jo 2 2 


m=0 


2 
where ( : ) and ( ") are the coefficients of the binomial ex- 
m m 


pansion 


m=0 


The flow ratio based on this series is plotted in Fig. 11 as curve B- 
Schneckenberg’s work on eccentricity (5) is based on an assump- 
tion that friction factor is independent of the eccentricity. By 
employing the graphical integration for a fully eccentric case (e = 
c), he obtained § = 1.21. However, by working from the derived 
equations an expression is possible for the complete range of 
eccentricity with Schneckenberg’s assumption. Thus 


Similarly 


% = 


8) 
plf plf 
So the ratio of flow is 


= _ =— 


By recurrence formula 


x 
= | nein 1 + con +2f (1 + dé 
3r A 


1 
— —(1— 7»? [40] 
2 | 
The substitution of 9 = 2a, cos 6 = 1 — 2 sin? a and k* = 


2n/(1 + 0) 


gives 
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(1 + 9 cos = 21 + 


f (1 — k* sin? a)'/*da = A1+n)'*E («. 
0 


(1+ ncos@)'* (1+9)* Jy 


0 


2 
io = [sa + E .. [41] 


where K = F(k, 7/2) and E = E(k, 4/2) are the complete ellip- 
tical functions of first and second kinds, respectively. Their 
numerical values are tabulated in reference (11). For the fully 
eccentric case, 7 = 1, and k = 1, then (1 — n*)/(1 + »)'? =0 
and K approaches @, so the value of & is undetermined. For- 
tunately this function changes to a circular function 


Therefore 


™ Jo 


By multiplying both numerator and denominator of Equation 
[42] by (1 — cos 8)'/ 


T (1— cos 


= [a — cos + cos — cos 


* sin cos 6 
(1—cos 6)'/2 


/5 
+ (1 — cos [43] 
3 0 
This is the result for a fully eccentric case as obtained by Schneck- 
enberg (5). For purposes of comparison, the flow ratio for the 
complete range of eccentricity based on his assumption is also 
plotted in Fig. 11 as curve C. 

Considering relative motion of walls, it was stated previously 
that the problem with rotation can be treated as stationary by 
making an adjustment of velocity and flow configuration. Hence 
the flow ratio for two cases with the same speed or rotation has 
the same functional relationship as a stationary one, namely 


= n? (laminar ) | 
>. 
1; »? (turbulent) | 
EXPERIMENTS 


The apparatus employed for these tests is shown schematically 
in Fig. 7. This was a recirculating system with temperature regu- 
lation maintained by admitting cold water to the flow as re- 
quired. The pressure source was a vertical-triplex pump of 90- 
gpm capacity operating from a suction tank and discharging into 
a surge tank. A surge suppressor was installed at the discharge 
elbow of the pump to absorb some of the surge before the water 
passed to the large surge tank. The main stream fluid went from 
the surge tank to the tester where it passed through a strainer and 
thence through the test unit. The test unit itself is shown in Fig. 
8. It consisted of a rotating assembly in a housing of adequate 
strength and was driven at 3580 rpm. The shaft was overhung 
from a set of double ball bearings. The bearings were lubricated 
by an oil bath. 
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E High-pressure water entered the test unit and was distributed 
around the rotating shaft by an annular recess. The clearance 
between the rotating shaft sleeve and the stationary sleeve formed 
the annular flow channel. ‘This clearance could be changed by 


MAKE UP ¢ 
COOLING WATER 


SCHEMATIC DIAGRAM OF TEST SET-UP 


Fic. 7 Scuematic oF Test Setup 
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installing different diameter shaft sleeves. The length of the flow 
channel was adjusted by shifting the stationary sleeve axially. 

Calibrated Bourdon-type pr ssure gages were used to measure 
the pressure, and mercury manometers were used in conjunction 
with the venturi meters to measure the flow. The high-pressure 
tap was located radially from the annular inlet recess and the dis- 
charge pressure tap was on the discharge pipe section of the test 
unit. 

The range of the principal experimental variables was as 
follows: 


Fluid. . water at 70 F 

Through- flow. Bieta .......0 to 80 gpm 

Reynolds number. . _. .800 to 30,000 

Radial clearance... ... .0.003 to 0.015 in. in 0.003-in. increments 
Sleeve diameter........... .3.00 in. nominal 


Sleeve length... a Ty 2 to 4 in. in '/2-in. increments 
Eccentricity ratio........ Otol 
Surface finish. .... . .140+#" microinches 


Pressure difference. . .0 to 800 psi 
Shaft speed... Rae 0 to 3580 rpm 


RESULTS AND DISCUSSION 


From the test data of the stationary, concentric, and smooth- 
sleeve runs, the values of f and Re are calculated and plotted in 
log-log scale, Fig. 9. The curve may be considered to be com- 
posed of two straight lines with a slope change in the region of Re 
= 1500 to 2500. This region is generally known as the transition 
region in pipe work with laminar flow below and turbulent flow 
above this Reynolds number range. From the diagram it is seen 
that the laminar flow can be represented by an equation of the 
form 


I" Re 


with C = 170 and n = 1.03. 
Turbulent flow within the range considered also can be repre- 
sented by 


j= 
with C = 0.316 and n = 0.21. 
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For laminar flow n is very close to 1, which is the exponential 
coefficient of the theoretical analysis. This value of n checks well 
with all other investigations (1, 5, 7). For turbulent flow, n is 
approximately 0.21, and is in agreement with Schneckenberg, 
Nootbaar-Kintner, and Davis. The over-all friction factor is 
different than that of Nootbaar-Kintner or Schneckenberg. This 
is believed due to the inclusion in the present investigation of en- 
trance and exit losses while the Nootbaar-Kintner and the 
Schneckenberg data did not. 

For relative motion of the walls (inner wall rotated), the values 
of f’ and Re’ are calculated and plotted in Fig. 10. The relation 
between f’ and Re’ based on the fictitious transformation should 
have the same relationship as the stationary wall case. In Fig. 10 
the solid line was transferred from Fig. 9. The values of f’ fall on 
this line and indicate that the theoretical assumption and analysis 
are in conformance with the experiments. 

It has been shown that 


= (4) see a = (see 
AP r 


for two cases of the same through-flow or, in other words, the 
same axial or through-flow velocity. And we have obtained n = 1 
for laminar flow and 0.21 for turbulent flow 

AP’ 


- =] (laminar) 


AP 
= (sec (turbulent) 


This result is in good agreement with other investigations. Here 
AP’ = AP for laminar flow and AP’ = AP (sec a)” for turbu- 
lent flow. Cornish (3) stated that up to a certain critical speed or 
rotation the resistance to flow is unaffected, but above this speed 
the resistance increases as the speed increases. The foregoing 
equations show an excellent agreement with this observation. 
The rotation does not affect the pressure drop in the laminar re- 
gion (AP’ = AP); while in the turbulent region it increases with 
the factor (sec a)®”. The larger the rotational speed, the larger 
is the secant value and the AP’/AP ratio. 

Figs. 9 and 10 also indicate that the experimental data for both 
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the low and high through-flows of individual runs deviate from 
the average line. For the low-velocity points, an erratic measure- 
ment of 0.1 or 0.2 gpm, which may only represent an error of flow 
measurement of about 5 per cent, will result in a 20-30 per cent 
deviation of the results. This is due to the fact that the Reynolds 
number is directly proportional and the friction factor is in- 
versely proportional to the square of the flow velocity. Both de- 
viations sre in the same direction and consequently a larger de- 
viation in f should be observed. For the high-velocity points, 
since higher entrance and exit losses should be expected, a higher 
pressure drop should be required. 

In the eccentric case the flow ratio between eccentric and con- 
centric cases at otherwise identical conditions as calculated from 
the test data are plotted versus the eccentricity ratio, Fig. 11. 
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In the laminar-flow range no data are available; however, the 
theoretical analyses are well established in the theory of lubrica- 
tion. Also, the equations in the analyses of turbulent flow can be 
verified for the laminar range by changing the numerical coef- 
ficients and constants as derived in the analyses. Hence, once the 
solution for turbulent flow is established, the solution for laminar 
flow is also available. In the turbulent-flow regime the experi- 
mental results show considerable scatter. This is believed to re- 
sult from small uncontrolled variations in the radial clearances 
and eccentricities. However, the results demonstrate a general 
trend which is in agreement with the theoretical analyses. 

Also, the assumption made by Schneckenberg that the friction 
factor is independent of the eccentricity, Equation [39], cannot 
be generally accepted. Actually, the result based on his assump- 
tion is a special case of the present investigation. At the higher 
Reynolds number the friction factor will probably approach a 
constant, independent of the Reynolds number as indicated by 
pipe-flow practice; hence the exponent n in Equation [29] or 
Equation [35] approaches zero; then the exponent ¢ in Equation 
[36] will be 1.5. With¢ = 1.5 the result of the hypergeometric 
series, Equation [38], can be verified as the expression of com- 
plete elliptical functions given by Equation [41]. 

The defining equation as employed for these data makes no 
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specific or separate allowances for area change losses at the en- 
trance and exit from the flow channel. This is significant but 
necessary since the primary object of this investigation was the 
determination of the fluid flow across an annular-flow channel due 
to the total pressure difference available. By comparison with 
other investigators (5, 7) the present data show a larger C and a 
smaller n in Equation [10d], i.e., a flatter slope and a higher 
value of f, Fig. 10. This is expected since the pressure drop at the 
entrance and exit is included. 

One limitation of this work is that the results of this investiga- 
tion apply only to smooth-walled annuli. In a typical experiment 
a commercial surface finish of 140 + 10 microinches was measured. 
For flow along rough or serrated sleeves, the results of the present 
investigation must be modified. 

One other limitation of the present data is that a single-phase 
fluid is assumed. For a two-phase system (water flashing to 
steam), revisions to the equations must be effected. 

For a compressible fluid, the analysis is theoretically consistent. 
Becker (1) and Davis (6) also have stated that the compressible 
and incompressible flows are analogous. 

If the process cannot be assumed to be isothermal, the friction- 
factor equation can be modified to recognize the thermal effect. 
The additional term will directly affect the viscosity as u,/u,, 
where yu, is the viscosity at the wall and y, is the mean viscosity 
across the channel. 


APPLICATIONS 


For the application to design, the theoretical equations and 
diagrams of dimensionless quantities are not convenient. They 
require the calculations of Reynolds number Re and friction factor 
f. Also, to determine the through-flow velocity for a given pres- 
sure difference and known size, either a tedious calculation or a 
“cut-and-trial’’ method must be used. 

The information as based on the derived equation has been 
projected onto special charts for concentric and smooth sleeves 
with water at 68 F, Fig. 12 (turbulent) and Fig. 13 (laminar). 
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sider a smooth surface sleeve having a shaft radius of 1.75 in., 
length 3.5 in., and radial clearance 0.006 in. It is desired to deter- 
mine the through-flow for a pressure drop of 500 psi, when the 
shaft is rotating at 3600 rpm and the eccentricity is 0.003 in. 
Starting from / = 3.5 in., a horizontal line is drawn which inter- 
sects the pressure-difference line of 500 psi. At this intersection a 
vertical line is drawn which intersects the radial clearance line of 
0.006 at a point. This point is read from the velocity axis (sta- 
tionary ) and is equal to 72.2 fps, which is the required value for a 
stationary and concentric case. Thus for this case 


Q = vA = 0.0330 cu ft per sec = 14.8 gpm 


When the shaft rotates at 3600 rpm the chart is entered from the 
left side with r = 1.75in. A horizontal line is drawn which inter- 
sects the shaft-speed line of 3600 rpm where a vertical line is con- 
structed intersecting the horizontal line from the right-hand side 
at.a point. Then this point is read from axial velocity lines and 
the numerical value, 70 fps, is found. The through-flow for this 
rotational and concentric case is 


Q’ = vA = 0.032 cu ft per see = 14.36 gpm 


When the eccentricity is 0.003 in., the eccentricity ratio is 0.5. 
With this ratio, the through-flow ratio of 1.07 is found from Fig. 
11. Thus for this eccentric case 


Q.’ = Q’ X 1.07 = 0.034 cu ft per see = 15.37 gpm 


Such a procedure is also shown in the diagram with broken 
lines and arrows. The accuracy of the charts depends on the 
validity of the derived equations. In most cases values read from 
the chart are in good agreement with experiment. The deviations 
are less than 5 per cent, which is within the experimental accuracy. 


CoNcLUSIONS 


This paper presents an analysis of the effect of several parame- 
ters on the flow through a smooth annular flow channel of fine 
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These diagrams have pressure difference AP, radial clearance c, 
sleeve length /, shaft radius r, and shaft speed N as parameters. 
The axial velocity can be read directly from the chart, and hence, 
when multiplied by the cross-sectional area of the annulus, the 
flow is determined. If the annulus is eccentric, the flow is found 
from the product of the flow through the concentric annulus and 
the flow ratio from Fig. 11. To clarify the use of the chart, con- 
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Derivep From f = 96/Re 


clearance. The equations are verified experimentally and the 
results offered in graphical form. The analysis considers the ef- 
fects of pressure, clearance, length, eccentricity, and rotation. 
Previous available data have not correlated the effects of eccen- 
tricity and rotation into the flow equation. 

Future results will assay the accuracy of the theoretical analysis 
and the experimental methods in terms of lasting quality. De- 
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ficiencies are apparent (thermal, phase change, etc.) and it is 
hoped that in lieu of perpetual constancy, the conclusions will 
stimulate and justify additional work in the same field by other 
investigators. : 


ACKNOWLEDGMENT 


The contributions of F. Mannuzza in obtaining the experimen- 
tal data and of W. C. Osborne in the writing of this paper are 
gratefully acknowledged. 


BIBLIOGRAPHY 


1 “Stromungsvorgange in Ringformigen Spalten,’’ by E. Becker, 
Zeitschrift des Vereines deutscher Ingenieure, vol. 51, 1907, pp. 1133- 


1141. 

2 “Hydrodynamics,” by Sir H. Lamb, Dover Publications, New 
York, N. Y., sixth edition, 1932, p. 586. 

3 ‘Flow of Water Through Clearances With Relative Motion of 
the Boundaries,’ by R. J. Cornish, Proceedings of the Royal Society 
of London, series A, vol. 140, 1933, pp. 227-240. 

4 “Stability of a Viscous Liquid Contained Between Two Rotat- 
ing Cylinders,” by G. I. Taylor, Philosophical Transactions, vol. 223, 
1923, pp. 289-243. 

5 ‘Der Durchfluss von Wasser durch konzentrische und excen- 
trische zylindrische Drosselspalte mit und ohne Ringnuten,”’ by E. 
Schneckenberg, Zeitschrift fiir angewandte Mathematik und Mechantk, 


vol. 11, 1931, pp. 27-40. 

6 “Heat Transfer and Pressure Drop in Annuli,’’ by E. S. Davis, 
Trans. ASME, vol. 65, 1943, pp. 755-760. 

7 “Fluid Friction in Annuli of Smal! Clearance,” by R. F. Noot- 
baar and R.C. Kintner, Proceedings of Second Midwestern Conference 
on Fluid Mechanics, Ohio State University, Engineering Experi- 
mental Station Bulletin No. 149, September, 1952, pp. 185-199. 

8 ‘Leakage Loss and Axial Thrust in Centrifugal Pumps,”’ by 
A. J. Stepanoff, Trans. ASME, vol. 54, 1932, pp. 65-111. 

9 “On Turbulent Flow Between Parallel Plates,’’ by 8. I. Pai, 
Journal of Applied Mechanics, Trans. ASME, vol. 75, 1953, pp. 109- 


114. 

10 ‘‘A Course of Modern Analysis,"’ by E. T. Whittaker and G. N. 
Watson, Cambridge University Press, London, England, fourth 
edition, 1927, pp. 281 and 312. 

11 ‘Tables of Functions With Formulae and Curves,” by E. 
Jahnke and F. Emde, Dover Publications, New York, N. Y., 1945, pp. 


52-100. 

12 ‘Analysis and Lubrication of Bearings,’’ by M. C. Shaw and 
E. F. Macks, McGraw-Hill Book Company, Inc., New York, N. Y., 
first edition, 1949, pp. 257-259. 


Discussion 


H. E. Branpmarer.® Prior to his entry into the Navy the 
writer was very interested in the analysis of flow through close 
clearance pressure breakdowns, particularly in the work of the 
authors on that subject. They are to be complimented for the 
mathematical elegance of their presentation of the effect of ec- 
centricity in the turbulent region. 

In the way of criticism the writer feels that the authors’ analyti- 
cal treatment of the effect of rotation of one of the boundaries of 
the annulus is not altogether satisfactory. The conclusion that 
the addition of a rotational velocity component to the axial com- 
ponent has no effect in laminar flow can be deduced directly from 
a consideration of the Navier-Stokes’ equations. Using the 
authors’ assumptions, these equations reduce to two independent 
differential equations for the rotational and axial velocities. This 
result is independent of the geometrical transformation used and, 
if cylindrical co-ordinates are used, of the assumption that the 
flow closely approximates that between flat parallel plates. In 
addition, it has been the writer’s experience that the addition of a 
rotational velocity component to a laminar flow in the breakdown 
usually changes the flow to transitional or turbulent flow. This 
restricts the applicability of the authors’ Equation [17] to those 
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cases where the flow is turbulent before and after the addition 
of the rotational component. 

The writer would appreciate a more detailed evaluation of the 
effects of inlet and exit losses and methods of distributing the flow 
to the inlet (single and multiple holes feeding directly to the inlet 
or to an annular groove in one of the boundaries preceding the 
inlet, etc.) on the applicability of the results to cases where these 
factors are not the same as in the authors’ experiments. In the 
case of centrifugal-pump wearing rings these effects may be 
equally as important as surface-friction effects. 

Referring to the authors’ Figs. 9 and 10, very little change in f 
is indicated for a fivefold relative roughness variation. In addi- 
tion, the change appears to be in the wrong direction in Fig. 10 if 
a comparison is made with pipe-friction data. 

The writer cannot agree with the authors that a 140-microinch 
finish with a 0.006-in. diametral clearance constitutes a hy- 
draulically smooth surface. 

In conclusion, the writer expresses the hope that the authors will 
extend their excellent work to include flow through serrated 
breakdowns which, in the turbulent region, are usually more 
effective than smooth-walled breakdowns. 


O. E. Teicumann.* The authors are to be commended for a 
fine piece of experimental investigation that has yielded addi- 
tional interesting data on flow through concentric and eccentric 
annular clearances. The idea of summarizing the results in the 
form of nomograms is certainly a lucky one and will be appreciated 
by the design engineer who needs a quick answer to the questions 
of leakage flow through annular gaps. 

The presented experimental data are of special interest to the 
writer who took part in a similar investigation—although only 
on stationary arrangements without rotation of the shaft—which 
was carried out at Armour Research Foundation under an Air 
Force contract and which is planned for publication in the near 
future. Since this investigation centered around leakage flow in 
sleeve valves for control applications, radial clearances from 
0.0003 to 0.002 in. were studied and it can be stated that, under 
laminar flow regime, the friction factor of 96/Re could always be 
verified experimentally when the entrance losses were not in- 
cluded in the measurement and true concentricity was estab- 
lished. For the turbulent region, the Blasius formula gave good 
agreement with the experimental values. In general, the experi- 
mental data recorded in the earlier literature were mostly carried 
out with considerable care and, occasionally, with more painstak- 
ing care than we are ready to apply today. 

There is, of course, always the question whether we are looking 
for applied or fundamental data. The authors have chosen to in- 
vestigate the applied case, limiting themselves to length/diameter 
ratios, clearances, roughness, and entrance conditions as practi- 
cally encountered. This increases the value of the obtained data 
for the design engineer, but detracts from their value as basic 
information. 

With regard to the mathematical analysis of the flow through an 
annular gap with rotational motion of the boundaries, it appears 
to the writer that the authors have made certain assumptions 
which would deserve closer scrutiny. 

To clarify the picture, let us restate the various cases considered 
in the paper. We have a combination of two geometries (concen- 
tric and eccentric), two conditions at the boundaries (stationary 
and rotating), and, let us say, two flow regimes (laminar and 
turbulent), as shown in Table 1. 

There are no reservations for any of the cases (marked with X) 
except for the eccentric cases (marked with ?). For the station- 
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TABLE 1 
| Laminar | Turbulent 
Concentric | x | 4 
= 
a" developed equation but did not 
Stati | | integrate it 
Eccentric graphically 
{Tao and Donovan: mathematical inte- 
| gration 
| x | x 
Rotating | 
| Eccentric | ? | ? 


ary-eccentric-turbulent case, the authors have integrated mathe- 
matically the equations which had been previously set up by 
Becker (1907) and graphically integrated by Schneckenberg 
(1931). It is gratifying to have this mathematical solution re- 
corded in the hydraulic literature. 

For the concentric case, the combination of axial flow and rota- 
tional drag represents the actual flow phenomena quite ade- 
quately (helical flow path instead of straight axial flow). 

For the eccentric case, however, the situation is more involved. 
Even with the boundaries stationary, the flow may be turbulent 
in the wide portions of the gap and change to laminar in the 
narrow portions. The friction coefficient, therefore, may not be 
consistent around the periphery. The error in axial leakage flow, 
however, may be negligible because only a small percentage of the 
total flow passes through the narrow regions of the gap. 

If rotation is introduced in addition to the eccentric position 
and a generally turbulent flow 
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Avutuors’ CLOSURE 


The authors thank Messrs. Brandmaier and Teichmann for 
their comments and compliments. To answer their questions 
and discussion the following explanation is offered. 

It is true that the statement that the addition of a rotational- 
velocity component to the axial component has no effect in laminar 
flow can be deduced from a consideration of the Navier- 
Stokes equations. It happens that in the case of laminar flow 
the pressure drop is linearly proportional to the mean velocity, 
or, we may say, “‘the linearity rule” is applicable in the laminar- 
flow regime. But it is not applicable to the turbulent-flow 
regime. The approach used by the authors was based on the 
change of the flow configuration due to the addition of the ro- 
tational velocity. This method of determining the mean 
velocity has been checked with the mathematical average 
obtained from the local resultant velocities and also affirmed by 
experiment. With the integration of the local resultant veloci- 
ties of both tangential and axial-velocity components, the mean 
velocity of laminar-flow regime across the annular space has 
been calculated as a function of the ratio of the velocity com- 
ponents in both tangential and axial direction, which is plotted 
in Fig. 14 as curve A. This was compared with the approach 
adopted in the paper, which is plotted as curve B in Fig. 14. The 
agreement between the curves appears to justify the authors’ 
simplified approach. Unfortunately, a similar computation for 
the turbulent zone was not possible due to the lack of available 
information. 


regime, the picture gets con- | % 

siderably complicated. Assum- (A) sete Va _ _&t/Vaseca 

ing the flow moves along heli- Va Va 4r Va ay h 
cal streamlines, the width of the mh I+ 
flow passage, the velocity dis- (7 — 36) +36 2- nt 36) } 
tribution, and the mean flow 5 

velocity in the gap, as well as (B) seca = /2rw2 

the friction factor, will change V 2 


along the path and the flow 8 
regime may change accord- 
ingly. The statement that 
“the probiem with rotation can 


be treated as stationary by 6 
making an adjustment of veloc- 
ity and flow configuration’’ is 
somewhat nebulous, and if the 


seca 


authors mean “an adjustment 
as used in the concentric case 
with rotation,’ the statement 
would be incorrect. It is, fur- 2 


LAMINAR 


thermore, not clear to the 
writer whether the authors 
wish to imply that the veloc- 


ity distribution shown accord- 0 
ing to Pai for the concentric 
rotational gap also can be ap- 

plied for the eccentric rota- 

tional case, which would defi- 
nitely lead to basic contra- 
dictions (see velocity distribution in journal bearings). 

In conclusion, it appears to the writer that the authors were 
more ambitious than necessary in adding to the very significant 
and valuable experimental investigation, an attempt of an 
analytical treatment of the eccentric case with rotation that is 
oversimplified to the extent where it cannot be expected to offer 
more than a very rough check of the experimentally determined 
data. 


Equation [17] is valid, of course, only so long as Equation 
[15] is true. This requires that the n-value with and without 
rotation be identical if the form of Equation [17] is employed. 
This will not hold for the case where the flow condition is changed 
from one to the other but if necessary, Equation [15] is available 
for this case. 

Regarding the inclusion of entrance and exit losses in the 
investigation, it has been stated in the paper that this is signifi- 
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cant but necessary since the primary object of this investigation 
was the determination ef the fluid flow across an annular-flow 
channel due to the total pressure difference available. During 
the course of the investigation the authors felt that for the cases 
without the inclusion of the entrance and exit losses the results 
for the rather simple case can be either directly or indirectly 
deduced from the known results in literature, e.g.,in the stationary 
and concentric cases they can be obtained from the equation 
f = 96/Re in laminar-flow regime and from the Blasius formula 
of friction in the turbulent regime. While on the other hand there 
is no well-established information available for the case with 
the inclusion of the entrance and exit losses. This led to the 
primary objective of the present investigation. Furthermore, 
the mathematical derivations have no restriction whatsoever to 
the length-diameter, entrance, roughness, and some other con- 
ditions, if the proper constants and coefficients are inserted. 

Mr. Teichmann’s point on the flow in the eccentric annular 
channel with rotation is well taken. The authors agree that the 
flow analysis for a rotating eccentric channel is very complicated 
and the dangers of overgeneralization are always present. How- 
ever, for an idealized case where the effect of rotation is not to 
change the over-all n-value, the results as presented in the paper 
are believed to be consistent and applicable to many actual 
design problems. The adoption of the velocity profile for the 
eccentric annular space with rotation given in the paper is prac- 
tically feasible. Strictly speaking, the velocity in the tangential 


direction should be the superposition of the velocity due to the 
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rotation and that due to the pressure gradient along the cir- 
cumferential direction created by the variation of the local gap. 
But the term of this pressure gradient is small compared to the 
terms of drag and the pressure gradient in the axial direction, and 
it is negligible from the consideration of the order of magnitude. 
This notion has been employed by Ocvirk’ in the lubrication 
study of journal bearings and its result was affirmed by experi- 
ment (for detail the work by Ocvirk and the references therein 
may be referred to). 

It was commented that 140 microinches would not constitute 
an hydraulically smooth surface. This was the authors’ seman- 
tics. What the authors want is to define a smooth surface as 
distinguished from a serrated surface. 

The change of slope in Fig. 10 has been discussed during the 
presentation of the paper. As we all know that, in the turbulent 
pipe-friction data, the slope for the perfectly smooth surface 
should be at an angle of arctan 0.25 in a logarithmic f-Re diagram 
and horizontal for the surface of extremely high roughness, i.e., 
the n-value of Equation [10d] in the paper should be 0.25 for 
the former and zero for the latter. For all other roughnesses 
n should fall between these two extreme values. In the present 
problem with 140 microinches, it is expected that the n-value will 
fall between zero and 0.25. 


7“Short-Bearing Approximation for Full Journal Bearings,” by 
F. W. Oevirk, NACA Technical Note 2808, October, 1952. 
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A Theory of the Fluid-Dynamic Mechanism 


of Regenerative Pumps 


By W. A. WILSON,' M. A. SANTALO,? anv J. A. OELRICH?® 


A hypothesis of operation of the regenerative pump is 
presented which reflects the experimentally observed char- 
acteristics of the flow inside the pump. An analysis based 
on the hypothesis leads to a series of expressions for pump 
performance over the entire operating range in terms of 
only three empirical constants. The relationship of these 
parameters to the prior art of hydrodynamic machinery 
and to those geometric features peculiar to regenerative 
pumps is developed. Experimental corroborations of the 
results are presented. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = cross-sectional area of impeller vane 
A = cross-sectional area of open channel, area in general 
b, c, d, f, h = pump dimensions, Fig. 3 
D = impeller diameter 
head and head loss 
head-loss coefficient 
dimensionless constants 
pressure 
power input 
tlow 
radius 
radius to centroid of impeller vane 
torque 
= tangential velocity of impeller 
absolute velocity of fluid 
number of impeller vanes 
= ratio V,/U at point 1, Fig. 3 
efficiency 
angle measured from pump inlet, radians 
density, mass per unit volume 
ratio V,/U at point 2, Fig. 3 
angular speed in radians per unit time 
= dimensionless flow coefficient, Q/wD* 
dimensionless head and _head-loss 
gH /w*?D? 
“ = dimensionless power, P/pw*D® 
Subscripts 
ec = circulatory flow 
G = centroid of open channel 
¢ = tangential or through flow 
s = solid-body rotation 
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coefficient, 
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= open channel 
= impeller 
leakage 


INTRODUCTION 


The term ‘‘regenerative pump” is used in this paper to denote 
a hydrodynamic unit often referred to in the literature as pe- 
riphery pump, turbulence pump, friction pump, turbine pump, etc. 
The main feature of this unit is that it develops in a single rotor 
high heads at low flow rates. Although its efficiency is not im- 
pressive, it is very good compared to other hydrodynamic pumps 
of comparable specific speeds, and it has found many applications 
in industry. The very low specific speeds of the regenerative 
pump have made it particularly attractive for lubrication, con- 
trol, filtering, and booster systems. 
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Fic. Scuematic Drawine or REGENERATIVE Pump 
(Numbers indicate pressure taps.) 


The unit studied is shown schematically in Fig. 1. In this de- 
sign the impeller has radial teeth or vanes machined into each 
side at its periphery. The fluid passes through an open annular 
chamber and circulates repeatedly through the impeller vanes. 
It is from this internal ‘‘multistaging’”’ or regenerative-flow pat- 
tern, that the pump properly derives its name. Closing the 
circuit between inlet and discharge is the stripper or septum. 
In this region the open channel closes to within a few thou- 
sandths of an inch of the sides and tip of the rotor and allows 
only the fluid within the impeller to pass through to the suction. 
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Preliminary experiments indicated that the few previously 
reported analyses are not compatible with direct observation of 
the pump mechanics. Yasutoshi Senoo (1)‘ considers turbulent 
friction between the moving impeller and the fluid as the primary 
force causing the pumping action. For this turbulent process 
Mr. Senoo applies Prandtl’s mixing length theory, thus estimating 
the turbulent viscosity. This analysis and the analyses pre- 
sented by W. E. Wilson (2), A. Miyadzu (3), and H. W. Iversen 
(4), ignore the circulatory motion induced by the centrifugal 
field. 

Lazo and Hopkins (5) and Lutz (6) conducted experiments 
with a small thread probe to determine the direction of the veloc- 
ity at different points in a section of the annular flow passage 
of the pump. They were able to corroborate an expectation that 
the fluid follows helical streamlines as shown in Fig. 1. This 
flow pattern is the basis for the present analysis. 

Empirical parameters are introduced in the analysis. These 
parameters are rationalized on the basis of the flow pattern de- 
scribed and in terms of previous work done on losses in other 
hydrodynamic units. Experimental data were obtained from a 
commercial 5.4-in. impeller-diameter unit and from a 19-in. 
impeller-diameter model the casing geometry of which was varied 
by means of inserts. The flow parameters are correlated em- 
pirically as functions of the two major casing dimensions de- 
fining six different channel geometries. 


Hyporuesis oF OPERATION 


The helical motion of the fluid inside the pump is best described 
by means of two components of the velocity at each point, namely 
the tangential component V, and the component V, in a meridio- 
nal plane perpendicular to V,. Two terms are introduced: 

(a) Tangential or through flow, defined as 


Q= f, VAA 


where A is the cross-sectional area of the open channel. This 
flow equals the capacity of the pump since fluid enclosed by the 
rotor vanes when it reaches the stripper is carried through to the 
inlet. 

(b) Circulatory or meridional flow Q, which is that associated 
with the component V, of the velocity. 

As the circulatory flow passes radially through the rotor its 
angular momentum in the direction of rotor motion is increased 
by virtue of the work of the impeller. To maintain a tangential 
pressure gradient in the open channel the angular momentum of 
the circulatory flow continually decreases after it leaves the rotor. 
Qualitatively, this indicates that an increase in pressure rise re- 
quires an increase in the rate of the circulatory flow, a greater 
reduction of the tangential velocity along the meridional flow 
path from the exit of the rotor to its entrance, or both. Reduc- 
tions in the tangential velocity outside the rotor result in re- 
ductions in the capacity Q. The centrifugal field creating the 
radial pressure gradient inside the rotor is constant at a‘given 
speed while the centrifugal field due to the external flow weakens 
as the tangential velocities decrease; therefore the circulatory 
flow rate may be expected to increase as we approach zero 
through-flow. Both thesee ffects lead to the observed inverse 
relation between flow and head. 

Experimental results also show that power requirements in- 
crease with decreasing capacity. The hypothesis of operation 
stated satisfies this condition. The change in angular momen- 
tum per unit of circulatory flow which the rotor must produce 
increases with reduced capacity and there is a simultaneous in- 


« Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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crease in Q.. The product of these two quantities is propor- 
tional to the power input. 

Fig. 2 reproduces typical experimental curves of head variation 
of the fluid as it circulates through the pump for various capaci- 
ties. These curves suggest five regions in the pump operation: 


(a) Inlet region, from 1 to about 4. 

(b) Acceleration region, from 4 to 6. 

(c) Linear region, from 6 to 10. Note that here the head rise 
per unit of angle, that is, the slope dH /d@, is essentially constant. 

(d) Deceleration region, from 10 to 11. 

(e) Outlet or discharge region, from 11 to 2. 
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Fic. 2. Heap tn 18.9-In. Pump at Various Flows 
(1000 rpm. Numbers refer to pressure taps indicated in Fig. 1.) 


Basic HyporueticaL 


To permit the development of a theoretical analysis of this 
complicated three-dimensional! fluid motion a simplified model 
must be developed. The basic model used in this paper to repre- 
sent the phenomenon in the linear region incorporates the follow- 
ing assumptions: 


1 Flow is steady if time averages are used for pressures and 
velocities. 

2 Fluid is incompressible. 

3 There is no internal leakage. 

4 All processes are adiabatic. 

5 There are no end effects due to suction and discharge. 

6 The entire pump flow may be characterized by the veloci- 
ties V, and V, along a mean streamline. 

7 Tangential pressure gradient is independent of radius. 

8 Tangential pressure gradient is constant throughout the 
linear region. 

9 All the circulatory flow leaves the impeller at the tip of the 
blades. 


Assumptions 7 and 8 were corroborated experimentally (5, 6) 
and Fig. 2. These experiments also showed that part of the fiuid 
leaves the impeller at the side of the blades. The discrepancy 
between assumption 9 and this observed characteristic of the 
pump flow is accounted for by a slip factor which reflects the 
degree of guidance provided by the vanes. 
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Fic. 4 Conrrot Votumes Representine Section dé or OPEN 


CHANNEL AND IMPELLER 


In view of assumption 8, the analysis of any meridional section 
will give the equations of motion characteristic of the linear re- 
gion. We therefore select for analysis an arbitrary element of the 
pump, as shown in Fig. 4. This analysis applies to a single-flow 
pump or half of a commercially typical double-flow unit, Fig. 3. 

The dimensions of the impeller and open flow channel are given 
symbolically in Fig. 3 where points 1 and 2 denote the locations 
at which the assumed mean streamline of the circulatory flow 
enters and leaves the impeller, respectively. At these points 
the tangential and meridional velocity components are desig- 
nated by 


Vie ol2, Vu = al, 


dQ, = Vani = dé 
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dQ. = circulatory flow rate for section of width d@ considered 
o = “slip factor’ mentioned previously and is assumed to be 
constant 
a = defined as indicated and depends on flow 
f = defined by Fig. 3 


The dynamic equations of fluid mechanics are applied to this 
model. For simplicity in the presentation of the analysis, wall 
friction and other irreversibilities are introduced as head losses. 


TANGENTIAL PREssSURE 


Applying angular momentum relations to the control volume 
of Fig. 4(a) 


(> a0) ras = p dQ, (aUin, — 
A A 0 


Simplifying according to the assumptions made for the model, 
and dividing by 


= f ras 
d @ ri?) 
dp _ dQ, w (ars [1] 
p 


where H, is the head loss due to tangential shear forces on the 
open channel walls. 


CircuLaTory FLow Losses 


Applying the steady-flow energy equation in integral form to 
the same control volume of Fig. 4(a) 


1 dp ) 
( 2 + + p + p d0 


| Ps 
+2) pda, 


Simplifying according to the original assumptions and sub- 
stituting dp from Equation [1] and Q for f A V,dA 


P2— Pi _ Vat Vea? 
p TGA 2 2 


(p2 — pi) represents the meridional pressure drop in the open 
channel! and is increased by the term H.,, to account for irreversi- 
bilities. Applying the angular-momentum relation to the con- 


trol volume of Fig. 4(b) 


d 
aT = pdQ, + Ra 40 


Since w dT = dP represents the power input to the differential 
control volume 


dP = p dQ. (aU,? — aU") + Rawdp......... [3] 
Applying Bernoulli’s equation to the control volume of Fig. 4(b) 
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Substituting dP from Equation [3) and rearranging 
P2— Pr 
p 


= 


where H,, is a measure of the irreversibilities due to the passage 
of the circulatory flow through the impeller. Equating Ex- 
pressions [2] and [4], calling H, = H,, + H,, the total head loss 
in the circulatory flow, and rearranging 


gH, = (or.? — ar;*) (: .. (5) 


TANGENTIAL FLow EQuatTIon 


The variation of the tangential velocity V, in the open channel 
may be derived if the mean streamline in the outside passage is 
assumed to be of the form shown in Fig. 3. This corresponds to 
dividing the open channel included in a section of width d@ 
into four subdivisions for each of which the differential equations 
can be set up by considering a typical differential control volume. 
Typical meridional surfaces of the differential control vol- 
umes are shown in Fig. 3. The control volumes have differential 
extent in the meridional and tangential directions, e.g., dr and 
r a0, and a finite meridional width based on the local dimension 
normal to the circulatory flow path, e.g., d in the main section 
of the open channel. For simplicity, the projection of the me- 
ridional mean stream surface is taken as rectilinear. Analysis of 
the control volume 6 dr d@ between points 2 and 3 is presented by 


Fie. [5 DirrerentiaL Controt Votume Between Pornts 2 
AND 3 1n OpEn CHANNEL 
(Only terms affecting angular t are i 


luded.) 


way of Fig. 5. Neglecting second-order terms, the angular 
momentum relation leads to 


Solving this differential equation with the condition that Vi. = 
oU, when r = re, we find the tangential velocity as a function of 
radius between points 2 and 3 


Views) = aU, 


Proceeding in a similar way between 3 and 1, matching veloci- 
ties at points 3 and 5, and remembering that Vx = aU, suc- 
cessive applications of the angular momentum relation yield 


View = y,— | 
p dQ, or, — cz 


TRANSACTIONS OF THE ASME 


NOVEMBER, 1955 


1d 
Via-s) = aU; + fz 


= al, 
r 


The total flow is found by performing the integrations 
b+d 


7... 
Q = Vien bdr + Visa) dz 


d 
+ d ad + f dz 


with the result 
Q = (: In + + nav, (a In + 
r; 
Arb (ra + ArAs (1s + 12) 
p dQ. 


n 
2 rg 4 2r; 


The logarithmic terms are replaced by three terms of the series 
Ing = (x — 1) — '/o (x — 1)? + 3/3 (2 — 1)?—.... 


when x = r;/r; and by two terms when x = r;3/re. 
Making these substitutions and replacing dp/dQ. from Equa- 
tion [1] leads to 


G re 
where Q, = rgAw denotes the flow associated with solid-body 


rotation and A, and Kk, are dimensionless coefficients depending 
only on the geometry of the open channel 


1 
Bnd (4. 


Six equations have been derived for the hypothetical model. 
Their significance is discussed in the following section as they 
are applied to the calculation of the pump-performance char- 
acteristics. 

Equation [6] as stated may be used to evaluate the pump flow 
for a given value of a. In determining the pump performance 
the independent variable may be taken to be the flow Q or the pa- 
rameter @ since both are related by Equation [6] once the slip 
factor ¢ is known. a@ is the most convenient variable, but it 
must be remembered that the final results are head rise, power, 
and efficiency as functions of the flow. 


DiscussioN OF IRREVERSIBILITIES 


The effect of wall shear forces opposing the tangential flow is to 
decrease the tangential pressure gradient associated with the 
momentum transfer from the circulatory flow. Strictly speaking, 
these forces should be evaluated as the tangential components of 
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the total shear forces associated with the combined flow; how- 
ever, an order of magnitude of the total of these components can 
be determined by applying the classic pipe-loss formula 


When this is evaluated for the open channels of the pumps tested 
in the operating regimes of greatest interest it is found to be 
almost negligibly small. Consequently, we have hypothesized 
that this component of the shear forces is zero; i.e., H, in Equa- 
tion [1] is zero. The effect of this assumption is to attribute all 
the irreversibilities of the working section of this pump to losses 
in the circulatory flow. Losses in the inlet and discharge may be 
considered of the form k(Q/D*)*. These, however, will not 
influence the operation in the linear region in view of assumption 
5. 

The circulatory flow loss, H,, of Equation [5], is considered to 
comprise two terms: 

(a) Blade entrance loss. This loss arises when the velocity 
relative to the rotor at point 1, Fig. 3, differs from purely axial 
and has a tangential component U; — Vn = (1 — @)Ui. 

These losses are evaluated according to the form suggested by 
Spannhacke (7) 


(1 — 
2 


(b) Friction losses, turning losses in the open channel, and 
turbulence losses due to separation inside the impeller and at the 
tip of the impeller. All these losses are considered proportional 
to V.2.. Taking the velocity at the tip of the impeller as char- 
acteristic of the flow in the open channel, we may write the losses 
as 


Summarizing, we may write for the total circulatory flow 


losses 


(1 — 


\? 
+h, 


Over-ALL Pump-PERFORMANCE EQUATIONS 


H, 


Referring to Figs. 1 and 2, the flow from pump inlet 1, to im- 
peller entrance 4, is similar to that through a series of pipes and 
elbows. The corresponding pressure drop is of the form 
k({Q/D*)?. 

At point 4 the flow enters the working section of the pump with 
a velocity and direction dependent largely on the inlet port. 
Until the flow reaches the uniform pattern of the linear region 
the circulatory flow rate will increase. 

The head distributions show the existence of a region (10 to 11) 
where a deceleration probably occurs and some of the kinetic 
energy of the circulatory flow is recovered as a pressure rise. 

In the discharge region (11 to 2) a loss similar to that at the 
inlet occurs and may be incorporated with the k,(Q/D*)? term. 

At any given point the flow is steady and has associated with 
it fixed values of the parameters Q, and a. In view of this, 
Equation [1] is valid in the entire working section of the pump. 
Integrating this equation, setting H, equal to zero, and deducting 
the inlet and discharge losses, k,(Q/D*)?, leads to an expression 
for the head rise of the over-all pump 


oH = = (oU,? — aU?) — k, Gal [8] 
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The system of Equations [5] through [8] involves four varia- 
bles, Q, H, H,, and Q.. If specific values are assigned to k,, 
k., and o, these equations lead to the head-flow characteristics of 
the pump. 

The integration of Equation [3] leads to an expression for the 
work input to the pump. The last term, namely, Raw Ap, 
represents the work done in raising the pressure of the fluid be- 
tween the impeller blades. This pressure rise is utilized across 
the stripper to perform a turbine work. Neglecting the losses 
associated with this process the last term of Equation [3] is 
dropped in determining the net power input. Combining the 
resulting expression with Equation [8] 


P = [ +k, ( ey] 


Defining pump efficiency, substituting Equation [9], and re- 
arranging 


EXPERIMENTAL CORROBORATION OF OveR-ALL PERFORMANCE 
ANALYSIS 


Equations [5] through [10] determine the complete perform- 
ance characteristics of the hypothetical model in terms of the 
parameters k,, k,, and ¢. One correlation of these expressions 
with the experimental results obtained for a commercial unit 
(5)° has been made. The dimension f, Fig. 3, was arbitrarily 
set equal to the impeller vane width b, and values of the pa- 
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Fic. 6 PerroRMANCE CHARACTERISTICS OF STa- 
Rite TH-7 Pump 


3160, ke = 110, o = 0.85. 


(Solid lines, calculated performance. ki = 
Crosses, manufacturer's 


Dots, points from tests with air, reference 5. 
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rameters were chosen to give the best over-all match. The re- 
sults are shown in Fig. 6 in conventional dimensionless terms 


H 

Dimensionless head = 
Dimensionless flow = 
wD* 

Dimensionless power § = 


§ Sta-Rite Th-7 pump, 5.4 in. impeller diameter, c = 0.181, d = 
0.308, b = 0.230, h = 0.860 in., double flow unit, A = 0.36 sq in. 
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The dimensionless plots are used to illustrate that the regen- 
erative pump is a hydrodynamic unit obeying the same simili- 
tude laws as centrifugal and axial pumps, turbines and compres- 
sors. In this figure are recorded experimental points ob- 
tained at seven different speeds with air as the working fluid (5) 
and the performance data given by the manufacturer for water. 
A negligible influence of Reynolds number is indicated by these 
results which encompass a 2000 to 1 range of that parameter. 

Inspection of Equation [10] indicates the possibility of cal- 
culating the entire efficiency curve in terms of the head-flow char- 
acteristic and of the loss coefficient k,. These calculations have 
been made for a typical commercial unit. The coefficient k, was 
evaluated from the experimental maximum efficiency point. 
The calculated and experimental efficiency curves are compared 
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in Fig. 7. As anticipated from Equation [10], at low flows k,Q? 
is very small compared with gH, and the efficiency curve follows 
approximately the straight line Q/Q,. (Recall that Q, = rgAw.) 

The agreement between the calculated curves and the experi- 
mental points in Figs. 6 and 7 is such as to lend considerable 
confidence to the hypothesized fiuid-dynamic mechanism. The 
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values of k,, k,, and ¢ obtained from the match of the perform- 
ance curves are used to calculate the losses. The power-dis- 
tribution curves of Fig. 8 show the magnitude of the calculated 
losses as a function of the pump flow. The equations give at low 
flows values of a of the order of —1 indicating a reversal in the 
direction of the velocity V, between the tip and root of the impel- 
ler. This characteristic of the internal flow, observed experi- 
mentally (5), explains the large magnitude of the blade-entrance 
loss at low flows. 


RATIONALIZATION OF EMPIRICAL PARAMETERS 


The utility of the hypothesis developed in the foregoing de- 
pends upon our capacity to predict the parameters a, k,, k,, and 
f in terms of the design variables. In developing this capaciv y we 
have drawn upon previous experience with similar parameters for 
other hydrodynamic devices. In each instance this experience 
has been adapted to this particular problem by appropriate ex- 
periments. Our work thus far has been limited to prediction 
of head-flow characteristics in the linear region. 

The factor o is introduced to account for the lack of perfect 
guidance to be expected from a finite number of blades. It is 
defined as the ratio of the average absolute tangential velocity 
of the fluid leaving the impeller to the tip speed of the impeller 


= 


Busemann (8) evaluated the factor o considering the potential 
two-dimensional flow between the blades of a centrifugal impeller. 
He showed that ¢ is a strong function of the number of vanes Z, 
as that number approaches zero and a strong function of r;,/rz as 
this ratio approaches unity, Fig. 9. In view of the large number 
of vanes in a typical regenerative-pump impeller, the latter in- 
fluence, i.e., ¢ — 0 as r;/r2 — 1.0, is the more significant. 
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Factor ¢ 
(After Busemann.) 


The flow between the blades of the regenerative pump differs 
from the case of radial blades considered by Busemann mainly 
because the tip clearance is finite, the inlet flow is not radial, 
the rotor is unshrouded, and irreversibilities are present. 

The selection of the parameter f is tantamount to the assign- 
ment of a value to the dimension r; which is defined as the radius 
at which the assumed mean streamline of the circulatory flow 
enters the blade, Fig. 3. It is to be expected that r; is a function 
of the open-channel geometry and might vary for a given geometry 
as the flow through the pump is changed. A further simplifica- 
tion is made in this analysis by neglecting the latter possibility; 
i.e., 7: is a constant for a given geometry: 


(a) Asc/d @, 
(b) Asc/d-0, f-0 


ri To, 


Between these limiting cases a value of c/d, say, (c/d)* will exist 
for which r; = (7 + r2)/2 and the flow enters over the whole 
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height of the blade, f = h. The value of (c/d)* is believed to be 
mainly a function of the impeller geometry. It is recognized 
that the model is actually invalid for c/d approaching either zero 
or infinity. Consistent with these conditions, r; is assumed to 
vary according to the relations 


c/d . 

n= + 4 fm (e/a)? | 

f as h if e/d > (c/d)* 


Referring to the previous discussion of irreversibilities, the 
parameter k, can, for practical purposes, be connected exclusively 
with the inlet and discharge losses. It is therefore assigned a 
value of zero in the linear region. 

The complex nature of the circulatory flow makes the loss 
coefficient k, a complicated function of the open channel and rotor 
geometries. A simple and satisfactory relation for this param- 
eter in terms of previous work on friction and turning losses 
could not be developed. The evaluation of this parameter in the 
linear region will therefore be done from experimental data notic- 
ing that if most of these losses are associated with the turning 
of the flow, it seems reasonable that k, should be a minimum for 
some critical values of the dimensions ¢ and d. 


EXPERIMENTAL INVESTIGATION OF INFLUENCE OF PUMP 
GEOMETRY 


As indicated in the foregoing, the general validity of the hypothe- 
sis has been verified by tests of a commercial unit having an im- 
peller diameter of 5.4 in. The small dimensions of this unit made 
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TABLE 1 CONFIGURATIONS OF THE PUMP OPEN CHANNEL 


Configuration 

no. ¢, in. d, in. e/d A, 8q in. 

1 0.875 1.700 0.515 7.38 
0.365 1.700 0.215 6.12 

3 1.130 1.410 0.802 6.80 

4 0.620 1.060 0.585 4.39 

5 0.875 0.760 1.150 3.68 

6 0.365 0.760 0.480 2.89 


measurements in the open channel extremely difficult. A larger, 
3'/2:1, seale model, shown in Fig. 10, was built to facilitate 
measurements and permit easy changes in some of the geometrical 
characteristics of the unit. The model is a single-flow pump 
whereas commercial units are characteristically double flow; 
that is, they consist of two single-flow units back to back working 
in parallel. The casing of the model is fabricated from lucite 
and designed to accommodate six lucite fillers, three flat disks, 
and three wide rings, Fig. 11. Six of sixteen possible configura- 
tions were selected for test. They are listed in Table 1. 
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hic. 11 Open CHANNEL IN WorkKING SECTION AND Masor Dimen- 
SIONS OF EXPERIMENTAL UNIT 


The model was driven at speeds up to 2000 rpm with a 5-hp 
dynamometer. A relatively simple and fragile experimental 
unit is feasible since dynamic similarity makes practicable opera- 
tion with air as the fluid medium rather than water. At 2000 
rpm pumping water this unit would require about 3500 hp and 
develop some 2000 psi pressure rise at shutoff. 

Standard test procedures were followed. Capacity was meas- 
ured by an inlet venturi, and the various static pressures for 
internal and over-all performance were measured by flush wall 
taps connected to water manometers. All tests reported were 
conducted at 1000 rpm, although runs at other speeds were made 
to verify similitude. The data showed that Reynolds number 
and compressibility effects are substantially negligible. (At 1000 
rpm the shutoff pressure ratio is approximately 1.05.) 

During the test runs the clearance between the front cover and 
the impeller was held to about 0.010 in. In the stripper section, 
clearance was harder to control and was measured to be of the 
order of 0.020 in. 


INFLUENCE OF Pump GEOMETRY ON EmprricaL PARAMETERS 


Figs. 13 to 15 show the internal head-flow characteristics of the 
six configurations tested. Figs. 13 and 14 suggest very strongly 
that the shutoff head is moderately dependent on tip clearance 
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in an inverse sense. On the other hand, the maximum flow rate is 
practically directly proportional to the cross-sectional area of the 
open channel. These two influences are shown in combination 
in Fig. 15. The points on the curves are the experimental data. 
The solid curves are the result of introducing empirically cor- 
related performance parameters into Equations [1], [5], [6], and 
[7]. The procedure for securing a correlation of the parameters 
comprised the following steps: 

(a) The measured flow rates were increased by calculated 
leakages to approximate the internal flow.® 


=> + 


(b) Some sort of hypothesis for 7; is tentatively selected, e.g., 
Equation [11] with a particular value of (c/d)*. 

(c) o is tentatively selected in accordance with Busemann’s 
work. 

(d) Using the values of r; and o from (6) and (c), values of k, 
which force a match of the internal performance curves at a = 0 
(approximately best efficiency point) are found. 

(e) Using all three parameters thus defined the entire per- 
formance curves for each configuration are calculated and com- 
pared with the test data. 

The process was repeated until satisfactory matches were ob- 
tained for all the pumps and the k, relationship with geometry 
was found to be reasonable in the light of the rationalization of 
the parameters. Fig. 12 presents the final correlations of r,, ¢, 
and k, with geometry. These correlations lead to the very ac- 
ceptable agreement between “theory” and experiment indicated 
by Figs. 13 to 15. 

From Fig. 12 the values of k. used vary from 1 to 8. From 
the definition of k, this indicates a loss associated with the turn- 
ing of the flow of 2 or more velocity heads (V.22/2g). This re- 
sult agrees in order of magnitude with previous experience with 
losses of this nature. 


CONCLUSIONS 


A hypothesis which treats a regenerative pump impeller as a 


® ¢ is assumed to be attributable to flow through the stripper 
clearance and is partly due to the pressure differential acting on a 
series of orifices and partly to the drag of the impeller. This leads 
to the relation 


2D? 1 + 1.70 — 4p? 1 2 D 


where an orifice coefficient of 0.85 has been assumed. In this ex- 
pression, 4, is the equivalent working section of the pump in radians, 
Z, is the average number of blades in the stripper at one time, and e 
is the average clearance at the side and tip of the rotor through the 
stripper. Values used for the unit tested are 6, = 5.42 radians, Z, = 
3, and e = 0.020 in. 


TRANSACTIONS OF THE ASME 


NOVEMBER, 1955 


10 
a) 
z 2 
we 
< 
| 
6 
5 610 18 20 


C/d 


SLIP FACTOR & 


Fi 
5 1.0 5 20 
C/b 
\ 
c) 
6 
a tx 4 
\ 
2 
§ 1.0 1.5 2.0 25 
d/b 


Fig. 12 VaRIaTIon or INTERNAL FLow Parameters OPEN 
CHANNEL GEOMETRY 


centrifugal device has been shown to be consistent with the ob- 
served performance of commercial pumps. Qualitatively, the 
derived relations satisfy the major details of the observed flow 
phenomenon. It is remarkable that only three performance 
parameters are necessary to describe the performance of a hydro- 
dynamic unit throughout its complete range of operation. 

The correlation with the work of Busemann shows that the 
regenerative pump impeller performs like other centrifugal units. 
Radial clearance beyond the impeller tip is the major geometrical 
feature modifying the theoretical slip factor determined by 
Busemann. 

One of the important irreversibilities associated with the 
circulatory flow can be evaluated as a Spannhacke “shock loss.”’ 
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Additional turbulent-type losses proportional to the square of the 
circulatory flow have been related to the casing geometry for the 
particular rotor tested. The losses associated directly with 
through-flow are found to be due principally to turbulent losses 
in inlet and outlet. 
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Discussion 


H. W. Iversen.’ The authors’ hypothesis leads to some in- 
teresting relationships which, for the record, should be compared 
to other expressions applied to the pumping action of the re- 
generative pump. The writer* presented some thoughts on the 
prediction of the shapes of the performance curves which did not 
include any detailed specification of the fluid motion within the 
pump but merely specified a pumping shear between the impeller 
and the fluid in the open channel and a retarding shear between 
the fluid and the channel walls. The final expressions, in terms of 
the authors’ symbols, unless otherwise defined, were 


Q\? Ca. (Q\ 
Cc 
2 UA 


impeller shear coefficient 
impeller shear area 
casing shear coefficient 

a, casing shear area 

U = effective impeller velocity 


The end points of the head-capacity curve and the end point of 
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the power curve at zero flow were used to obtain three equations 
to evaluate the two shear coefficients and the effective impeller 
velocity. The complete performance curves were then predicted 
and were shown to match the test curves of one pump. 

Before a comparison between Equations [12] and [13] and the 
authors’ results can be made, a question must be raised as to the 
validity of the authors’ Equation [7]. When Equations [7] and 
[5] are combined by eliminating gH,, and with Q, = rgAw and 
U, = rw, there results 


Q? = (on — ar;*) (: ) ant | 


A further simplification may be made for purposes of discussion 
by assuming or2? is approximately equal to r,;2.. This approxima- 
tion is reasonable since 72 is greater than r; and ¢@ is somewhat less 
than unity. Then 


« [« — a) (: 2.) 5a [15] 


From Equation [6] of the paper 


Q 2r¢ 


ore? Ky 
Q, 


a 


For simplicity in discussion, since the coefficients are constants 
let 


Then 


sinha 


According to the authors, when Q = 0, @ is of the order of —1. 
Then K” = 1. Also, when Q = Q, (all the fluid rotates with the 
impeller at the mean impeller velocity), a = 1. Then K’ = 2. 
Then Equation [17] of this discussion reduces to 


... [18] 


Substitution of Equation [18] into Equation [15] yields 


Equation [19] shows Q, = 0 for all values of Q, or no circulatory 
flow is present at any pumping condition. This condition violates 
the flow pattern upon which the authors’ analysis is based. 

Admittedly, certain assumptions have been made in arriving at 
Equation [19]. However, the authors’ Fig. 8 indicates somewhat 
the same conclusion when the curve of radial losses is considered. 
It is assumed this curve is that which represents 


Q.? 
(rir2b8)? 


in which k, is considered a constant. Therefore the radial loss in 
proportional to Q.2.. The curve shows, as the capacity Q is de- 
creased toward shutoff, that the radial-flow losses reach a 
maximum, then decrease, which means that the circulatory flow 
follows the same trend, a trend which negates the statement by 
the authors, ‘“‘an increase in pressure rise requires an increase in 
the rate of circulatory flow, a greater reduction of the tangential 


- 
| 
or*k, 
= K’ = pe 
a=K'o 
Q 
Q, 
[12] 
where 
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velocity along the meridional flow path from the exit of the rotor 
to its entrance, or both... .. 

If the last term of Equation [15], or the term containing @ of 
Equation [7], representing the so-called blade-entrance loss, is 
dropped, then, with the approximation 


ore? = r? 


Substitution of Equation [20] in the authors’ Equation [1], along 
with Equation [18], results in 


H= (: 2) k, p } 


Equation [21] is of the same form as Equation [12] of this discus- 
sion, relating the pump performance to shear coefficients which 
are, as the authors show, primarily the result of the momentum 
interchanges in the pumping action. 

The authors’ detailed analysis of relative geometry of the flow- 
channel cross section should lead to design criteria when suf- 
ficient correlations are available with other pump-impeller di- 
mensions and flow-channel areas. However, some further sub- 
stantiation of the circulatory flow “shock loss at entrance’”’ in 
Equation [7] appears to be necessary before the analysis is ac- 


cepted. 


Yasutosui Senoo.’ It is quite reasonable to suppose that 
there is a circulatory flow between the impeller vanes and the 
open annular channel in the regenerative pump and that the 
circulatory flow is the governing mechanism of pumping action. 
The method of approach adopted by the authors seems to be the 
most straightforward one handling the circulatory flow. No one 
has analyzed the characteristics of a pump by this method. Be- 
cause the mechanism is too complicated to formulate, several 
hypotheses must be adopted, which may lead to wrong conclu- 
sions unless the hypotheses are selected properly. 

Some researchers have analyzed the phenomena in the pump 
with a theory of turbulence. In the open channel, as the authors 
mention, a quantity of fluid which has gained momentum from the 
impeller conveys the momentum to the fluid in the channel which 
flows against the pressure gradient and friction force on the wall. 
Therefore the phenomenon in the channel probably could be 
approximately analyzed by a method like the classic theory of 
turbulence based on momentum transfer. On the other hand, 
the spaces between the vanes of the impeller are always filled with 
fluid, not only when they move from the suction port to the dis- 
charge port but also from the discharge port to the suction port; 
that is, these spaces do not contribute to the transport of the 
fluid from the suction port to the discharge port in the sense of a 
positive-displacement pump. Therefore it seems to be permissi- 
ble to consider that the impeller is simply a source of momentum 
which will be conveyed to the fluid in the open channel. Accord- 
ingly, in the turbulent theory which is adopted for the analysis of 
the pump characteristics, the circulatory flow is not ignored but 
simplified as a form of turbulence. 

In the open channel, as just mentioned, the transfer of momen- 
tum is induced by the impeller. Therefore the phenomenon is 
quite different from the turbulent flow in a pipe. Accordingly, 
the turbulent theory should be modified by adopting some hy- 
pothesis and coefficients which will be obtained by experiments. 
In the writer’s analysis (1), for example, the whole performance 
of a pump is described by equations with a significant coefficient 
which indicates the intensity of turbulence, or circulatory flow. 
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Although this coefficient depends slightly on the geometry of the 
impeller and open channel, the performance of a new pump will be 
described accurately by the characteristic equations if the geome- 
try is not completely different from conventional ones. However, 
it is difficult to find the best shape and the optimum combination 
of impeller and open channel from this turbulent theory, unless 
many experiments are available which cover various kinds of 
geometry. 

The authors have analyzed the secondary flow directly. The 
results and further improvements in the future may be ex- 
pected to provide clues to the discovery of some factors which will 
improve the performance of a regenerative pump, such as the best 
shape and the optimum combination of impeller and open channel. 
Therefore this method of approach has certain significance even 
though the characteristic equations are complicated. 

A few comments would seem to be in order: 

1 The input power is easily calculated from Equation [9], but 
the relationship between head and rate of flow is a combination of 
Equations [5], [6], [7], and [8] which are too complicated to see 
the general tendency of the characteristics due to the change of 
the shape of the pump. It appears to be impossible to simplify 
this relationship without reducing the accuracy, However, the 
relationship between the head and the rate of flow is approxi- 
mately linear, so the characteristics will be roughly predicted by 
the performances at a few particular conditions. For example, the 
rate of flow at zero head, the shutoff head, and the head and 
the rate of flow at a = 0, seem to be shown by simpler formulas. 
It would be desirable if the authors’ analysis could be modified 
or simplified to explain the change of characteristics due to the 
change of the shape and the dimensions of parts of pump. 

2 In this paper the dimensionless flow coefficient @ is defined 
by Q/wD* and the head-loss coefficient k is defined by gH /(Q/D?)?. 
It seems to be desirable to define these dimensionless parameters 
so that they have direct physical meanings, e.g., @ = Q/Q,, 
k = 2gAH/(Q/A)?, etc., where A is the cross-sectional area of the 
open channel. Then, the head-loss coefficient will be comparable 
to that of the pipe flow, and the values of ¢ at Y = 0 in Figs. 13, 
14, and 15 will approximately coincide with each other. 

3 The performance of the regenerative pump can be improved 
in two ways. One isan increase of the circulatory flow which re- 
sults in a higher head at a constant rate of flow. This can be done 
by a good combination of the open channel and the impeller 
geometries as well as by reducing the head-loss of the circulatory 
flow. The other is a reduction of the tangential head-loss. The 
latter is not so effective as the former for a small rate of flow but is 
very effective for a large rate of flow. For an improvement of the 
performance, the mechanism of these losses should be studied and 
measures should be taken to meet these situations. That is, the 
circulatory loss coefficient k, should be separated into shock loss 
and friction loss coefficients, the tangential loss coefficient k, 
should be separated into friction loss, inlet loss, and discharge 
loss coefficients. If the magnitudes of some of these coefficients 
are unreasonable, there may be a possibility of improvement. 
For example, according to many experimental data, the input 
power at zero head is equivalent to the power which corresponds 
to 3 to 4 times the velocity head of the through flow. In one 
case this coefficient was reduced from 3.4 to 2.5 by an alteration of 
the suction-port geometry as will be explained later. Even in this 
case the tangential loss coefficient k, appears to be bigger than the 
loss coefficient in ordinary pipe flow, but it might be reasonable for 
a flow with circulatory motion. It is expected that further re- 
search will either justify the magnitude of the loss coefficient or 
suggest a method for an improvement of the performance. 

4 The writer has conducted a series of experiments (1) which 
verified serious influence of the inlet port on the performance of the 
pump. It is shown in the pressure-distribution curves along the 
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channel in Fig. 2 that the pressure of fluid decreases as soon as 
fluid enters the channel. This kind of pressure distribution is 
recognized in almost all regenerative pumps. If the pressure de- 
crease at the entry is removed, the performance of the pump will 
improve. Considering the mechanism of pumping action, the 
writer enlarged the cross-sectional area of the channel near the 
inlet port. As a result of this alteration, pressure did not ap- 
preciably decrease in the channel, and cavitation was prevented. 
In addition, total head increased for any rate of flow, or rate of 
flow increased for any total head. For example, the shutoff head 
increased by 20 per cent and the maximum rate of flow increased 
by 10 per cent. On the other hand, the relationship between 
power and total head hardly changed; accordingly, the maximum 
efficiency increased from 33 to 42 per cent. 


W. E. Witson.” This paper is a welcome addition to the 
literature on the peripheral pump, pioneering as it does in a new 
direction in the formulation of a theoretical approach to an ex- 
planation of the operation of this controversial mechanism. The 
writer is particularly interested since he has been, for several years, 
an adherent of the Japanese school of thought which has envisaged 
the pump as a turbulence device. Last year the subject was 
covered by Professor Iversen of the University of California, in a 
paper at the ASME Annual Meeting and the writer expressed 
himself as a supporter of Professor Iversen’s views. 

The paper under discussion presents a fresh viewpoint and one 
deserving of careful and thorough consideration. It appears that 
there is a necessity for added investigation of an analytical and 
experimental nature before it will be possible to assess ac- 
curately the roles of turbulence and dynamic action and their 
relative importance. 

In order to bring into sharper focus the significance of the hy- 
pothesis advanced in this paper, the following equations, two of 
which are modifications of those of the authors, are presented. 
Numerical designation is the same as in the paper, and the letter 
b has been added to differentiate them from the originals 


dp : 
— Ib 
p Q, [1] 
1 re 
Q Q, [ ke .. [6] 
2 re? 


In each case the equation has been written for a perfect fluid. 
Under these circumstances, there would be no frictional losses. 
These equations should then describe the ideal performance, not 
actually attainable, but useful as a guide in analysis and discus- 
sion. 

It will be noted that Equation [5b] places severe limitations on 
the performance. It is required that either Q/Q, = 1 ora = 
a(r;?/r2?). 

If Q = Q,, then there is no variation of delivery with pressure 
which is obviously not in accordance with the observed facts. 

On the other hand, if ¢ = a(r;*/re?), Equation [1b] indicates 
that dp will be zero. This is also not in agreement with the ex- 
perimental evidence. 

It is apparently necessary, therefore, that the background of 
Equation [56] be examined critically. In the authors’ develop- 
ment the conservation of energy was assumed but modified by 
the introduction of losses in the form of the head loss H,.. Omis- 
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sion of the head loss as indicated in Equation [5b] assumes, 
simply, no energy loss in the flow due to the circulatory motion, 
Quite obviously, there would be energy losses in transferring 
momentum from the liquid ejected from the impeller into the 
slower moving main stream. It is pertinent, therefore, to inquire 
carefully into the meaning of this situation. The writer wishes, 
therefore, to request the authors’ interpretation of the failure of 
the perfect-fluid equations to describe properly the performance. 

It is the writer’s suggestion that the mechanism of momentum 
exchange in this pump may be of a nature similar to that found 
in the “Borda tube” or the hydraulic jump. In each case a high- 
velocity stream mixes with a low-velocity stream and there is an 
accompanying loss of energy which is readily calculated by apply- 
ing successively the principles of the conservation of momentum 
and the Bernoulli equation. Perhaps a similar analysis of the 
flow pattern in the pump would make possible an evaluation of 
the energy loss gH, of the authors’ Equation [5]. 

Consideration of Equation [1b] in the ideal form given here 
reveals clearly the physical picture envisioned by the authors. 
The pressure developed is directly proportional to the intensity of 
the circulatory flow as measured by the ratio dQ,/Q,. The quan- 
tity — a(r:?/'r2*)] describes directly the centrifugal pump- 
ing action in the conventional manner. 

Equation [6] describes a linear relationship between Q and a 
provided ¢ is constant. This relationship may be introduced in 
Equation [1b] to provide an expression for dp as a function of the 
delivery Q if desired, 

Equations [1b], [5b], and [6] are independent relationships ob- 
tainable from the hypothesis advanced by the authors. It is 
obviously impossible to obtain from these a complete solution to 
the problem of predicting the ideal performance since the un- 
known quantities dp, dQ,, a, and Q exceed the number of equa- 
tions. It is to be hoped that an additional hypothesis regarding 
the nature of the flow, gleaned from the experience of the authors, 
might be useful in extending the predictive power of the theory. 

Consideration of Equations [9] and [10] of the paper is dis- 
appointing to the reader since it is not apparent that these 
necessarily follow only from the hypothesis advanced by the 
authors but rather could be written directly from the definition of 
efficiency and the concept that the power required to drive the 
pump is the ideal power pQ,gH plus a power loss proportional to 
the square of the mean velocity of the liquid, pQ,K(Q/Dz.)*. 

The statement, “The dimensionless plots are used to illustrate 
that the regenerative pump is a hydrodynamic unit obeying the 
same similitude laws as centrifugal and axial pumps, turbines and 
compressors,” is not entirely satisfying in that it is not apparent 
that these plottings and this quotation establish clearly the dis- 
tinction between the peripheral pump as a turbulence unit and a 
dynamic unit. 

Considerations that would assist in the clarification of the 
nature of the pump are concerned with extreme conditions. For 
example, the situation at shutoff is of great interest. Reference 
to Equation [6] reveals that at shutoff when the delivery is zero, 


the following relationship between a@ and o must exist 
ky ro? 
a=— 
kz ry? 


Apparently @ must be negative and indeed such would be ex- 
pected since a backflow is necessary to maintain continuity. 

Under these conditions, Equation [1b] yields the following 
value of the pressure differential 


dp _ ky 
p Q, (: 


This indicates that the shutoff pressure depends only upon the 


& 
dQ) w*y.? | g — 


1314 


ideal pressure (pr2*w*)/2, the geometry of the pump [1 + (4: /k2)] 
the quantity o, and the ratio (dQ./Q,). The latter ratio is, of 
course, the critical distinguishing feature of the authors’ concept. 
If o remains essentially constant, the shutoff head coefficient 
(2dp)/(pr2*w?) should be directly proportional to (dQ./Q,). This 
shows the necessity for an increasing value of dQ, with decreasing 
delivery Q since the maximum value of dp is a shutoff; i.e.,Q = 0. 
Experimental data related to this observation are of significant 
importance. 

Another extreme condition of interest is that of zero pressure 
increase. Equation [16] indicates that under these circum- 
stances either dQ, = 0 or = a(r;?/r2?). Experimental evidence 
on this point would be pertinent. 

It is the writer’s hope that additional study and experimenta- 
tion may result in a complete theory of the peripheral pump that 
will provide a sound basis for design improvement. 


G. F. Wisuicenus."'! This is a thought-provoking paper on a 
thought-provoking subject. In the opinion of this reader the 
authors have made a distinct contribution to the theory of Re- 
generative Pumps by attempting to describe the flow on the basis 
of a steady-flow hypothesis similar to that of the ordinary cen- 
trifugal-pump theory. The most immediate practical result of this 
contribution should be a renewed and increased effort to improve 
the hydrodynamics of the impeller and perhaps the surrounding 
fluid passages of regenerative pumps. It is indeed somewhat 
surprising to find no signs of major improvements in the experi- 
mental unit described by the authors unless this design was 
frozen prior to the establishment of the working hypothesis de- 
scribed in the present paper. 

It is because the writer is convinced of the intrinsic value of 
this paper that he feels compelled to point out a few facts that 
may well be regarded as shortcomings of the present treatment. 

The writer feels that the value of this paper could be dis- 
tinetly enhanced if its principal line of reasoning were compared 
clearly with the more or less established theory of this type of 
pumps which may be described here as “turbulent-drag theory.”’ 
In fact, the present treatment appears to depart from the turbu- 
lent-drag theory principally by the attempt to calculate, by means 
of the theory of centrifugal pumps, the mass exchange between the 
rotor and the stationary passages in terms of steady fluid motions, 
in contrast to the random-mass-exchange concept of the turbu- 
lent-drag theory. This attempt of rationalization is unquestiona- 
bly valuable and appears, by the comparison with test results, 
as more or less successful although it still necessitates the use of 
empirical factors (such as the circulatory flow loss, ete.). Never- 
theless, there is no reason why the new theory cannot be reconciled 
with the turbulent-drag theory, and may perhaps be recognized 
as its logical extension. 

To make this point clearer it is necessary to mention a few con- 
cepts and results of the turbulent-drag theory. To do so the 
writer has, so to speak, started from scratch as he feels there are 
others far more qualified than he is to present the eristing back- 
ground of past work in this field. 

It will be assumed the turbulent shear stress is proportional to 
the peripheral velocity of the runner U times the difference be- 
tween that velocity and the mean peripheral velocity of the flow 
outside of the runner (U — V,). This shear stress acts on an area 
proportional to the radius of the runner squared r?, whereas the 
opposing peripheral pressure gradient acts on the cross-sectional 
area of the stationary passage A, On the basis of this simple con- 
cept one arrives at the following results 
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The constant K, is, so to speak, a turbulent-drag coefficient 
and includes also constants dictated by the chosen definition of 
the pressure (or head) coefficient y. Q/Q, has the same meaning 
as in the paper and is used here as a dimensionless expression of 
the pump capacity (in preference to @). The constant Ke is 
essentially the peripheral head-loss coefficient k of the paper 
divided by K, and a numerical as well as a form coefficient. 

The efficiency, Equation [23], herewith, expresses primarily 
the simple fact that the hydrodynamic force is applied at the 
peripheral velocity of the runner but is made effective only at the 
peripheral velocity V; of the flow in the casing passage. This 
simple effect of the “slip” of a turbulent-drag pump is also ex- 
pressed by the corresponding Equation [10] of the paper; i.e., 
this principle is maintained by the centrifugal-pump theory pre- 
sented by the authors except that the physical simplicity of this 
principle is less evident in the centrifugal-pump theory than in the 
drag theory. 

What, then, are the differences between the centrifugal-pump 
and the turbulent-drag theories? The writer is convinced there 
are important differences and is asking the question only to 
stimulate the search for a comprehensive answer. One difference 
can be pointed out here; namely, the conditions at the extreme 
capacity Q = Q, for which the drag theory gives, with Ke = 0 (no 
through-flow head loss), the familiar limit of Y = 0 (zero pump 
head) at 7 = 100 per cent. The centrifugal-pump theory ap- 
proaches (under the same idealizing condition) the limit of 
standard centrifugal-pump operation with Q. = Q and gH = 
oU.? — al? (see Equation [8] of the paper for k = 0), thus ex- 
pressing correctly the effect of admitting the flow at the inner 
radius r, of the impeller and discharging from its outer periphery, 
re. 

The derivations given in this paper reveal another fact of great 
potential significance; namely, that the flow outside of the im- 
peller is necessarily ‘‘rotational” in the sense of an inherent de- 
parture from the potential flow pattern, going completely beyond 
the familiar effects of fluid friction. This fact is expressed by the 
first equation following Equation [5] of the paper, but one does 
not receive the impression that its importance has been fully 
appreciated. It should be noted that the vorticity of this flow, 


r 


d\ 
given by - aq + — is of first order of magnitude, expressing 
r r 


indeed the very difference in action between the regenerative 
pump and the standard centrifugal pump for which dp/d@ = 0. 
The writer suspects that this vorticity is responsible for the fact 
that the pump model suggested by the authors does not approach 
100 per cent efficiency with diminishing flow losses (H, and H,), 
except in the limit of Q = Q,. In other words, it is felt that H, and 
H,, as defined and usedin this paper, do not give a complete picture 
of the mechanism of hydrodynamic losses in this type of pump. 
The uniform distribution of vorticity as given in the paper goes 
together with the somewhat questionable assumption of contin- 
uous distribution of dp/d@ made in the derivation of Equations 
[2], [3], and [4]. Considering the inlet and discharge configura- 
tions, this condition cannot be satisfied for any flow condition 
where Q/Q, > 0 and becomes increasingly inaccurate with in- 
creasing values of Q/Q,. Correspondingly, the vorticity (dV ,/dr) 
+ (V,/r) is really not uniformly distributed but appears pri- 
marily in form of vortex sheets separating the successive loops of 
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the helically winding flow through the pump. This realization 
invites, of course, the thought of return vanes in the stationary 
passages of the pump, replacing the “‘free’”’ vortex sheets by 
“bound” vorticity at the vanes. The most immediate application 
of this thought should be an analysis of a pump with stationary 
vanes which, in the opinion of the writer, would contribute much 
to the clarification of the theory of regenerative pumps, dividing 
it into three related lines of approach, namely, the turbulent- 
drag theory, the centrifugal-pump theory with continuous sta- 
tionary passage, and the theory of a re-entrant centrifugal pump 
with separated return passages. 

In closing, the writer would like to express the hope that this 
paper will stimulate further investigations of the theory and flow 
mechanism of regenerative pumps, as one cannot help but feel 
that this general type of turbomachinery is as yet quite far from 
its ultimate state of development. However, it is felt that such 
advancements cannot be completed by intuitive invention only 
but are in need of guidance by rigorous analysis such as initiated 
by this paper. 


AvuTuHors’ CLOSURE 


The discussers have been unanimous in their concerns with the 
relationship of our hypothesis of regenerative-pump operation 
to previously published theories. They have, in fact, made sub- 
stantial contributions to the clarification of this relationship for 
which the authors are grateful, because there is some justice in 
Professor Wislicenus’ suggestion that this was properly our task. 
At a recent meeting, Dr. Senoo contributed a very complete com- 
parison of the several hypotheses that have been advanced. 
We need to add only a few words to this rather extensive treat- 
ment of the topic: 

If the hypotheses are in competition they must be compared as 
to (1) their practical utility in predicting the performances of new 
pumps and (2) their contributions to a detailed understanding of 
the internal phenomena which will lead to design optimizations or 
useful fundamental modifications. We hold that our theory is 
at least an aid to prediction having a very direct applicability to 
geometries which can be interpolated between those tested and 
affording a high level of qualitative guidance outside the regime. 
(Unfortunately, no “complete” theory which is independent of 
empirical data has yet been offered.) A comparative weakness of 
our method in this first respect is its relative complexity. This 
defect has been remedied in part'? but it is, at best, more involved 
than the simple theories. 

On the other hand, this greater complication is viewed as an 
inevitable price for superiority in the second respect, i.e., in the 
development of a more precise understanding of the pump’s 
mechanics. The quite detailed picture provided of the fluid 
kinematics and of the several resistances to flow are thought to be 
indicative of means for improving the pump and for adapting it 
to new applications. In contrast, the turbulence and shear 
theories merely suggest that greater roughness or turbulence- 
intensification are desirable without defining the means for im- 
provement. 

This claimed superiority actually exists if the flow pattern 
hypothesized is really a good approximation to what goes on 
within the pump. The data presented are thought to afford a 
reasonable verification of the basic soundness of the concept; 
however, Professor Iversen has argued the existence of the cir- 
culatory flow which is central to our theory. Since we have 

“seen” this flow we are skeptical of any demonstration of its 
nonexistence. The argument presented depends on the intro- 
duction of simplifications of the analysis, namely, the assumptions 
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that = r;*, and that = 1. These plausible approxima- 
tions wash out the driving potential for the circulatory flow which 
depends upon a relatively small difference between large quanti- 
ties. 

An equally effective simplification having a more rational basis 
than the substitution of an equal sign for the phrase “is of the 
order of’ is that the average tangential velocity in the open 
channel equals the arithmetic mean of V_, and V,, or 


Q =1/2Q, a) 


If this expression is compared with Equation [6] of the paper it is 
seen that this assumption is equivalent to the simplifications 


Ky re 
K, = — and— = 
re Ky 


The equalities are closely checked by numerical evaluations of 
Equations [6a]. 

Professor Iversen calls attention to the maximum in the 
circulatory-flow losses and correctly attributes this to a reduction 
in circulatory-flow rate at lower flows. This is accounted for by 
the fact that when a becomes negative the centrifugal field in the 
open channel increases rather than decreases with algebraically 
decreasing a; thus the driving potential and the circulatory flow 
decreases as shutoff is approached. The statement “an increase 
in pressure rise requires an increase in the rate of circulatory flow, 
a greater reduction of the tangential velocity from the exit of the 
rotor to its entrance or both’ is not, however, negated, because 
the tangential velocity at the entrance to the rotor continues 
to decrease algebraically as the shutoff is approached. 

Dr. Senoo’s correlation of our analysis and his on the grounds 
of momentum exchange is appreciated. The complication of 
Equation [6] may be simplified without much loss in accuracy by 
using the above approximation. The definition of dimensionless 
parameters suggested in point 2 of his discussion has been found 
to be more appropriate, than the ones defined in the paper. The 
possibility of improvements of pump performance by modifying 
the inlet and exhaust ports as suggested is very interesting and 
apparently consistent with our hypothesis. 

Professor Wilson is grappling with a dilemma which plagued the 
authors for some time. The same issue can be raised in another 
form: without reference to the detailed kinematics of flow the 
limiting efficiency of the pump can be shown to be Q/Q,; where, 
then, in the assumptions underlying our hypothesis is the inevita- 
bility of losses implied? The answer is in assumption 8, dp/d@ = 
constant. This assumption has the corrolary dQ,/d@ = constant 
which is to say that there is no acceleration of the circulatory flow 
in the linear region. In the absence of parasitic resistance to the 
circulatory flow the postulated spatial steadiness would not 
exist. This means that a restriction is placed on the degree of 

idealization which is consistent with our hypothesis. On the 
other hand, we do not agree that ‘““— obviously there would be 
energy losses in transferring momentum from the liquid ejected 
from the impeller into the slower moving main stream.” Al- 
though we have spoken of the circulatory flow and the tangential 
flow in a way which suggests that they are distinct, V, and V, are 
actually defined as components of the helical flow. This helical 
flow is the entire flow and no mixing of circulatory and tangential 
flows is implicit in the hypothetical model. There seems to be no 
inevitability of losses associated with tangential deceleration as a 
consequence of the tangential pressure gradient. 
It is suggested that Equation [9] and [10] could be more simply 
derived from the hypothesis that the power required to drive the 
pump is the “ideal” value plus a loss proportional to the flow 
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squared. This is surely true, and although Professor Wilson has 
not indicated its derivation, his definition of ‘‘ideal’’ power can be 
arrived at more directly than indicated in the paper. 

The term “hydrodynamic” used in connection with the refer- 
ence to the conformance of regenerative-pump performance to 
familiar similitude relationships was not intended as a differ- 
entiation from the “Turbulent” characterization. If the tur- 
bulence hypothesis was truly descriptive of the pumping mecha- 
nism the affinity laws would be just as applicable, as Professor 
Iversen indicated in his paper. 

The authors hope that they or some other investigators will 
have the opportunity to follow up on Professor Wilson’s several 
interesting suggestions for further experimental investigations. 

We must apologize to Professor Wislicenus (and others) for not 
having wrought significant improvements in the pump. Our 
efforts will be of little value until they lead to such improvement. 
This apology does not extend to our failure to investigate the 
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benefits of stationary vanes. This is certainly a challenging topic, 
but the introduction of vanes into the open channel will so alter 
the character of the pump as to constitute a really distinct area 
of investigation. The distinction is more profound, we think, 
than merely effecting a binding of vortexes. The question of the 
significance of this vorticity is related to Professor Wilson’s 
comments which have already been discussed. It is to be ex- 
pected that if a complete momentum balance of the control 
volume of Fig. 5 were developed based on an absence of radial 
shear forces, the vorticity would disappear. So would the 
assumptions that dQ,/d@ is a constant. Our hypothesis is tied 
to “real” pumps through this implicit assumption of radial 
losses. We believe, therefore, that the losses associated with the 
vorticity are, in fact, incorporated in the H, and “shock”’ losses, 
On the other hand, the question of how the relationship of these 
losses to those experienced in other fluid dynamic devices is in- 
fluenced by the vorticity remains unenswered and intriguing. 
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A new technique for the design of automatic-control 
systems with nearly optimum transient response has been 
developed. The fundamental concept in the new method 
is that the control or forcing of the output member must 
be performed in such a manner that the error or deviation 
and its derivatives should be reduced to zero in three 
steps for third and higher-order systems. These three steps 
consist of a single period of maximum corrective action 
which forces the controlled variable in the direction of de- 
creasing error or deviation, a single period of maximum 
corrective action in the opposite sense to decelerate the 
controlled variable, and finally a force-free period at 
the end of which the error and its derivatives simultane- 
ously go to zero. In the practical embodiment of this 
mode of control a proportional control action exists dur- 
ing the final phase. During this proportional control 
period, the controller corrects any errors introduced by the 
instrumentation during the initial phases. In addition 
to the superior transient performance, a predictor-control 
system has the advantage that its response is not affected 
by variations in gain, if the gain is sufficiently large, and 
that the allowable gain in the proportional region is con- 
siderably in excess of that permitted in conventional linear- 
type systems. As a result, the steady-state accuracy 
which can be obtained is not dependent on a critical gain 
setting and the system response and accuracy are not de- 
graded by the incorporation of variable gain elements. 


INTRODUCTION 


UTOMATIC-CONTROL systems are essentially devices for 
controlling the source of power which is supplied to the 
load or output member. The classical automatic-control- 

system design techniques are based on considerations of stability 
and disregard the power limitations of the source, despite the 
fact that the size of the source is the basic economic factor in 
the design of the system. The transient and steady-state per- 
formance of an automatic-control system is fundamentally 
limited by the characteristics and limitations of the power source 
and the nature of the load. The specification of the power 
source and the load represent the “fixed elements’’ of the system 
which have to be accepted in the design. Given these fixed ele- 
ments, then the design of an optimum control system requires the 
synthesis of an operator which controls the power supplied to 
the load and which will provide for the maximum utilization of the 
power source. 

The design of a predictor-control system is based on the fore- 
going considerations and will result in an optimum system with 
minimum time response for input or load disturbances. In order 
to gain insight into the mode of operation of a predictor-control 
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system, assume that an error or a deviation of the controlled 
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variable from the controlling variable exists. If this error is to be 
reduced to zero in a minimum time, the controller must apply a 
maximum corrective action to the process to reduce this error to 
zero as rapidly as possible. Since the process contains energy- 
storage elements, it is necessary to remove the corrective action 
before the error is reduced to zero to prevent the controlled varia- 
ble from overshooting the desired reference value. If, during 
this second phase, a maximum negative corrective action is ap- 
plied to the process, then it can be shown that the control systtm 
(1 to 3)? has an optimum transient response. The block diagram 
of a second-order predictor-control system is given in Fig. 1(a). 

In this paper the order of the control system refers to the order 
of the differential equation describing the dynamics of the process. 
Fig. 1(b) illustrates the response of the system for a sudden change 
in the reference value, and Fig. 1(c) describes the corrective action 
which is applied to the process to correct for the error introduced 
by the change in the magnitude of the controlling variable or 
reference. 
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From Figs. 1(6 and c) it can be seen that the predictor con- 
troller applies a sustained maximum corrective action in order 
to reduce the deviation to zero as rapidly as possible. During the 
second phase a maximum negative corrective action is applied. 
At the end of the second phase the error or deviation is zero and 
the controller furnishes the output necessary to maintain the con- 
trolled variable at the new reference level. 

A Mechanical Analogy. A mechanical analogy of the control 
action just described can be obtained from the following simple 
example: Assume that the objective of the control system is the 
maintenance of a fixed relation between an automobile and a 
reference line drawn across the road. For example, let the con- 
dition of zero deviation be represented by the vertical alignment 
of the bumper on the automobile with the reference line. Now, if 
it is assumed that a new reference line is introduced which is at 
some distance from the present position of the automobile, the 


2 Numbers in parentheses refer to the Bibliography at the end of 
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driver of the automobile must reduce the deviation to zero by 
means of a single period of maximum acceleration (accelerator on 
floor board) and a single period of maximum braking. The driver 
is thus faced with the problem of predicting when he should re- 
move his foot from the accelerator and apply the brakes. In 
order to determine this point, he requires a knowledge of the 
magnitude of the braking force, the distance of the bumper from 
the reference line, the mass of the automobile, and the effects of 
windage and friction. If he had this information at his dis- 
posal, it is conceivable that he could perform the necessary com- 
putations and determine when to apply the brakes. In the con- 
trol system described in Fig. 1 the controller is furnished the 
necessary information and the system operates in the described 
manner. 

Higher-Order Control Systems. For a general nth order control 
system, it can be shown that the total number of periods of 
maximum corrective action are equal to the order of the differen- 
tial equation of the process. Thus a fourth-order process ideally 
would require four periods of alternate corrective action in order 
optimally to reduce to zero deviations due to the excursions of the 
controlling variable. Although it is possible to construct a con- 
troller which will perform in this ideal manner for 3rd and higher- 
order systems, the cost and the amount of equipment required 
become prohibitive. In the case of these higher-order systems, it 
is found that the complexity of controller instrumentation is the 
result of demanding theoretically optimum performance. 

In particular, it is usually found that only the first two or three 
of the n-periods of corrective action are long and that the (n—2) or 
(n—3) remaining periods are successively shorter in length. Thus 
one is led to seek a mode of control which is almost optimum 
and which requires only two periods of maximum corrective effort. 
At the end of the second period of maximum corrective action the 
controller will be allowed to enter a proportional-control mode 
in which the magnitude of the applied corrective action is less than 
either the maximum or minimum values which can be applied. 
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Fig. 2. Type II Prepicror-Contro. System 


Types of Predictor-Control Systems. Fig. 2 illustrates this ty;e 
of predictor-control system which will be referred to as Type IT. 
For purposes of identification a predictor-control system which 
operates in the optimum manner (n-corrective action periods for 
an nth-order system) will be called a Type I predictor controller. 
Although the Type IT control mode is not theoretically optimum, 
it is found that in practical applications the response of the Type 
II controller is as good or better than its optimum Type I counter- 
part, This situation results from the fact that it is practically im- 
possible to reverse the corrective action at exactly the correct 
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time, due either to errors in the information furnished to the con- 
troller or to errors introduced by the controller itself. 

In a Type I controller these errors are corrected after the n- 
corrective action periods with the result that the response time 
can be degraded seriously. In the case of the Type II controller 
the final phase is theoretically force free (no corrective action) 
and it is found that the controller corrects its error during this 
final phase by entering a proportional-control mode and that the 
performance of a practical controller is in close agreement with its 
theoretical analysis. 


Type II Prepicror CONTROLLER 


In the previous section a Type II predictor controller was de- 
fined and it was pointed out that the control action for an nth- 
order system consists of two periods of maximum corrective 
action followed by a force-free or proportional phase. The func- 
tions performed by the controller may be subdivided into two con- 
venient parts. The A part of the controller is a device for furnish- 
ing information about the error and its derivatives to the B part. 
The B part consists of a nonlinear network or mechanism which 
determines the polarity of the corrective action applied to the 
process. In addition, it is necessary to incorporate amplification 
means for driving the element which furnishes power to the 
process. These elements are illustrated in Fig. 3. The term 
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“saturating amplifier’ is used to denote a means of amplification 
which has a maximum and a minimum output level and which 
can provide any output intermediate to these two extremes. 

In order to illustrate the technique for deriving the operations 
which must be performed by the A and B mechanisms, consider a 
third-order system consisting of a heat exchanger and a steam 
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valve, illustrated in Fig. 4. The differential equation for this 
system is derived in the Appendix. In the block diagram given in 
Fig. 5 the saturation or limiting characteristic of the valve has 
been replaced by the saturation levels of the amplifying means 
in the controller. It is assumed that these saturation levels coin- 
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cide with the energization required to position the valve to its 
two extreme positions. Under these circumstances the maximum 
and minimum levels of corrective action exist when the steam 
valve is either wide open or closed, and the nonlinear limiting 
characteristic of the valve does not appear in the block diagram 
or in the differential equation of the process. In order to discuss 
the effects of load changes, the volumetric fluid-flow coefficient gq; 
has been retained in the transfer functions of the system. 

From the block diagram in Fig. 5 the differential equation of the 
system can be written down in operational form 


TS + + + 1)0,(S) 
qs 


= K +I,)...... 
qs 


Let 
r = reference or controlling variable 
e = deviation or error 


Then 


If the relation given in Eqaation [2] is substituted into Equation 
{1] the differential Equation [3] for the error is obtained 


TS (TS + 1)(7;3S + 1)e(S) 
f 


f 


where 


f(S) = TS + (TS + 17S + 1)...... [4] 
tf 


Equation [3] indicates that the error or deviation of the process 
is described by the same differential operator as that of the con- 
trolled variable 6, and that the corrective action applied to the 
error equation consists of the negative of the actual corrective 
action, CA + /4, applied to the process plus a term consisting of 
the reference or input quantity and its derivatives. In most proc- 
ess applications, the reference is a fixed quantity and hence its 
derivatives are zero. 


Thus 
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f(S)r = r (for regulatory systems)........... [5] 


Type II Predictor-Control System. In a Type II predictor-con- 
trol system it can be shown that an operator for the B mechanism 
can be derived from any two of the n-system time constants and 
that the operator for the A mechanism or the information re- 
quired by the B mechanism is derived from the remaining (n—2) 
time constants. The technique for deriving the B operators 
analytically has been presented in the various references (4, 5, 6.) 
In this paper a derivation will be presented by means of the two 
dimensions y-y phase plane, where the variable y represents the 
information required by the B section. 

Since the system under consideration has three time constants 
(3rd-order differential equation) it will be necessary to choose two 
of these for the derivation of the B operator. In general, it is 
found that the two longest-system time constants should be used 
for the B operator. The use of any other combination of two of 
the time constants also will yield a Type II predictor operator. 
However, the transient response of the control system will be 
appreciably slower than that which is obtained if the two longest 
time constants are employed in the B part. If it is assumed that 
the two longest time constants are 


T10 and 
qs 
then the remaining time constant 7; will appear in the A operator 
in the following simple manner. 
Let 


4 7 
y 3 dt e ae ‘ 


If the relations given in Equations [5] and [6] are substituted into 
Equation [3] the differential Equation [8] for the y variable is 
obtained 


TS + (T2 8 + 1)y(S) 
qs 


—K + +1...... [8] 
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Equations [10], [11], [12] are second-order differential equations 
which can be solved analytically. However, it is convenient at 
present to consider the solutions of Equation [12] in the y-y 
phase plane. 

Equations in Phase Plane. The solutions of an equation in the 
phase plane are given by the trajectories of the system. In par- 
ticular, since the corrective action which is to be applied to the 
process and which is included in the F-term can only assume 
either one of two values Fmax or Fmin during transient disturb- 
ances, all of the solutions of this equation can be represented by 
two families of curves in the y-y phase plane. The symbols 
Fimax and Fmin refer to the magnitude of the term F when the 
corrective action is a maximum (valve wide open) or a minimum 
(valve closed). 
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Fig. 6 illustrates the solution of Equation [12] for 


T,’ = +10 sec 
Tz = 5 sec 
Fmax = +500 
Fain = —200 


The analytic expression which describes the curves in Fig. 6 
which pass through the origin is 


(y + 5y)?— Fy = 0 
(y + 5y)? — 500y = 0 Finax 
(y + 5y)? + 200y = 


The trajectories of the system which are given in Fig. 6 de- 
scribe the instantaneous value of the variable y and y. If the 
initial values of y and y and the magnitude of the corrective term 
F are specified then this locates the system on the particular tra- 
jectory in the phase plane which it will follow as long as the magni- 
tude of F remains fixed. Of all the possible trajectories of the 
system only two, those which pass at some future time through 
the origin of the phase plane, are of interest. The significance of 
these trajectories lies in the fact that if the initial value of the 
variables y and y coincides with either of these trajectories and if 
the indicated corrective action is applied, then the system will at 
some future time pass through the origin of the co-ordinates at 
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which time y = y = 0. If the corrective action is removed at this 
time F = 0 


(note CA = —/, + 

then the magnitude of y and # remains zero. These two trajec- 
tories have been isolated and are presented in Fig. 7. 

The nonlinear curve described by Equations [13] and pre- 
sented in Fig. 7 defines the operation which must be instrumented 
in the B mechanism. In particular, this nonlinear relation of y 
and y, NL(yy), must be instrumented in such a manner that the 
output of the B mechanism is positive if the instantaneous value 
of y and y lies to the right of the boundary and negative if the 
point in the phase space lies to the left. 
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Next, it is necessary to investigate the relationship between the 
y-variable and the error or deviation and to consider how the 
foregoing results can be applied. The y-variable was defined in 
terms of the error in Equation [7] 


+ 
3 dt 


From Equation [7] it is evident that if the error, error derivative, 
and error acceleration are positive then y and y are positive. 
Under these circumstances, the point y-y will lie to the right of 
the boundary and the B mechanism in conjunction with the high- 
gain amplification means will apply the maximum positive correc- 
tive action to the process. This will cause the operating point of 
the system in the y-y phase plane to follow one of the trajec- 
tories of Fig. 6 toward the boundary in the phase plane. This is 
illustrated in Fig. 7 by the trajectory labeled AB. However, as 
soon as the AB trajectory crosses the COD boundary the correc- 
tive action will reverse itself and the system will follow the DBO 
trajectory into the origin. At this time the output of the B 
mechanism will go to zero and remain zero as long as the values of 
y and y remain zero (no new disturbances). 

Thus far it has been demonstrated that, if the information con- 
tained in y is furnished to the B mechanism, it is possible to apply 
corrective action to the process in an optimum manner in order to 
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reduce y and y to zero as rapidly as possible. In addition, it was 
shown that y and y would remain zero if the corrective action was 
removed at the time y = y = 0. In order to illustrate the manner 
in which the error goes to zero after the total corrective action is 
removed 


r qs 
Vso 


it is necessary to include the initial conditions in Equation [3] and 
investigate the results 


(Ty'S + 1(T28 + 1) TS + 1)e(S) | 
= + + T2)S + 1e(0) 
+ (T;' + Ts) [T:(0) + e(0)] [14] 
+ + e(0)] 
+ T,'T:{T(0) + 


If the initial conditions, Equation [15], are substituted into Equa- 
tion [14], Equation [16] is obtained. 


= 0 T3é(0) + &0) = 0 ) 


CA = —I, + 


yO) = 0 Te(0)+ =0}........ [15] 
F=0 } 
+ + i )e(0) Ts; 


e(S) = e(0) [16] 


(T'S + 1(TS+1)(TS +1) 1 

Thus Equations [14], [15], [16] indicate that if y = y = 0 and if 
F = 0, then the error goes to zero with a single time-constant 
response. It should be noted that the time constant in this re- 
sponse is the same one, 73, that appeared in the A-network or 
mechanism. In general, it can be shown that the response of the 
system during the final phase (F = 0) is described by the inverse 
of the linear differential operator appearing in the A-network or 
mechanism. 
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The block diagram of the complete predictor-control system is 
given in Fig. 8. In the figure an additional parallel or feedforward 
path has been added to the output of the amplifier. The purpose 
of this branch is to supply the corrective action necessary to main- 
tain the steady-state value of 6,. Thus, since F = 0 during 
steady-state operation 


F = CA — +1, =0.........-. [17] 


and since CA = 0, it is necessary to furnish an additional correc- 
tive action equal to 


—T 
GwG:Kq, 


to the process. In practice, it is found that these extra terms can 
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be ignored and that the controller will furnish the required ener- 
gization. 


PERFORMANCE AND CHARACTERISTICS OF A PREDICTOR-CONTROL 
SysTem 


One of the interesting characteristics of the ideal predictor-con- 
trol system illustrated in Fig. 8 is the fact that the performance of 
the ideal system is predicated on the existence of infinite gain 
around the loop. This condition results from the fact that it was 
assumed the corrective action would reverse itself for an arbitrar- 
ily small displacement of the operating point from the boundary 
in the y-y phase plane. In practice, it has been possible to build 
these systems with loop gains (for zero error) of the order of 10 to 
100 times that which is permissible for an equivalent linear-control 
system which is stable. In addition, it was found that the system 
performance was not affected by variations in loop gain of the 
order of 10 to 1. The actual amount of loop gain which can be 
employed is influenced by the method of instrumenting the 
various operators. 

In all of the systems that have been built the operations indi- 
cated by the blocks in the controller were performed with passive 
RC networks and thyrite resistors. Since these passive networks 
introduce phase lag it is to be expected that they will restrict the 
amount of gain which can be employed. However, in all of the 
applications to date the gain was limited by the combined action 
of noise and the saturation characteristic of the amplifier and it 
was not possible to obtain an unstable configuration. 

If the performance of a Type II predictor controller is com- 
pared with that of the best linear system which operates with the 
same power limitation as the predictor controller, it is found that 
the transient-response time to 2 per cent error for the predictor 
controller is from 30 to 60 per cent shorter than that of the linear 
system. This figure applies for input disturbance or a change in 
the value of the reference. In the case of load disturbances, it is 
not possible to quote a theoretical figure since the predictor per- 
formance in this respect is closely related to the mode of instru- 
mentation and the loop gain (for zero error). The ideal predictor- 
control system would have zero displacement or deviation for 
load changes since it would be able to detect these changes in- 
stantly and apply appropriate corrective action. In the prac- 
tical systems which have been built the derivation of the con- 
trolled variable has been less than 1 per cent of its magnitude for 
load changes of 20 to 30 per cent (e.g., ¢y./q, = 1.30 = 30 per 
cent load change). 


CONCLUSION 


A new technique for the design of automatic-control systems 
with nearly optimum transient response has been developed. 
The fundamental concept in the new method is that the control 
or forcing of the output member must be performed in such a 
manner that the error or deviation and its derivatives should be 
reduced to zero in three steps for third and higher-order systems. 
These three steps consist of a single period of maximum corrective 
action which forces the controlled variable in the direction of de- 
creasing error or deviation, a single period of maximum corrective 
action in the opposite sense to decelerate the controlled variable, 
and finally a force-free period at the end of which the error and 
its derivatives simultaneously go to zero. In the practical em- 
bodiment of this mode of control a proportional-control action 
exists during the final phase. During this proportional-control 
period, the controller corrects any errors introduced by the instru- 
mentation during the initial phases. 

In addition to the superior transient performance, a predictor- 
control system has the advantage that its response is not affected 
by variations in gain, if the gain is sufficiently large, and that the 
allowable gain in the proportional region is considerably in excess 
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of that permitted in conventional linear-type systems. As a re- 
sult, the steady-state accuracy which can be obtained is not de- 
pendent on a critical gain setting and the system response and 
accuracy are not degraded by the incorporation of variable gain 
elements. 
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Appendix 


In order to derive the differential equation for the heat ex- 
changer and steam valve define the following variables: 


temperature of steam chamber 
specific heat of process fluid, cal/kg deg C 
density of fluid, kg/m* 
volume of fluid chamber 
= temperature of outgoing fluid 
= temperature of fluid in chamber 
temperature of incoming fluid 
volumetric fluid flow, cu m/sec 
mean fluid flow rate, cu m/sec 
over-all heat-transfer coefficient, cal/m*? deg C sec 
area of walls of fluid chamber, m? 
qs 
V 


GA 
aA 
latent heat of steam, cal/kg 
steam flow, kg/sec 
equivalent heat capacity of steam chamber, cal/deg C 
+C 
aA 
gain constant in valve equation 
L 
aA 
If it is assumed that the energy leaving the system in the con- 
densate is negligible and that the fluid is agitated so that the tem- 
perature in the chamber is uniform, then the energy input per unit 
time due to the steam flow must equal the rate of increase of 
energy stored in the chamber plus the rate at which energy is 
carried out of the chamber by the flow of the process fluid 


dé, 


Equation [19] can be written in terms of the parameters 7 and 
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G, in the following manner 


T; 
1+ G, dt 


G, 


14+4, 
A similar expression is obtained from the energy relations exist- 
ing in the steam chamber 


“ + — 0,) = 


Equation [21] can be expressed in terms of the parameters 7’; and 


> + @ = Ga, + 9, 


T: 
If ¢ is eliminated from Equations [20] and [22], the second-order 
differential equation of the heat exchanger is obtained 


+ (1 + G)T2 + T:)6, + 0, = 
+ TH, + 9, 


If the 7; tine constant is expressed in terms of 7, q7., and q,, 
and if it is assumed that G, is small compared to unity, then 
2quation [23] can be written 


Vso 
f 


T2T 0 6, + @ + To 


= GyoG2q, + + 6; 
f 


If Equation [24] is written in terms of Laplace transform opera- 
tor S and the initial conditions are assumed zero, then the transfer 
function of the heat exchanger is obtained 


= 
TS + + 1) 


+ 


+ 
TiS + ) (T:S + 1) 


Equation [25] is presented in block-diagram form in Fig. 9. 
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Fig. 9 Buockx-Di1aGRaAM REPRESENTATION OF Heat EXCHANGER 


If it is assumed that the motion of the valve can be described by 
a first-order differential equation characterized by a time con- 
stant 7, then the relation between the controller output z and 
the steam flow g, can be written 


where 


x = input to valve motor 
q, = steam flow 


i 
OF 
6, 
6; 
a 
A A 
T; 
5 
Te Set 
dt 
’ 
= 


If Equations [24] and [26] are combined, the single third-order 
differential equation for the process is obtained. The block dia- 
gram for the process including the steam valve and its limiting 
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LIMITER CHARACTERISTICS 


Fic. 10 Process BLock D1aAGRAM 


characteristics is given in Fig. 10. If the value of the x-variable is 
restricted to the range 


then it is possible to place the limiter ahead of the block represent- 
ing the transfer function of the valve. 


Discussion 


Rurus OLpENBURGER.® In studying this excellent paper, I was 
very interested to note the manner in which the nonlinear 
field has developed. Some 10 years ago I began work in this field, 
establishing the nature of the optimum transients for an aircraft 
propeller control, where during the transients the servo runs at 
all times at full speed, in which case the governor operates for 
practical purposes at full power. A few years ago I developed 
rather extensively the theory of this approach, and at the Wood- 
ward Governor Company we made what we feel is a rather 
thorough experimental study of it. 

Three years ago I told the ASME-IRD Executive Committee 
that I hoped eventually to write a book on a new automatic-con- 
trol field that I had been developing. I do not now expect ever 
to have the time to take out of my industrial work to write that 
book. This year I suggested to the ASME-IRD Executive Com- 
mittee that the 1956 IRD conference be devoted to nonlinear 
theory partly because I felt that the work we had been doing, 
which is proprietary, would be at the point where we would be 
willing to publish a paper on it; and a number of others, also 
active in the nonlinear approach, would be ready to report. This 
proposal was approved by the committee. The conference will be 
held in the spring of 1956. 

I wish to make some general remarks on the power-saturation 
approach. For third-order systems there are optimum transients 
for which the controller power must not be a maximum. By 
“optimum transient” I mean one where equilibrium is reached in 


’ Director of Research, Woodward Governor Company, Rockford, 
Ill. Mem. ASME. 
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a minimum time after a sudden disturbance, with a minimum 
overswing, etc. Fortunately, for the kinds of transients that occur 
normally, optimum power is indicated. For the third-order case 
one must control on the basis of two functions. I call these func- 
tions 2, and 2. I proved by mathematical techniques that one 
can, for practical purposes, replace 2, by 22, so that the control is 
based on one controlling function. 

If a system has very small lags the writer’s nonlinear approach 
is effective in improving the performance of a linear system over 
linear controls involving the same derivatives in the controlling 
function. If the lags are larger, this approach gives satisfactory 
results except that if the lags are great enough, or at least if the 
lag 7; is great enough, a linear controlling function involving the 
same derivatives will give just as good transients as the nonlinear 
function. It takes an extra operation to form the nonlinear func- 
tion. If the lags are great enough a linear one is what one 
should use; that is, the linear function is a good enough approxima- 
tion to the nonlinear function so that a linear controlling function 
should be employed. This does not mean that for large disturb- 
ances one will not be operating at full power. 

In our experimental work instability due to extra lags was a 
major limitation. Noise was also a serious limitation. 

As I see it there are two new promising areas of automatic con- 
trol. They are the nonlinear theory which Hopkins, MacDonald, 
Silva, Bogner and Kazda, others and myself have been develop- 
ing; and the statistical approach so well publicized by Wiener. 
I include the information theory of Shannon in the statistical 
approach. Eventually these approaches may be combined. 


O. J. M. Smira.* The author has done an excellent job of pre- 
senting the noniinear predictor control of a three-time-constant 
process. The second-order control of a higher-order process uses 
only two maximum force trajectories, at the end of which it leaves 
the process with no transient energy stored in two of the dy- 
namic time constants. All other time constants have energy and 
contribute to the force-free transient. 

The two time constants which should be controlled are those 
with the maximum K*7’, where 7’ is the time constant and K is 
the root-locus or s-plane residue at the pole s = 1/7. These two 
are not always the two longest time constants, as assumed in 
Equations [6] and [7]. 

When there are three or more time constants of almost equal 
K*T (equal transient energy storage) the system error at the end 
of the two maximum force trajectories is not small enough for the 
start of a force-free transient, and there will be two or more ad- 
ditional maximum force trajectories. In this case, Type II con- 
trol may not be so good as the more complicated Type I control. 


AuTHOR’s CLOSURE 


Mr. Oldenburger’s discussion of the third-order case using 
>; and >; is true for systems which possess an integral term. 

The next problem discussed involves the situation in which the 
T; lag is large. If the magnitude of 7’; is less than, or equal to, 7; 
or T; then the response of the predictor system is in all instances 
superior. In the event 7’; is larger than 7’; or 7», it is necessary to 
alter the instrumentation and to include the two longest-system 
time constants in the nonlinear B mechanism of the control and 
put the shortest of the three time constants in the A mechanism. 
These same considerations are amplified in Professor Smith's 
comments. 


4 Instituto Tecnolégico de Aerondutica, Sao Paulo, Brazil. 
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The Effect of Wheel-Work Conformity 


in Precision Grinding 


By R. S. HAHN,' WORCESTER, MASS. 


The conformity between wheel and work is defined in 
terms of the trochoidal work surface at the region of en- 
gagement. Experimental results are presented for a vari- 
ety of wheels which show that the rate of metal removal 
varies as the 0.18 power of the curvature difference. Two 
modes of grinding action are recognized, one in which 
stock removal is proportional to work speed and independ- 
ent of wheel speed and the other where the reverse is true. 
A mechanism of grinding action is proposed and a theoreti- 
cal formula relating rate of stock removal to normal force 
and curvature difference is derived which in certain re- 
spects agrees remarkably well with experiment. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = curvature difference 

R, radius of curvature of trochoid 
rotary speed of wheel 

rotary speed of work 

N/n = speed ratio 

work radius 

wheel radius 

R/a = work-wheel ratio 


wheel surface speed a 
work surface speed 


experimentally determined exponent of A 
grain-surface density (grains per unit of wheel area) 
variable thickness of interference region (Fig. 11) 
normal force on wheel 

fraction of grains that carry load 

rate of metal removal 

maximum penetration 

spring constant of grain mounting 


= 


INTRODUCTION 


The main purpose of precision-grinding operations, carried out 
in the machine shop, is to produce accurate workpieces all of a 
uniform size and in a reasonably short time. On certain types of 
automatic precision-grinding machines the finished size of the 
workpiece is indirectly related to the stock-removing ability of the 
grinding wheel. In other words, if the grinding wheel acts more 
free-cutting at one time than another, there is likely to be a small 
and unwanted fluctuation in workpiece size. In internal grinding 
it is known that a wheel which nearly fills the hole acts differently 
from a smaller wheel in the same hole. The purpose of this paper 
is to present experimental and analytical results concerning the 
action of grinding wheels under various conditions of conformity. 


Consulting Engineer, The Heald Machine Company. Mem. 
ASME, 

Contributed by the Research Committee on Metal Processing and 
presented at the Annual Meeting, New York, N. Y., November 28- 
December 3, 1954, of THe American Socrety oF Mecuanicat En- 
GINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 20, 1954. Paper No. 54—A-178. 


WueeE.-Work CoNnFroRMITY 


A measure of the wheel-work conformity is the difference in 
curvature of the wheel and of the workpiece in the region of con- 
tact upon which the wheel is operating. Since the locus of a point 
on the wheel relative to the workpiece is either a prolate hypotro- 
choid or epitrochoid (depending upon whether external, internal, 
climb grinding, or conventional grinding) the wheel is actually 
being pressed against a trochoidal surface. Consequently, let 
A, the curvature difference, be defined by 


1 

where R, is the radius of curvature of the trochoidal surface. 
Figs. 1 and 2 show the motion of a grinding grit relative to the 
workpiece for the external and internal grinding processes. The 
generating circles are shown for both conventional and climb 
grinding. Since the are of contact between wheel and work is 
very small the parametric equations for the trochoidal path can 
be reduced to 


y — (1 +) 

External Ap +9) (2 ) [2] 

a 2(p +)? a 


where 7 and S are positive for conventional grinding and negative 
for climb grinding. From these equations the radius of curvature 
of the trochoidal path is readily found and when substituted in 
Equation [1] yields the following expressions for the curvature 
difference 


External A, = — 


1 + Me 
al (p+n)} 


at (p + 7)? 
1f1+28 


It will be readily appreciated that at very low work speeds 
(n — o) the wheel tends to grind its own curvature into the 
workpiece thereby making the difference in curvature A approach 
zero. On the other hand, we should expect that as the work speed 
increases (7 — 0) to very high values the curvatu difference A 
should approach the simple geometric value of 


a R 
where RF is the geometric radius of the workpiece. Formulas [5], 
[6], [7] behave in exactly this way. Fig. 3 illustrates the varia- 
tion of A; with speed ratio 9 for a specific wheel and work size. 
In the experimental work that follows it will be shown that the 
cutting rate of the wheel is a function of the curvature difference. 
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CONVENTIONAL 


CLIMB 

X=(Rta) SINO-2 SING, 

Y= (R+a)COS 6, 


Trocnowat Locus or Grain RELATIVE TO WorK—Ex- 
TERNAL GRINDING 


CONVENTIONAL 
X=(R+9) SINO+OSINO 
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CONVENTIONAL 
X=(R-9) SINQ+SIN 6, 
Y=R-(R-9) COS Y=R-(R-» COS 


CLIMB 


TrocuormaL Locus or Gratin Retative TO Worx—In- 
TERNAL GRINDING 


Fic. 2 


EXPERIMENTAL RESULTS 


Several years ago extensive tests were made covering a variety 
of wheels and work materials and ranging from internal grinding 
through external grinding. In these tests the wheel was pressed 
against the workpiece with a prescribed force. In order to 
minimize the effect of changes in wheel surface during grinding 
the tests were arranged so that any point on the wheel did not 
work for more than about 100 revolutions. The arrangement is 
shown in Fig. 4. By using narrow workpieces combined with 
relatively long (wide) wheels, sufficient change in work size oc- 
curred, as the wheel progressed axially through or across the 
work, permitting the rate of metal removal to be calculated with 
reasonable accuracy. The wheel was gently released radially 
onto the work and retracted from the work at the beginning and 
end of the stroke. Repeat passes of the wheel across the work- 
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Fic. 4 ARRANGEMENT FOR INTERNAL AND EXTERNAL GRINDING 
Minimem or WHEEL DULLING 


piece could be made to assess the progressive changes in the cut- 
ting ability of the wheel. For example, Fig. 5 shows the progres- 
sive dulling of a coarsely dressed wheel compared with the pro- 
gressive self-sharpening of the same wheel when dressed very 
slowly. 

The results of a typical run from internal grinding through ex- 
ternal grinding are shown in Fig. 6. Here nine passes are made 
through the hole starting with a wheel that barely enters the 
hole. The rate of metal removal is shown plotted against curva- 
ture difference on log-log paper. The next group of points repre- 
sents five passes through a larger hole. The last two groups of 
points at the right represent five passes apiece across two ex- 
ternal workpieces. In this way it was found that the rate of metal 
removal varied with curvature difference in a linear manner when 
plotted on log-log paper. 

Fig. 7 shows similar data for three values of normal force. It 
will be noticed that the slope of each line is essentially equal and 
it will be recalled that the slope on log-log paper is equivalent to 
the exponent to which the curvature difference must be raised 
in the relation 


A set of carefully controlled aluminum-oxide wheels was 
furnished by the Norton Company. These wheels were tested 
as described and a graph similar to Fig. 6 was made for each type 
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of wheel. The exponent y was measured from these graphs and 
the results are summarized in Table 1. 


TABLE 1 SUMMARY OF EXPONENT 7 MEASUREMENTS 


Exponent Exponent 
Wheel Wheel 
0.187 
60L8..........0.196 
0.221 
Ave = 0.188 Avg = 0.181 


There does not seem to be any systematic variation of y with 
either wheel hardness or structure. 

The foregoing tests show that the rate of metal removal, under 
constant normal force, varies as the 0.18 power of the curvature 
difference. In these tests the curvature difference was varied by 
changing essentially the work size R and wheel size a. It will be 
noted from Equations [5], [6], [7] that the speed ratio 7 also in- 
fluences the curvature difference. In some earlier tests which 
had been run in ignorance of the curvature-difference effect, Fig. 8 
was obtained, which shows, that under a constant force, the rate 
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of metal removal first varies linearly in Region I with work speed 
and later becomes nearly independent of work speed (Region IT). 
The grinding in Region I is analogous to the usual plane-milling 
process in that rate of stock removal is determined by the table- 
feed rate. However, suppose the table-feed rate is increased to 
very large values. Assuming that the milling cutter did not 
break, the arbor would spring up somewhat and the cutter teeth 
would take consecutive gouges out of the work which would be 
spaced considerably in the direction of feed. Under these con- 
ditions the rate of metal removal would be independent of table- 
feed rate but would depend on cutter speed. Consequently, we 
should expect to find in grinding two regions, one in which the 
rate of metal removal is proportional to work speed and inde- 
pendent of wheel speed (Region I) and the other in which the rate 
of metal removal (barring and dulling effects) is proportional to 
wheel speed and independent of work speed (Region IT). 
Stated in another way, when the work speed is low (Region I) 
the wheel tends to grind its own curvature into the work and the 
curvature difference is very small. As work speed is increased 
the curvature difference increases and increased rate of metal re- 
moval results. The data of Fig. 8 when plotted on log-log paper 
against curvature difference yield a slope or exponent y = 0.17 
which is in good agreement with the previous data where the 
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geometric hole size was changed to obtain various values of cur- 
vature difference. 

Having shown that the rate of metal removal, under a constant 
force, varies as the 0.18 power of the curvature difference, an 
attempt will be made to explain these observed results. 


RESILIENTLY Mountep Grain Hyporuesis 


In order to explain the fact that rate of metal removal depends 
on curvature difference it seems desirable to consider the grinding 
process from a new point of view: 

(a) Shaw and Marshall? have shown that the normal and 
tangential forces in grinding are essentially independent of the 
workpiece hardness, This is in strong contrast to single-point- 
tool behavior. 

(b) The normal force in grinding is usually about twice the 
tangential force,? whereas in single-point machining the reverse 
is true. 

In single-point theory the assumption is usually made that 
the tool forces arise from the chip bearing on the rake surface of the 
tool and that the clearance surface is free of rubbing forces. Even 
this assumption falls down in single-point machining as Hahn’ has 
shown in the “transition region’? when very shallow cuts are 
taken with tools of small clearance. Furthermore, in this region 
the thrust (normal) force is about twice the (tangential) cutting 
force. Consequently, the assumption that the rubbing forces on 
the clearance surface in grinding are negligible appears to be 
very unrealistic, and, on the contrary, because of the relative mag- 
nitude of normal force to tangential force and the independence 
of work hardness, a more realistic assumption appears to be that 
the rubbing forces on the clearance surface of the grain are domi- 
nant and the cutting forces on the rake surface of the grain are 
minor. 

Moreover, it will be recognized that no formal clearance is pro- 
vided (dressed) on the grain so that interference must occur as a 
result of elastic effects. 

A situation in which there are no cutting forces on the rake sur- 
face of the grain will occur, if one tries to grind tungsten carbide 
with aluminum-oxide wheels. In this case no metal at all is re- 
moved and yet there are normal and tangential forces which must 
originate entirely on the clearance surface. 

In order to explain the curvature-differenaé effect it is necessary 
to consider not only the normal load to be carried on the clearance 
surface of the grain but, in addition, the elastic mounting of the 
grain. It is found that the modulus of elasticity of the bulk wheel 
is about !/; that of steel and the modulus of the bond about '/; 
that of steel while the modulus of the grain is nearly twice that of 
steel. Consequently, compared to steel, the wheel (vitreous 
bonded) behaves as a relatively flexible matrix with rigid grains 
embedded therein. 

It will be assumed in the analytical work to follow that adjacent 
grains are mounted on springs but are uncoupled; i.e., force ap- 
plied to one grain will not deflect an adjacent grain. A third 
feature to be considered is that in all probability the clearance 
surfaces of all surface grains of the wheel do not lie in exactly the 
same cylindrical surface; i.e., some will be a little high and some 
a little low. The asperities of surface roughness are known to 
follow a distribution curve of the type shown in Fig. 9, and it 
must be expected that the grains of a wheel follow a similar 
curve. 

Now, to explain the fact that rate of metal removal increases 
with increasing curvature difference under the same normal force 
consider the following: When the curvature difference is small, 


2 “Forces in Dry Surface Grinding,’’ by E. R. Marshall and M. C. 
Shaw, Trans. ASME, vol. 74, 1952, pp. 51-59. 

““Metal-Cutting Chatter and Its Elimination,’’ by R. S. Hahn, 
Trans. ASME, vol. 75, 1953, pp. 1073-1080. 
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the width of the interference or contact region is large and the 
load is supported by a certain number of outermost grains (grains 
lying near the point A, Fig. 9). When the curvature difference is 
large the width of the interference region is smaller and the num- 
ber of outermost grains contacting the workpiece is less. Conse- 
quently, these grains defiect radially inward thereby allowing 
new lower-disposed grains such as at B, Fig. 9, to come into con- 
tact. The actual number of “working grains” per unit of wheel 
area is therefore greater in the latter case. 
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Fig. 10 represents a plan view of the interference region for 
small and large curvature difference. In view of the foregoing 
there are more active grains in a wheel when the curvature differ- 
ence is large than when small even though the same normal force 
is placed upon the wheel and it is, presumably, for this reason that 
rate of metal removal increases. 


ANALYTICAL CONSIDERATIONS 


It will be the objective of this section to develop a formula re- 
lating the rate of metal removal to the normal force and curvature 
difference. 

Consider first a grinding wheel with the grains disposed relative 
to a datum cylinder according to Fig. 9. In any cross section of 
this wheel we will find some outermost grains such as at A and 
considerably more lower set grains such as at B. For purposes of 
analysis we may consider a hypothetical wheel in which the high 
grains have been shifted toward one end and the low grains 
toward the other end of the wheel, giving a rearranged wheel of the 
shape shown in Fig. 11(a). This rearranged wheel will have 
load-carrying and stock-removing characteristics equivalent to 
the actual disarranged wheel. As the normal force is increased, 
more and more of the right-hand portion of the wheel will cut; 
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in other words the effective width of the wheel becomes variable. 

Fig. 11 (6 and c) show the wheel penetrating the workpiece 
by the amount p,,.. The penetration is taken as a linear function 
of z with slope A as shown. The interference region A-E-B-D is 
shown. 

In actual grinding we will suppose that m grains (where m = 
2racdz) of the wheel in some elemental section dz, on the average 
traverse some locus such as A-C-B but for analytical purposes we 
will consider that ym grains are very dull and traverse the path 
A-E-B and serve to support the normal load. The remaining 
(1 — v)m grains we consider to be exceedingly sharp and to trav- 
erse the path A-D-B and serve to remove stock. 

By using the concept of a rearranged wheel and the idea of 
“pure” load-carrying grains and pure stock-removing grains it 
is possible to derive a relation involving the rate of stock removal 
and the normal force and curvature difference. 

The thickness of the interference region is found to be 


zr? 
where 
. . [10] 


The width of any element dz is given by 


The load supported is found from 
sof? 


Using Equations [9] and [10], integrating and eliminating bo 
with the aid of Equation [11], gives 


Next, consider the volume swept out by a stock-removing grain 


of triangular profile Fig. 10(d). The volume of a scratch at any 
section z is 


[14] 
Using Equations [9] and [11] and integrating gives 
V,= tan 0 [15] 


for the volume of an individual grain scratch. 
The rate of metal removal is found by 


Po 
R= (1 — v)o2wa V,dz.......... [16] 
which gives, using Equations [15] and [10], after integration 
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By eliminating p, from Equations [13] and [17] there results 


V2 
or 


= KF, .... [18] 


Equation [18] relates the rate of metal removal to the normal 
force and the curvature difference. The surprising result is that 
the theoretical expression shows the rate of metal removal vary- 
ing with the curvature difference raised to the 0.20 power while the 
experimental work shows the power to be 0.18. The fact that 
such close agreement is obtained must mean that the underlying 
hypothesis has some degree of truth. 

It will be noted, however, that 3t varies with the normal force 
to the 1.4 power. This is contrary to experiment where the ex- 
ponent is unity. Consequently, a more perfect theory should 
yield 


It may be that the assumption of uncoupled grains and the 
assumption that the rake surface forces are negligible are not 
exactly true. 


CoNCLUSION 


From the experimental work it would seem that the cause for 
the different grinding action in holes and externally is due to the 
curvature difference, where the curvature of the actual trochoidal 
path is considered. Also, there appear to be two types of grinding, 
Region I where the process is similar to milling and Region II 
where it is not. 

By assuming the clearance surface of the grain to be under load 
and the rake surface essentially free of force, at least in the nor- 
mal or radial direction, and by considering a rearranged wheel 
with load-carrying grains and stock-removing grains, surprisingly 
good agreement is found with experiment relating the rate of 
metal removal to the curvature difference. 
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Shear-Plane Temperature Distribution 
in Orthogonal Cutting 


By J. H. WEINER,’ NEW YORK, N. Y. 


An analytical solution is presented for the temperature 
distribution along the shear plane in orthogonal cutting. 
The principal assumption made is that the heat trans- 
ferred by conduction in the direction of motion of the 
workpiece or chip may be neglected. The nature of 
the error involved in this assumption is investigated. 
The over-all fraction of shear-plane heat transferred 
into the workpiece is also computed and compared with 
previous results. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


k = thermal conductivity of metal, Btu/in. sec deg F 


p = density of metal, lb/cu in. 
c = specific heat of metal, Btu/lb deg F 
a = thermal diffusivity of metal, //pc, in?/sec 
t = depth of cut, in. 
L = length of shear plane, in. 
@ = shear angle 
¥ = tang 
q = heat release over shear plane, Btu/in? sec 
W = cutting velocity, ips 
V = chip velocity, ips 
x = distance from leading edge of shear plane in direction of 
workpiece motion, in. 
y = distance from leading edge of shear plane perpendicular 
to direction of workpiece motion, in. 
z=y—ye 
& = distance from leading edge of shear plane along shear 
plane, in. 
o = Wé/2a 
A = WL/2a 
1 W 
5 2 vy a 


u = temperature rise above initial temperature, deg F 


T = Wocu/q 
Y = Wéy* cos ¢/4a 
Y, = cos $/4a 
f(x) = net fraction of shear-plane heat transferred into work- 
piece at x 
8 = over-all fraction of shear-plane heat transferred into 
workpiece 


R, = thermal number, Wt/a 
‘ 2 

erf x = error function, —> f e-*? du 
0 


Vr 
erfe x = complementary error function, 1 — erf x 
K(x) = modified Bessel function of second kind of zero order 
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INTRODUCTION 

The cutting of metals involves large inelastic deformations, 
most of the energy of these appearing as heat released over the 
shear plane. Even with the assumption that the rate and dis- 
tribution of heat release are known, the calculation of shear-plane 
temperatures is a complex heat-conduction problem involving as 
it does a moving-band heat source, inclined to its direction of 
travel, and losing heat both to the workpiece and to the chip. 
Furthermore, the chip moves in a direction different from that of 
the workpiece. It appears that drastic simplifications are re- 
quired before a mathematical solution may be obtained. 

Four analyses of the temperature distribution along the shear 
plane in orthogonal metal-machining operations have appeared 
recently: Hahn (1),? Chao and Trigger (2), Leone (3), Loewen 
and Shaw (4). The first two analyses start with the same simpli- 
fied model of the process, namely, that of a band source of heat 
moving through an infinite medium, where the plane of the band 
source is inclined to its direction of motion. Hahn considers the 
temperature along the band source as representing directly 
the temperature along the shear plane, while Chao and Trigger 
multiply this temperature by an empirical constant representing 
the fraction of heat generated along the shear plane which flows 
into the workpiece. It is seen that Hahn’s solution does not 
take into account the different directions of motion of chip and 
workpiece, while that of Chao and Trigger assumes that the frac- 
tion of heat generated which is transferred into the workpiece is 
constant along the length of the shear plane. The latter two 
studies are also similar to each other in that they consider only 
mean temperatures of shear plane and chip, equating these two 
quantities to determine the distribution of heat generated be- 
tween workpiece and chip. 

The present analysis avoids the just-mentioned simplifications, 
which it is felt introduce considerable error, at the expense of 
making a new simplification, which it is hoped does not. The 
simplification consists in neglecting the transfer of heat by con- 
duction in workpiece and chip in the direction of their respective 
motions in comparison with the heat transferred by material 
transport in those directions and the heat conducted in the direc- 
tion perpendicular to the direction of motion. This assumption 
results in considerable mathematical simplification, changing the 
character of the partial differential equations from elliptic to 
parabolic. 

While this assumption is a common and understandable one in 
the study of heat transfer in a flowing fluid, it seems unusual when 
the moving medium has the high conductivity of a metal. In 
order to estimate the magnitude of the error introduced in this 
manner, the problem of the inclined band source moving through 
an infinite medium treated by Hahn, and Chao and Trigger is 
solved with this assumption, and the solution compared with that 
which includes the effect of conduction in the direction of motion. 
This comparison, made in the Appendix to this paper, indicates 
that for the conditions encountered in practice, the two solutions 
for this preblem agree very well. Since this problem is similar to 
the metal-cutting process it seems reasonable to hope that there, 
too, the assumption introduces little error. It is recognized, 


? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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however, that reasoning by analogy in this manner is sometimes 
misleading. Rigorous upper bounds on the error introduced by 
this assumption appear to be difficult to obtain, but would be 
very valuable, particularly since the same procedure introduces 
considerable simplification in many other problems involving 
moving sources. 


MATHEMATICAL FORMULATION OF THE PROBLEM 


There are two principal zones of heat generation in orthogonal 
cutting, zone A, Fig. 1, caused by friction between tool and chip, 
and zone B, caused by the energy released in the shear deforma- 
tion. This paper is concerned only with the temperature distribu- 
tion along the shear plane resulting from the heat generated in 
zone B, 


t 8 
WORKPIECE 


Fic. 1 or Heat GENERATION 


The following assumptions are made: 


Heat is generated at a uniform rate g on the shear plane. 
The thermal properties of workpiece and chip are constant. 
The workpiece is considered semi-infinite in extent. 

The heat fiow is two-dimensional. 

The free surfaces of the workpiece are perfectly insulated. 
The quasi-stationary state has been reached; that is, the 
temperature distribution, referred to a co-ordinate system fixed 
with respect to the tool, is independent of time. 

7 The chip velocity is perpendicular to the shear plane. 

8 The transfer of heat by conduction in the direction of mo- 
tion of the workpiece is small in comparison with the amount 
transferred by material transport and that conducted in the direc- 
tion perpendicular to the direction of motion, and may be 
neglected. This assumption is also applied to the heat trans- 
ferred in the chip in the direction of its motion. 


our 


The mathematical nature of assumption 8 may be seen more 
clearly by first considering the form of the partial differential 
equations and boundary conditions if it is not made. They then 
appear as follows 


Ou ou 
— +— |] — — = in workpiece... ... 
a Ww 0, in workpiece [1] 
ou 
oy 
ou 
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(soe — ain >) + Woc sin du 


=—f(r)q, 0<2<Leosgd y=yr....... [2c] 
yo 


The Boundary Condition [2c] is obtained by a heat balance on 
a small triangular volume, Fig. 2. The heat entering the element 


Fie. Co-Orpinate Axes 


from the shear plane through the area A, Af(Z)q, is equal to the 
heat leaving the element. through the area A, 


and through the area A, 


oy 


That is 
du 
oy 


where it is understood that all functions are defined at a suitably 
chosen mean co-ordinate. Dividing by A and taking the limit as 
the dimensions of the element go to zero, leads to Equation [2c]. 

The function f(z), representing at each point of the shear plane 
the fraction of the heat generated which enters the workpiece, is 
initially unknown. It, and the temperature distribution, are de- 
termined by solving the problem given by Equations [1] and [2] 
simultaneously with the problem for the chip with the heat enter- 
ing the chip at each point of the shear plane given by [1 — f(x)]q. 

In this form the problem is quite complex. Assumption 8 is 
now made. From the derivation of Equation [1] it is seen that 
this assumption corresponds to the omission of the term 0*u/dz? 
and Equation [1] becomes 


Af(%)q = A, (: = —A,k 
ox 


Ou 
1’ 
Oy? ar 


Mathematically, this simplification is very valuable since it 
changes the character of the equation from elliptic to parabolic, 
in this case the simple one-dimensional heat equation, with the 
dimension z playing the role of time. Because of the change in 
character of the equation, the nature of the required boundary 
conditions also changes. It will be necessary to specify “initial 
conditions,” that is u(0, y), while it is necessary to specify the 
boundary conditions only over that range of z in which there is in- 
terest, that is, for 0 < x < L cos ¢, since the boundary condition 
for zx > L cos ¢ will not affect the temperature distribution in the 
interval of interest. 

Consistent with assumption 8, it is seen that the appropriate 
initial and boundary conditions are 


cos =q; y = yz.... [2'b] 


x 
A 
y 
CHIP 
v < TOOL 
at 


Boundary Condition [2’b] is obtained by again considering a 
heat balance on a small triangular volume, Fig. 2. Consistent 
with assumption 7, such a heat balance now yields 


ou 

qA WpcuA, — k 

However, by means of a mass-flow balance, WpA, = VpA, 

and therefore Equation [2’b] is obtained in the limit. It is to be 

noted that with this assumption the influence of the chip is given 

completely by the Boundary Condition [2’b] and it is not neces- 
sary to consider the chip further. 


A, + VpcuA 


SOLUTION OF THE PROBLEM 


As the first step in the solution of the problem given by Equa- 
tions [1] and {2’], the substitution z = y — wz is made leading to 


ou ou 
— Wy — = W—... 
u=0; r=0, 
ou 
—t =q, 0<2z<Lecos¢, z =0 [2”b] 
. [2%e] 


By use of the Laplace transform with respect to the variable z 
u(s,z) = f, u(x, z)e~** dx 


Equations [1") and [2”] become 


aa di 
-- Wy — -—:Wa =0.. 
+ Wy ai | 
da 
dz 
lima =0 


The solution of Equation [1’’’] satisfying the Boundary Con- 
dition [2’’’] is 
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Us, z) => 
Woe sin + VC? + 
where 


Since the shear-plane temperatures are of primary interest, the 
substitution z = 0 is made in Equation [3] and the inverse trans- 
form of @ (s, 0) is found using the known Laplace transform pair 


l 1 
C+vVs = erfe (CV r) [4] 
Tr 
(reference 7), and the property of the Laplace transform, namely, 
that if f(s) 2 F(x) 
1 =z 
f(s +C?)> fee . [5] 


(reference 8). In this manner the following expression for u(z, 0) 
is obtained 
2qC 


qq 


20 ‘a a 
| . [6] 


which becomes, after some manipulation 


q E 4+ erf C Vr 


sin 
2c 


Vr 


or, introducing the dimensionless shear-plane temperature 7’ = 
(Wpcu)/q and the dimensionless distance 


cos 


4a 


9) Woe sin ¢ 


u(z,0) = 


Y=CY% = 


2 


TSINO | | | 
g | EQUATION (7’) = 
~ | APPROX. SOLUTION FOR Pat Lata | | | | 
| PRESENT MODEL OF | 
ORTHOGONAL CUTTING | | | 
| | 
rt 
174 EQUATION (I34), APPENDIX 
S| Fs (77) | APPROXIMATE SOLUTION FOR INCLINED BAND SOURCE | 
5 _| MOVING THROUGH INFINITE MEDIUM | 
4 | ©,O-EXACT SOLUTION FOR ABOVE PROBLEM | 
4 


| 


Fig. SuHear-PLane TEMPERATURE DisTRIBUTION 
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Therefore the dimensionless combination 7’ sin @ obtained 
according to this analysis, can be plotted against the single di- 
mensionless distance Y. This is done in Fig. 3. 

In the Appendix the same simplification of neglecting conduc- 
tion of heat in the direction of motion is made to obtain an ap- 
proximate solution of the problem of an inclined band source 
moving through an infinite medium. The approximate solution 
found in this manner is T' sin @ = erf VY and is plotted for com- 
parison in Fig. 3. 

It is seen that the solution, Equation [7’], for the model of the 
metal-cutting process adopted in this paper results in a more 
rapid rise of temperature along the shear plane than the model 
corresponding to an inclined band source moving through an in- 
finite medium. This appears to result from the fact that there is 
no loss by conduction of shear-plane heat to the chip in the 
former model, while there is such loss in the latter. That there 
should be no or little loss by conduction to the chip appears 
reasonable when one considers the closely allied problem of a 
plane source in a moving medium with velocity perpendicular to 
the source. In this case there is no conduction to the rear or 
“chip side”’ of the source (5). 

Comparison is also made in Fig. 3 of the exact solution of the 
inclined band-source problem, taking into account conduction in 
the direction of motion, and the approximate solution obtained by 
neglecting conduction. The numerical results of Chao and Trigger 
(2), evaluated for a source semi-infinite in length,0 < — < ~, 
were used in computing the points shown for @ = 10 and 30 
deg. It is seen that the agreement between the approximate and 
exact solutions is very close except for a region in the vicinity of 
the leading edge of the source. This region of discrepancy be- 
comes a smaller fraction of the total shear-plane length the 
larger the value of the thermal number R,. For example, for R, 
= 10, the distance from the leading edge at which the discrepancy 
becomes less than 2 per cent of the temperature there is approxi- 
mately 10 per cent of the total length of the shear plane for either 
@ = 10 or 30 deg. For larger values of R,, the region of dis- 
crepancy will shrink proportionately; e.g., for R, = 20 it will be 
5 per cent of the total length of the shear plane. 

There also will be a similar region of discrepancy in the vicinity 
of the trailing edge of the inclined band source in which the exact 
solution shows a slight decrease in temperature while the ap- 
proximate solution does not. As shown in the Appendix, this re- 
gion is of the same order of magnitude as the one just described. 

Therefore, in the case of an inclined band source in a moving 
medium, the neglect of conduction in the direction of motion pro- 
duces an approximate solution which is quite accurate over the 
central portion of the shear plane, this region of accuracy increas- 
ing with the thermal number and being a substantial part of the 
shear plane for values of FR; of practical interest. Since this prob- 
lem is similar to the model adopted in this paper for the metal- 
cutting process, it is hoped that here, too, the assumption pro- 
duces a solution which is accurate except for small distances from 
leading and trailing edges of the shear plane. 


Fraction or Heat Into WorkKPIECE 


It is of interest to calculate the fraction 8 of the total heat 
generated on the shear plane which enters the workpiece. In 
terms of the function f(x), defined previously, it is seen that 


l L 


0 


and that 


{1 —f(z)]q = Vpcu, f(r) =1— = 1—T sin @.. . [9] 
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By substitution of this value for f(z) in Equation [8], using 
Equation [7’] for 7, the following value of 8 is obtained 


1 
B= VY, +(1 + ¥,) erfe VY, 


1 
where 

ta 4a 


Numerical values of 8 are given in Fig. 4. 
In their theoretical analyses, Leone (3) and Loewen and Shaw 
(4) obtain the respective formulas 


1 
B= 
1+ 1.137 
2a 
and 
l 
1077 
WL 
(r? + 2a 
93 | | | 
| |——€QuaTION (10); | | 
| | | 
\ | | | 
Fic. 4 Fraction 8, or SHear-PLane Heat FLowrne Into Work- 
PIECE 


where r = sin @ These formulas give substantially the same 
numerical results. Leone’s equation is plotted for comparison in 
Fig. 4 for small values of @ for which his parameter may be ex- 
pressed in terms of Y,. It is seen that the present work indicates 
much lower values of 8. Comparison with existing experimental 
data appears difficult since most such data do not give the 
values of all the required quantities and do not distinguish be- 
tween heat developed along the shear plane and at the tool-chip 
interface. 
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Appendix 


The purpose of this Appendix is to examine the nature of the 
error introduced by neglecting heat conduction in the direction of 
motion of workpiece and chip, respectively. This is done by 
using this assumption to obtain an approximate solution to a 
problem similar to that of metal cutting, the problem of an in- 
clined band source moving through an infinite medium. This 
approximate solution is then compared with the exact solution to 
determine the error introduced in this case. 

The mathematical formulation of this problem including con- 
duction of heat in the direction of motion is as follows 


2 2 
a (24) ay 
Or? or 
tim cos — sin & 
Oy or 
y>vr 


ou ou 
—lim [{ cos —sin = q,0< 2 < L cos @. . [12] 

The exact solution to this problem may be found to be, as in 
references (1) and (2), for the temperature along the source 


A-@ 
Wpeu(&) 1 
T exact = Kol u \du 


q 


1 1 | 


where 
we WL 
r= 
2a 2a 
With the neglect of conduction in the direction of motion, the 
approximate formulation of the problem becomes 
ou 


— W = @..... 
a 0 [lla] 


OY 


ou 

kf lim — lim =qsecg@, 0<2< Leos @.. [12a] 

your OY 
y<ve 


With the substitution z = y — Wr, andi = x/W, Equations 
[lla] and [12a] become 


ou ou 
Oz? Oz ol 
ra) L cos 
z>0 


It is seen that these equations describe the problem of the tem- 
perature due to a continuous plane source of strength q sec @/pc 


released at z = O for the time interval 0 < ¢ < L cos $/W ina 
medium with thermal diffusivity a, flowing with velocity Wy in 
we direction of the nezative z-axis. With this interpretation, the 
solution to Equations [114] and [12b] may be written down im- 


mediately as 
lz +Wy(t—r)}? 
e — 
q sec 4a(t— 


7 dt 
2 V ra pc Jo Vi-—r 


u(z,t) = 
Setting z = 0 
Ecos 


the temperature along the inclined source is found to be, after 
some manipulation 


Tapprox = Wocul(&)/q = ese erf Vv '2¢ cos 
= cse Perf VY....... [13a] 


The discrepancy between Equations [13] and [13a] will now be 
examined. It is noted that the length Z of the band source does 
not appear in the approximate solution, Equation [13a]. There- 
fore the form of the exact solition Equation [13] is first ex- 
amined when the source is semi-infinite in length, occupying the 
interval0 < —& < ~. The effect of the finite length of the source 
will be examined in the following: 
When L becomes infinite, Equation [13] becomes 


1 
Texact = f 
0 


1 
+ = 1, + 1, 
0 


From reference (6),° it is found that 


I, = 
sin 


The integral representation of the Bessel function‘ 


is used in the first integral /,, and the order of integration is inter- 
changed. Carrying out the integration with respect to u, J; be- 
comes 


coc $/2 
Jo 


2V 7 Jo 2 


I, = 1/2 cos? /2 orf v/'20 + dz 
2 


7), may be rewritten 


I), = - erf (sin V 20 + u? sec? 
sin 2 
Vr sin @ Jo 2 


* Page 388, equation [9]. 
* Reference (6), p. 2% 


= 
| 
= 
. 
| 
; 
| 
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+ (sn V 20 + u? sect 7) 
V rsin ¢Jo 2 
— erf (sin /2 20) 


Tin + Tu 
Iu = (ese erf (sin Vin) 


= cae {ex Vie V20 cod) 
— erf (sin v20) |} 


en (* cong) — en (sin 


Vr. 2 


sin 
= 
— 


sin 2 V2le 


—2¢ sint 


du 


But 
| 
2 = 
Therefore 
0 < lin < f du 
sia V/ 20 0 
—2e sin? 
tan cos e 
2 sin V/ 
Combining the foregoing integrals and inequalities, it is seen 
that 
= + E(o, o) 
where 
sin = sec? 2 e 
E(o, @)| < max | ——— 
2 sin 


where, by the notation max [f,(a, @), f(a, @)] is meant the larger 
of the two functions for a particular set of values of g and ¢. It is 
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seen that E(o, @) is small for large ¢. From the actual numerical 
comparison made in Fig. 3 it is seen that the upper bound is 
generous and the error decreases more rapidly than it indicates. 

To determine the error due to the finite length of the source, it 
is noted from Fig. 2 of reference (2) that 


A-¢ 
0 


f e~“ du 
0 


by less than 2 per cent of the value of T'exace for \ — @ > 1.0. 


differs from 


Discussion 


H. Biox.’ By his ingenious refinements on methods at present 
available, the author has carried the computational determination 
of shear-plane temperature distribution a step further. Despite 
the author’s conscientious efforts to verify the admissibility of his 
approximations, it is thought that a definite judgment can be 
established only by comparing the author’s results with those 
to be deduced from an exact treatment that does not involve the 
approximations. To this end, it may well be worth while to settle 
the question once for all by carrying out, for a sufficient number 
of representative cases, computations on the basis of relaxational 
methods such as have recently been used by A. C. Rapier.* 


B. T. Cuao.? One of the major factors which have direct bear- 
ing on tool life is the tool-chip interface temperature. To a cer- 
tain extent, the latter is influenced by the distribution of tem- 
perature along the shear zone. The author is to be commended 
for his timely contribution on the subject. 

In the paper the author attempts to solve the rather compli- 
cated problem of heat conduction in orthogonal cutting by in- 
troducing certain assumptions. With speeds and feeds com- 
monly employed in machining operations using carbide cutting 
tools, the simplification of neglecting the transfer of heat by con- 
duction in workpiece and chip in the direction of their respective 
motions seems justifiable. On the other hand, the author’s as- 
sumption of taking the chip-flow velocity vector perpendicular to 
the shear plane is not only unnecessary but also unrealistic. 
Under certain cutting conditions, it may introduce considerable 
error. The writer hereby offers a solution which is just as easy to 
derive as the one presented in the paper but without using the 
author’s assumption 7. 

From the geometry of chip formation, Merchant*® has shown 
that for orthogonal cutting with type 2 chips, the ratio of the 
velocities V and W* is given by the following expression 

V sin 


W cos (@— a) 


where a is the rake angle of the tool. Equation [14] is, in effect, a 
relation required by the mass-flow balance. Unfortunately, the 


5 Professor of Mechanical Engineering, University of Technology, 
Delft, Holland. 

6**4 Theoretical Investigation of the Temperature Distribution in 
the Metal Cutting Process,’’ by A. C. Rapier, British Journal of Ap- 
plied Physics, vol. 5, 1954, pp. 400-405. 

7 Associate Professor of Mechanical Engineering, University of 
Illinois, Urbana, III. 

8**Basic Mechanics of the Metal-Cutting Process,’’ by M. E. Mer- 
chant, Journal of Applied Mechanics, Trans. ASME, vol. 66, 1944, 

. A-168. 
‘ ® Author’s nomenclature is used in this discussion. 
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author used the relation WpA, = VpA instead. The latter im- 
plies 


Using Equation [14] of the discussion, the Boundary Condition 
[2’’b] of the paper becomes 


cos +nWep sin du =q, 0<2<Leos¢,z =0 


where 


1 — cos (¢ — a) 
cos (@ — 


The author’s analysis corresponds to the rather unrealistic condi- 
tion of a = ¢, and hencen = 0. 

With the foregoing alteration in the boundary condition, the 
Laplace transform of the temperature function u(z, z), for z = 0 
becomes 
= [17] 


Wep sin} + 2n) + VO +] 


and the shear plane temperature is 


q 1 + 2n 
Wep sin {2 (Cv'2) 2n(1 + n) 


E — +me% erfe (1 + 2n) — (1 + 2n) erf cv] 


It may be remarked that on letting n — 0 and using |’Hos- 
pital’s rule, Equation [18] reduces to Equation [7] of the paper. 

Introducing dimensionless temperature 7’ = Wcepu/q and dis- 
tance 

4a 

as defined by the author, Equation [18] of this discussion, be- 
comes 


T= V¥ + [1 


2n(1 +n) 


Y = 


erfe (1 + 2n) W¥ —(1 + 2n) erf ese @.... [19] 


Using the data given in the author’s reference (2), for the machin- 
ing of SAE 52100 steel with a carbide tool of negative 2-deg rake, 
@ = 22.8 deg when R, = 70. Under these conditions, n has been 
found to be 0.101. 

The author correctly points out the discrepancy between the 
approximate solution presented in the paper and those given in 
his references (1) and (2). This, indeed, is consistent with the 
simplification introduced in the analysis which changes the elliptic 
differential equation to the parabolic type. Physically, the con- 
dition u = 0, at r = 0, and 0 < y < = cannot exist. Likewise, 
the supply of heat for z > L cos ¢, at z = 0 will also exert an in- 
fluence. It may therefore be expected that the present method of 
solution will yield a temperature distribution which is too low at 
A and too high at O (Fig. 5 of this discussion). Strictly speaking, 
the discontinuous temperature solution which is inherent in the 
present mathematical treatment cannot be a physical reality. It 
could yield reasonable results for the distribution of shear plane 


Tool 
(Stationary) 


Workpiece 


Fic. 5 Temperature DistrisuTion 


temperature for regions not at the immediate vicinity of the trail- 
ing edge (A) and leading edge (O) of the shear zone. Unfor- 
tunately, in so far as the tool-chip interface temperature is con- 
cerned, the temperature distribution in the neighborhood of the 
leading edge (QO) is actually of primary importance. 


E. G. Lorwen.” The author has made an important and in- 
teresting contribution to metal-cutting theory. There is no 
doubt that the previously published analysis contained many 
approximations and that the assumptions involved in the present 
paper are more readily justified. 

It was surprising to discover that Vieregge (see separate dis- 
cussion) quite independently, of course, had been working on the 
same problem in Germany. Making similar, though not identical, 
assumptions and using a step-by-step difference method rather 
than purely analytical calculations, he had arrived at practically 
the same conclusions. The only noticeable difference is in the 


temperatures at the end of the shear plane ( VY, < 0.6) which 
the author finds slightly higher. This is not an important dif- 
ference since neither analysis claims high accuracy in this region. 

Although the author’s analytical solution is simpler to apply in 
practice, Vieregge’s step-by-step method has the advantage of 
showing also the temperature at points outside of the shear.plane 
itself. 

Since the presentation of this paper still another approach to 
the problem has been published.* Using relaxation methods, and 
the same basic assumptions, Rapier gives just three values for 6: 
0.627, 0.499, 0.698, for Y; values of 0.083, 0.167, 0.0417, respec- 
tively. These results are 5 to 10 per cent above the correspond- 
ing values from Equation [10] of the paper. 

With several theoretical attacks on the shear-plane energy 
problem on hand now, we should consider how the results can be 
verified experimentally. This turns out to be quite difficult. No 
one since Schwerd' has tackled the problem of measuring the 
temperature distribution in and around the shear plane which 
would be a check on Fig. 3 of the paper. Schwerd’s one useful 
publication seems to indicate shear-plane temperatures close to 
those predicted in this paper at the end of the shear plane (£ = 0), 
but much higher temperatures near the cutting edge of the tool. 
One obvious conclusion is that the shear energy q is perhaps not 
distributed uniformly over the shear plane; but we need far more 


1 Assistant Professor, Mechanical Engineering Department, 
Massachusetts Institute of Technology, Cambridge, Mass. Mem. 
ASME. 

11 “(ber die Bestimmung des Temperaturfeldes beim Spanablauf,”’ 
by F. Schwerd, Zeit. VDI, vol. 77, 1933, pp. 211-216, 
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data before arriving at a definite judgment on this important 
question. 

The other and more simply performed check on this theory is to 
measure 8 experimentally. Results obtained in recent experi- 
ments at M.I.T. so far indicate only very rough agreement with 
Equation [10]. All experimental values for 8 are greater than 
those predicted, the difference being especially noticeable when 
Y,; > 1. Whether this is due to incorrect assumptions or experi- 
mental inability to eliminate friction on the tool-clearance face is 
still to be determined. An interesting possibility is that the finite 
size of a real shear zone as compared with a mathematical shear 
plane, may make a considerable difference in the shear energy con- 
ducted into the workpiece. 


A. C. Raprer.'? The present analysis of the temperatures de- 
veloped at the shear plane in metal cutting undoubtedly provides 
the best analytical solution yet proposed. The errors introduced 
by neglecting conduction in the direction of motion have been 
examined analytically, but it is perhaps simpler to appreciate the 
significance of the simplification by considering the over-all tem- 
perature distribution. The errors introduced are zero where the 
isotherms are parallel to the direction of motion and a maximum 
where the isotherms are perpendicular to the direction of motion. 
The same simplification was used by the writer for the solution of 
the temperature distribution in the chip under conditions where 
the temperature gradients in the direction of motion are rela- 
tively small.* 

Examination of the complete temperature distribution in the 
workpiece (e.g., Fig. 8*) shows that the isotherms are approxi- 

12 Plasticity Division, Mechanical Engineering Research Labora- 
tory, East Kilbride, Glasgow, Scotland. 
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mately parallel to the direction of motion in only a small propor- 
tion of the whole area. For the higher values of Y, (= R tan 
$/4) they tend to become parallel to the shear plane over most 
of the region. Under these conditions the ratio of the heat con- 
ducted from the source in the X-direction to the total heat sup- 
plied by the source is sin? @. Thus for the values of ¢ which are 
obtained in metal cutting the neglect of the conduction in the X- 
direction introduces relatively small errors and would be ex- 
pected to give values of 8 which are slightly too small. 

Fig. 6, herewith, shows the variation of 8 with Vv Y, as pre- 
dicted by the present analysis compared with those obtained 
from solutions due to Loewen and Shaw, Hahn (mean values) and 
a suggested correction of Hahn’s results given by the writer.® 
The results of individual relaxation solutions due to the writer are 
given by crosses. The agreement between the present solution, 
the corrected Hahn solution, and the relaxation solution is seen to 
be very good. Agreement would not be expected with the Loewen 
and Shaw solution since this type of solution is not applicable to 
the problem.* 


G. Viereace.'? The author has made a valuable contribution 
to metal-cutting theory by showing how the distribution of the 
heat energy from the shear plane can be found by purely mathe- 
matical methods. 

For a tool engineer the value of such an analysis does not lie in 
quantitative values of the heat going into the workpiece or in the 
absolute temperature of the shear plane. These can be found 
experimentally simpler and more accurately. The purpose of a 


18 Doctor of Engineering, Deutsche Edelstahlwerke, Krefeld, Ger- 
many. 
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mathematical analysis is to establish the important variables and 
to estimate their relative importance. 

The writer treated this problem in a 1953 paper." 

Shear-plane and workpiece temperatures, and the energy going 
into the workpiece, were calculated using the same basic assump- 
tions as the author’s. Assumptions 1 to 6 agree completely with 
the writer's. As regards points 7 and 8 the following assump- 
tions were made by the writer: 

7 The chip can flow in any arbitrary direction. 

8(a) Heat from the shear plane is removed as (1) stored heat in 
the chip, and (2) conducted toward the workpiece, perpendicular 
to the shear plane. 

8(b) Heat is supplied to the shear plane from the stored energy 
in the workpiece approaching the shear plane. 

The resulting temperature field and the energy flow into the 
workpiece were calculated by a method based on the difference 
method of Schmidt.” 

Calculations were based on the following values: 

Shear energy converted into heat q = 242,000 in-lb /in.,* correspond- 


ing to a maximum possible shear-plane temperature umax of 750 F 
Thermal diffusivity: a = 0.0155 in*/sec 


Cutting speed: W = 183 fpm 
Depth of cut: t = 0.0126 in. 
Shear angle: @ = 30 deg 


14**Energieverteilung und Temperatur bei der Zerspannung,”’ by 
G. Vieregge, Werkstatt und Betrieb, vol. 86, 1953, pp. 691-703. 

46 ‘‘Das Differenzverfahren zur Lésung von Differenzialgleichungen 
der Nichtstationaren Warmeleitung, Diffusion und Impulsausbreit- 
ung,”’ by E. Schmidt, Forschung Ingenieurwesene, vol. 13, 1942, p. 
177. 


Fic. 7 TemMPeRATURE Fietp Near Swear PLane WHEN CUTTING 

Sree. Wits THE Vatves: = 170 Ka/Mm? (umax = 400 

C); a = 10 Mm?/Sec; ¢ = 30 Dec; t = 0.32 Mm; w = 1000 Mu / 
Sec 
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Fig. 8 Temperature Fietp Near SHEAR PLANE IN DIMENSIONLESS 
Co-Orpinates; = ye) 


This special case is typical for cutting steel. It leads to a tem- 
perature distribution shown in Fig. 7 of this discussion and re- 
peated in Fig. 8 in dimensionless form. 

The shear-plane temperature u, can be written in dimensionless 


form 


a 


The energy remaining in the workpiece depends only on the posi- 
tion of point D, Fig. 8. It is represented in dimensionless form 
by 
Both these functions are plotted in Fig. 9. 
In his calculatioas the author finds the energy to the workpiece 
a function of the same quantities. His Equation [10] is also shown 
in Fig. 9 and shows complete agreement with the function fi( ys). 
One can see from Fig. 8 of this discussion that taking the 
maximum temperature gradient perpendicular to the shear plane 
is valid over almost its whole length. Although the author has 
taken the maximum gradient to be perpendicular to the direction 
of cut, the resulting difference between his and the writer’s re- 
sults is so small that it cannot even be seen in a graphical presenta- 
tion. However, as he points out, neither assumption is correct 
near the workpiece surface, point C, because the approaching 
material must be heated up. At the lower end of the shear plane, 
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Fic. 9 TeMPERATURE OF SHEAR PLANE = fo(ys) AND FRACTION OF 
SHear Enercy Gorne Intro Workptece, 8 = fs(ys) 


(Curves obtained by writer. A-points calculated according to author.) 


near point D, while there are no calculating errors, the initial 
assumptions do not hold. A second deformation due to separa- 
tion of the chip from the workpiece is superimposed so that q in- 
creases sharply. The shear-plane temperature increases rapidly 
from point C on toward D, reaching the approximate temperature 
Umax in a few ten thousandths of an inch. In the direction of the 
workpiece the temperature drops very rapidly so that the zone 
heated is very small. The maximum workpiece temperature is 
reached in the immediate vicinity of the cutting edge. It is also 
the maximum surface temperature of the machined surface. As 
soon as the tool has passed, the surface heat is conducted into 
the workpiece, so that the surface temperature drops very 
quickly. 

The heat remaining in the workpiece has been measured by 
A. O. Schmidt" as well as the writer. Schmidt found that 8 to 15 
per cent of the total cutting energy remained in the workpiece. 
One should take account here of the fact that the shear process 
accounts for only about 70 per cent of the total energy. Experi- 
mental results of the writer are shown in Fig. 10 of this discus- 
sion. The energy retained by the workpiece is thus considerably 
greater than that predicted in Fig. 9. It becomes even greater in 
ordinary turning where the same surface meets the tool every 
revolution. This discrepancy can be explained by the separation 
and friction energies not taken into account, the spreading of 
a shear zone perpendicular to the shear plane, conduction along 
the side cutting edge unless one cuts under orthogonal conditions, 
and friction along the clearance face. Deformation and conduc- 
tion along the side cutting edge contribute noticeably to heating 
of the workpiece. This can be seen from the fact that, when 


“Heat in Metal Cutting ’’ by A. O. Schmidt, American Society 
for Metals, 1950. 
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Orthogonal cutting 

Material: Steel, 140,000 psi tensile strength 
Cutting speed: 1.3 fpm 

Rake angle: 10 deg 


Fie.10 Ratio or Heat Fiowine Into WorkKPIECE, Qw, TO CUTTING 
ENERGY AE ges (EXPERIMENTAL) AND ALSO VALUES CALCULATED AS 
fs(ys) AccorpInG To Fic. 9 


cutting with coarse feeds at small depths of cut, considerable 
amounts of energy are taken up by the workpiece. 


AUTHOR’s CLOSURE 


The author wishes to thank the discussers for their interesting 
comments which, he feels, add considerably to the value of the 
paper. 

He agrees with Dr. Blok that additional verification of the ad- 
missibility of the approximations made is necessary before the 
solution can be considered as a reasonably quantitative represen- 
tation of the actual physical process. The relaxation computa- 
tions Dr. Blok sugggests have already been performed by Dr. 
Rapier and the results are presented in Fig. 6 of the latter’s dis- 
cussion. Since assumption 8 was not required in the relaxation 
computations, the excellent agreement noted there indicates, as 
do the calculations in the Appendix to this paper, that this as- 
sumption does not introduce appreciable error. This is further 
substantiated by the computations of Dr. Vieregge, summarized 
in Fig. 9 of his discussion, which utilizes a different form of this 
assumption. 

Professor Chao raises a question in regard to another of the as- 
sumptions, item 7. This is of a different character from assump- 
tion 8 just discussed, since it is strictly correct for some metal- 
cutting conditions and may be regarded as restricting the applica- 
bility of the analysis to these cases only. Unfortunately, Pro- 
fessor Chao’s generalization of the author’s solution to eliminate 
this assumption is not correct since his Boundary Condition [16] 
is derived on the basis of the equation following Equation [2’c] of 
the paper which is only valid if assumption 7 is. The author be- 
lieves that his solution is applicable with little error even when 
the chip velocity is not exactly orthogonal to the shear plane but 
further work is necessary to substantiate this. In connection 
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with the errors in the computed temperature distribution at 
points A and O, Fig. 5, it should be noted that while these errors 
are inherent in the present method of analysis, their magnitude 
decreases with increasing cutting velocity and, for practical con- 
ditions, are quite negligible. 

Professor Loewen’s statement that experiments in this field are 
in progress at M.I.T. is indeed welcome since, in the final analysis, 
a theory is only valuable if it can predict, in a reasonable quanti- 
tative manner, the results of experiments. If the discrepancies 
between his experiments and the present theory persist, then it 
will be necessary to conclude that some of the assumptions made 
in its development are too restrictive and a solution should be 
attempted under broader conditions. Perhaps, as Professor 
Loewen suggests, consideration of a shear zone of finite thickness 
may be necessary, although it would seem that, if some of the 
shear zone extends into the chip region, even lower values of 8 
would result. 

The interpretation of assumption 8 given by Dr. Rapier is very 
interesting It is the author’s belief, however, based upon the 


calculations in the Appendix to this paper, that the fractional 
error in 8 introduced by it is less than sin’d. This belief is fur- 
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ther borne out by an examination of Fig. 6 in which it is seen that 
the values of 8 given by the present theory are higher than those 
obtained by Dr. Rapier by relaxation techniques, whereas by his 
reasoning, the error introduced by assumption 8 would result in 
lower values. It was also surprising to find how closely Hahn’s 
results for 8 agree with the author’s when corrected as suggested 
by Dr. Rapier. Would this same correction apply to Hahn’s 
temperature distribution? This seems unlikely from Fig. 3. 

The agreement between Dr. Vieregge’s calculations and the 
present theory is, of course, most gratifying. The author cannot 
agree, however, with his statement that the quantities involved 
can be found more accurately and with less difficulty by experi- 
ment; it is his understanding that experiments in this field are 
quite difficult, as noted, for example, by Professor Loewen in his 
discussion. In any case, one cannot claim to have full under- 
standing of any physical phenomenon until a theory is available 
which will predict quantitatively the results of experiments. 
From this viewpoint, the lack of agreement between experiment 
and the present theory noted in Fig. 10 of Dr. Vieregge’s discus- 
sion underlines the need for further refinement of the analysis 
presented in this paper. 
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2S-O aluminum was extruded at room temperature in an 
inverted extrusion process from a 4.3-in-diam cylindrical 
billet, into a 1.5-in-diam solid cylindrical bar. Steady- 
state particle-velocity vectors were determined from 
gridded, split billets during incremental extrusion steps. 
These velocity patterns were compared with those obtained 
previously for lead extrusions having the same billet and 
die geometry and the same high degree of lubrication; it 
was found that the patterns for these two metals were 
identical. The aluminum velocity pattern appeared not to 
be affected by extrusion load, but the extrusion load was a 
strong function of the extent of deformation. It was esti- 
mated that the extrusion load becomes constant after a re- 
duction of billet length by approximately 2.4 in., the dis- 
tance the plastic zone of the metal extends upstream from 
the orifice. The axial-stress distribution in the billet, de- 
termined from strain rates and natural strains, taking 
into account work hardening, had the same shape as 
that determined with lead. The wall pressure or radial 
stress in the plastic zone was found to be lower than the 
average pressure, but both pressures tend to approach 
each other beyond the plastic zone. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


V = metal particle velocity, ipm 
Vz, = velocity of base end of billet, ipm 
u,v = particle velocity components in the z and r-direc- 
tions, respectively, ipm 
z = axial distance measured upstream from orifice or 
die, in. 
r = radial position of any particle, in. 
a, = angle between extrusion axis and principal strain- 
rate direction, deg 
€,, €,, €@ = instantaneous normal plastic strain-rate components 
referred to current state of deformation in the z, 
r, and §-cylindrical co-ordinate directions, in/in. 
per min 
Y., = shear strain-rate component measurable on a merid- 
ian plane, which occurs on the z-plane and in the 
r-co-ordinate direction, min~* 
¢,, 0,, 09 = true normal stress components on z, r, and @-planes, 
respectively, psi 
T,, = shear stress on z-plane and in r-direction, psi 


1 This investigation was sponsored by the National Science Founda- 
tion under Grant G-1002. 

? Professor of Mechanical Engineering, University of California. 
Mem. ASME. 

3 Assistant Professor of Engineering Design, University of Cali- 
fornia. Assoc. Mem. ASME. 

Contributed by the Research Committee on Metal Processing and 
presented at the Annual Meeting, New York, N. Y.., November 28-— 
December 3, 1954, of Tue American Socrety or MECHANICAL EN- 
GINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Sep- 
tember 10, 1954. Paper No. 54—A-161. 
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= effective strain rate, min~! 
& = effective stress, psi 
Az = increment of small effective strain 
é, = effective natural strain 
l,,1 = original and final length of fibers, respectively, for 
uniform deformation, or gage length of test bar, 
in. 
D,, D = original and final diameters of test bars, respectively, 
or billet diameter and extruded bar diameter, in. 
€ = small or engineering strain, in/in. 
L = extrusion load, lb 
K, = constant axial stress reference datum, psi 
Ac, = increment of axial stress evaluated from experi- 


mental strain rates and effective natural strains 
for increments of r and constant z-positions, psi 
AA, = incremental mean area of billet which is equal to an 
annular ring having a mean radius r on which 


(«, + z Ao.) acts, sq in. 


INTRODUCTION 


In a recent series of articles (1 to 5)* an experimental method was 
discussed for obtaining particle-velocity vectors and distribution 
of stress and strain rate in the plastic portion of a metal during 
steady-state deformation. This method of analysis was called 
visioplasticity and was applied to extrusions of a 1.5-in-diam 
cylindrical bar (3), and to a tubular product (5), both extruded 
from a 4.3-in-diam solid cylindrical billet of commercially pure 
lead. The extrusion processes were carried out at room tem- 
perature at an approximate area reduction of 87.8 per cent. The 
particle-velocity vectors were determined on a meridian plane from 
the movement of marked particles in the form of intersections of 
grid lines by incremental extrusion steps, thereby permitting 
particle location at any stage of deformation. The external billet 
surfaces were relubricated before each additional incremental 
deformation step was taken. This prevented metal welding to 
the extrusion chamber and die surfaces, thereby carrying out the 
extrusion processes with negligible external friction. It was found 
that the stress and strain-rate distributions were not uniform 
across the section of the billet. It was further found that strain 
rates (4) did not affect the flow pattern nor the strain-rate distribu- 
tion, but that the extrusion load increased approximately linearly 
with increasing extrusion speeds for the range of speeds investi- 
gated. It also was found that wall-pressure (3, 4, 5) measure- 
ments were in substantial agreement with calculated mean pres- 
sures if corrections for the condition necessary to establish plastic 
flow were made. 

The investigations on lead were restricted to deformation proc- 
esses where work hardening was essentially absent. However, in 
cold-deformation processes in the range of temperatures below 
their recrystallization temperatures, metals and alloys remem- 
ber their undeformed state, and hence a solution requires the ad- 
ditional knowledge of the instantaneous state of strain as well as 
the strain path. It was pointed out (3) that the visioplasticity 


4 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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technique can be used for these cases since work hardening can be 
incorporated in the analysis. Hence the present paper will dis- 
cuss the incremental cold extrusion of 2S-O aluminum and an 
analysis of stresses and strains will be presented. It is hoped that 
the information given will have practical value, and will aid in 
understanding forming operations in the work-hardening range 
of metal deformation. 


EXPERIMENTAL TECHNIQUE 


The 2S-O aluminum cylindrical billets used in the present in- 
vestigation were machined from a 6-in-diam commercial extru- 
sion. These billets had a diameter of 4.300 in. and a length of 4 in. 
and were split on a meridian plane containing the axis. One of 
these split surfaces was provided with a square grid network 
machined into the surface at an approximate depth of 0.008 to 
0.010 in. The extrusion apparatus was a portable composite 
cylinder consisting of two SAE 4140 heat-treated cylindrical rings 
which were assembled with a shrink fit. The bore of this composite 
cylinder was 4.305 in. and the external diameter was 14 in. A 
1.5-in-diam square-edged split die and die holder were supported 
by a hollow ram to permit extrusions up to 11 in. in length. The 
extrusion load was obtained from the University of California’s 
4,000,000-lb Baldwin-Southwark testing machine. The diameter 
of the billet and the size and shape of the die were identical with 
those of lead extrusions used in earlier experiments (3) in order to 
permit direct comparison of results. The subsequent comparisons 
which will be made with lead refer to the results reported in ref- 
erence (3). 

The billets were lubricated on all external surfaces with molyb- 
denum-disulphide grease (Molykote) before assembling into the 
extrusion apparatus. The extrusion load was then applied at a 
constant rate giving deformation rates in the plastic range for the 
incremental steps of approximately 0.045 ipm billet reduction 
which corresponds to a rate of bar extrusion of 0.37 ipm and an 
area reduction of 87.8 per cent. While the extrusion loads, to be 
discussed later, exceeded 1,000,000 Ib (500 tons), the push-out 
load for removal of the billet was less than 3000 lb. No welding 
occurred between cylinder wall and billet during the initial extru- 
sion step, and hence the extrusion process was carried out under 
conditions of negligible external friction. 

Some difficulties were encountered when reloading billet 1 into 
the extrusion apparatus since the diameter of the billet had ex- 
panded during the first extrusion step to a diameter approximately 
0.007 in. larger than the cylinder bore. In spite of the fact that 
the end of the cylinder bore was chamfered most of the lubricant 
was scraped off during reloading. This resulted in an extrusion 
load appreciably higher than before and considerable metal weld- 
ing occurred. The push-out load was in the neighborhood of 
500,000 lb; hence the push-out load was considerably higher than 
that in the first step. 

An examination of the grid pattern showed much more local 
distortion than was observed in the initial extrusion step. In 
order to assure properly lubricated billets, thenceforth all billets 
used for the plastic-flow studies were relubricated after each incre- 
mental extrusion step and chilled to approximately —100 F in 
liquid nitrogen before replacing in the extrusion chamber. This 
permitted the billet to be assembled into the chamber without 
force. After reassembly of the cold billet into the chamber, a 
waiting period of 15 min, as determined by thermocouple meas- 
urements, brought the billet and cylinder temperature to within 
5 deg F of room temperature. 

All experimental results reported in the following sections 
of this paper were obtained by reloading a lubricated chilled billet 
into the extrusion chamber after each extrusion step, followed by 
a 15-min waiting period before applying the extrusion load. 
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REsvutts aNpD Discussion 


Fig. 1 shows typical photographs of distorted grid lines on the 
meridian plane for incremental extrusion steps varying from 
0.020 to 0.100 in. of billet reduction. These patterns appear to be 
identical with those obtained with lead reported earlier in spite of 
the fact that the extrusion load had increased by a factor of 10. 
The only obvious difference appears to be in the somewhat in- 
creased widening of the grid lines along the extrusion axis which 
can be attributed to the variation in depth of these machined 
lines, the aluminum grid lines apparently having been cut to a 
slightly greater depth than those on the lead billets. 

After each incremental extrusion step the grid pattern was 
photographed and the ten times enlarged image of this pattern 
was projected on a screen. The instantaneous position of metal 
particles as represented by the intersection of grid lines was then 
plotted as dots on this screen. Consecutive plotting of positions 
of intersecting grid lines during eight incremental extrusion steps 
permitted the determination of instantaneous velocity vectors, 
ie., direction and magnitude as described in the earlier paper. 
Inasmuch as the distorted grid patterns of Fig. 1 are symmetrical, 
only one half of the billet pattern was analyzed. All subsequent 
figures showing the complete meridian plane were obtained by a 
mirror-image method. 

Fig. 2 shows the composite graph of the particle-flow directions 
during all eight incremental extrusion steps. While the load in- 
creased continuously during these extrusion steps, the particle- 
flow directions at any given point and stage of deformation were 
invariant. Hence it is possible to construct from this flow pat- 
tern streamlines or flow tubes as shown in Fig. 3. These stream- 
lines were used, as will be shown later, for the determination of 
plastic strains since they permit integration of the strain-rate 
equations. 

The dimensionless velocity ratios V/V, where V is the particle 
velocity and V, is the corresponding velocity of the base end of 
the billet, are shown in Fig. 4 as constant velocity-ratio lines. 
These lines were obtained from cross plots of the experimentally 
determined velocity ratios as functions of axial position z from the 
orifice. The results represented in Figs. 2 or 3 and Fig. 4 permit 
the determination of the instantaneous velocity vectors as well 
as the axial and radial components of these vectors. 

Comparing these figures with those obtained with lead, it is 
found that the instantaneous directions are identical and the 
velocity-ratio plots show no differences in the pattern, but minor 
differences in the position of these constant ratio lines. These 
minor differences may be attributed to experimental errors in de- 
termining and averaging the velocity ratios. To the extent to 
which this investigation permits, therefore, it may be concluded 
that lead and aluminum have an identical velocity-vector pattern 
in an inverted extrusion process, for the same geometrical shape 
and the same degree of boundary lubrication. These observations 
may have profound theoretical as well as practical significance, 
since they indicate that the flow pattern may be independent of 
the mechanical properties of the metal. 

The principal strain-rate directions calculated from the equa- 


tion 


are given in Fig.5. The crosses show the maximum and minimum 
principal directions for more than 400 calculated points on one 
side of the center line at spacings of 0.1 in. in both the radial r and 
axial z-directions. The strain rates are calculated from the 


velocity vectors by means of the equations 
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at each of the more than 400 co-ordinate points by obtaining the 
slopes from curves at each reference point of the axial velocity 
component u, and the radial velocity component v, as functions 
of z and r. These components of plastic strain rates €,, €,, and 
., completely describe the instantaneous rate of straining for the 
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Fic. 4 Constant Vetocrry Ratio Lines Durinc 
Extrusion or 28-O ALumtnum aT Room TEMPERATURE 


Fic. 6 Sreapy-Stare Maximum SxHear-Stress TRAJECTORIES 
Dvurine Extrusion or 2S-O AtuminuM at Room TEMPERATURE 
(Crosses are calculated directions.) 


axial symmetrical case. It is understood, of course, that these 
4 strain rates refer only to plastic deformation, neglecting the 
associated elastic components of strain, and are based on the cur- 
rent state of plastic strain. This method of referring the strain 
rates to the current state of deformation (6) instead of the initial 
state, has the advantage that terms in the velocity gradients of 
the order greater than 1 may be neglected and hence the plastic 
strain-rate equations reduce to those given by Equations [2]. 

The solid lines of Fig. 5 are the faired-in principal stress trajec- 
tories. Since the maximum shear directions are at 45 deg to the 
principal directions, they can be obtained at once and are shown 
in Fig. 6. Critical comparison of the trajectories of Figs. 5 and 6 
with those obtained with lead again reveal that they are es- 
sentially identical. Small differences again may be attributed to 
experimental errors in determining magnitude and direction of the 
particle velocities as well as the determination of the velocity 
gradients of Equations [2]. 

The effective strain rate é€ which is a measure of the rate of 
plastic deformation is a complex strain-rate quantity and is given 
by 


Fig. 5 Sreapy-Srare Principat Stress Trasectorres Durinc 
Extrusion or ALtuminum at Room TEMPERATURE 
(Crosses are calculated directions.) 
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Fig. 7 Sreapy-State Constant Errective Srrain- Rate Trasec- 
Tories Durtnc Extrusion or 28-O ALuminum aT Room TemPERa- 
TURE 


for the axial symmetrical case. All terms in this equation are de- 
terminable from the experimental strain rates given in Equations 
[2] if the constant volume relations (continuity) are utilized, 
namely 


The calculated é were plotted as functions of z for constant r, for 
intervals of z = 0.1 in. and r = 0.1 in., for all 400 or more co- 
ordinate positions. Curves were then faired through the calcu- 
lated points and constant values of é were subsequently taken 
from these curves and plotted in Fig. 7. Constant strain-rate 
lines were then faired through the plotted points. These effective 
strain rates have units of time (min~') and are analogous to in- 
stantaneous strain rates for uniform deformation usually given in 
in/in. per min. 

It must be kept in mind, however, that the strain rates are re- 
ferred to the current stage of deformation instead of the initial 
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undeformed state as is the usual practice. It may be noted from 
this figure that the strain rate is highest near the die corner and 
goes through a maximum rate along the extrusion axis. Compari- 
son of the effective strain-rate pattern with that of lead again re- 
veals that they are essentially identical. It is also of interest to 
note that the plastic zones for both aluminum and lead extend 
approximately 2.4 in. upstream from the orifice. Owing to the 
difficulty encountered in determining small strain rates by the 
present method, however, the boundary of this plastic zone is not 
precisely known. 

Inasmuch as aluminum work-hardens during plastic deforma- 
tion the total strains must. be known in order to permit the deter- 
mination of the stress distribution. The total effective natural 
strains ~, consequently have been calculated along the dotted 
flow paths of Fig. 8 and are shown by symbols; constant strain 
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Fie. 8 Sreapy-Strare Errective NaTurRAL STrain TRAJECTORIES 
Durinc Extrusion or 28-O ALumInuM aT Room TEMPERATURE 


trajectories were then faired through the points. The following 
procedure was used in determining the effective natural strains: 
Consider an infinitesimal effective plastic strain at a point as given 
by 


.. [5] 
Equation [5] can be replaced by the approximate equation 


where At is a smal] increment of time required for a particle to 
move a small distance As along its flow path. The Aé is now a 
small effective strain, which is analogous to a small strain as de- 
fined by the equation for uniform deformation, namely 


except that the small effective strain Aé takes account of the non- 
uniform deformation actually occurring during the deformation 
process. Another difference is that the equivalent original length 
1, of any fiber as given by Equation [7] is an instantaneous length at 
any particular stage of plastic deformation and does not refer 
to a fiber of length J, in the undeformed state. As with small 
strains in uniform deformation, small effective strains cannot be 
added; hence it is necessary to convert small strains to natural 
strains before additions can be performed. In uniform deforma- 
tion processes a natural strain is defined as 


f de, = loge = loge (1 + ©) [8] 
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where /, and / are the initial and final lengths of fibers during uni- 
form deformation processes, as, for example, in a tension test up to 
the maximum load. In this case /, and / could refer to the initial 
and final gage length of the test bar and ¢€ is the engineer- 
ing strain as given by Equation [7]. Hence an effective natural 
strain can be formed analogously as the natural strain of Equa- 
tion [8], namely 


Az, = loge (1 + Az) = loge (1 + 2d) | 
= loge (1 + éAt) 
0 } 


In order to perform the integration it was necessary to calculate 
the times at which a particle occupied a certain position along the 
flow paths shown as dotted lines in Fig. 8. This was accomplished 
by assuming average velocities for incremental displacements of 
these particles along the flow paths. The increments of time were 
then added to yield the total time required for a particle to move 
from the zero strain line or plastic zone boundary to the particu- 
lar position in question. Small errors involved in totaling times 
due to uncertainties in the location of the plastic-zone boundaries 
were ignored because the initial plastic strains are small as com- 
pared with those occurring in the central region of the billet or 
near the die edge. 

It is of interest to note that the time required for a particle to 
cross the plastic zone (i.e., 2.4 in.) takes approximately '/.t along 
the center line and more than 2'/2t along the cylinder wall to reach 
the orifice, if ¢ is the time required for the butt end of the billet to 
move 4 distance of 2.4 in. It is obvious from this that particles 
originally located in the same cross section of the billet, e.g., sur- 
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face and center, will be found far removed from each other in the 
extruded bar. 

The integration or summing up of the incremental times in 
Equation [9] was performed graphically and the calculated points 
shown in Fig. 8 were obtained from plots of total strains as func- 
tions of position s along the strain paths. It can be observed from 
Fig. 8 that the effective natural strains in the extruded bar are 
lowest (é, = 1.95) on the center line and become increasingly 
larger at the die edge (é, > 4.0). This is partially confirmed in 
practice since high grain deformation and residual stresses are 
found in the surface layers of extruded bars. 

When comparing the effective natural strains in the extruded 
bar with those calculated by assuming that the same reduction in 
area takes place but under condition of uniform deformation, i.e. 


Db, \* 4.3\° 
z, (uniform) = loge (2) = log. (‘3) = 2.1... [10] 


it is found that only the central portion of the billet is subjected 
to these lower strains. Confirmation of the existence of this 
strain pattern also may be gained by comparing the hardness pat- 
tern of Fig. 9 obtained from hardness readings on a partially ex- 
truded billet, with those of Fig. 8. Only a degree of correspond- 
ence was achieved, however, because the billet had been re- 
duced in length by only */, in. and hence the hardness readings 
along the surface of the extruded bar were lower than would be the 
case had the surface been fully work-hardened. It becomes at 
once evident that simple deformation theories cannot be used for 
describing accurately nonuniform deformation processes. 

It has been shown in earlier papers (2, 3, 4, 5) that the equation 


oo, 2, 102 
2 ( 2 ) ( ré ) 12 


satisfies the statical equilibrium equations and the plasticity equa- 
tions. The right-hand side square-bracketed term has beer :zal- 
culated for all 400* co-ordinate points mentioned earlie and 
hence the axial-stress gradients across the section of the billet at 
various 2-positions are known, provided &, the effective stress, is 
known. The effective stress & is given by 


and is a similar complex quantity in the true-stress components, as 
is the effective strain in the strain components. 

While & has been assumed constant in the experiments with 
lead, this is no longer possible with materials like aluminum, where 
work hardening plays an important role in affecting the magni- 
tude of &. Hence the effective strain-effective stress relation- 
ships for aluminum were determined experimentally. It was de- 
cided to use compression data as obtained with 1-in-diam X 1-in- 
long solid test cylinders cut from the original 6-in-extrusion diam. 

The specimens were provided with small spiral grooves at the 
flat ends of the test bar in order to retain lubricant for the end 
surfaces when placed against polished compression blocks. This 
method of eliminating end friction and hence preventing barrel- 
ing was effectively used by Loizou and Sims (7) with lead com- 
pression specimens and was equally effective with the aluminum 
specimens in the present investigation. As a matter of fact, the 
useful extent of deformation was limited with these well-lubri- 
cated surfaces because of the early appearance of the effects of 
anisotropy, as, for example, rotation of the specimen axis or 
transformation of the circular cross section to an ellipsoid; which- 
ever of the phenomena occurred depended on the specimen orien- 
tation in the original extrusion. 
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The compression data for three constant strain rates varying 
from é, = 0.045 to 0.174 ipm for a limited range of deformations 
are shown in Fig. 10(a). The effective stress & is the true axial 
stress and the effective natural strain é, is equal to 


2, = loge 


since no barreling of the specimen occurred; / and D being the 
instantaneous specimen length and diameter, respectively, while 
l, and D, are those prior to deformation. As was to be expected, 
& was found to be a function only of effective natural strain and 
independent of strain rate. Because of the limited deformation 
achieved with the compression specimens of the present investiga- 
tion, however, these results were compared with those from an 
earlier investigation (8) for which larger strains were available. 

Those data have been replotted as Curve 2 in Fig. 10(b) and 
are the average results of compression tests and tension tests on 
0.505-in-diam specimens machined from */,-in. extruded 2S-O 
aluminum rounds. The tension stresses were corrected for neck- 
ing by using the Bridgman method of correction which takes 
account of the nonuniform stress distribution across a necked 
section. The present compression test data also can be plotted 
as a straight line on log-log paper and this line is essentially paral- 
lel with Curve 2. 

The reasons for differences in magnitude of stress for any given 
strain for these data were not determined but are attributable to 
differences in the initial states and the chemical composition of 
these specimens. The equation ¢ = 31,800 z,°-** for the extrapo- 
lated curve was used to calculate & for values of ~, within the 
extrusion. 
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The effective natural strain and effective stress distributions as 
functions of r for various 2-positions are shown in Figs. 11 and 12, 
respectively. It is of interest to note that the large variation of 
strains across the section at z = 0.2 in., i.e., near the orifice, re- 
sults in relatively small variations of ¢. However, varies ap- 
preciably with upstream distance z even though the variation at 
any particular cross section is small. The & values obtained from 
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Fig. 12 can now be used to solve for the stress gradients of Equa- 
tion [11]. The integration of Equation [11] across the section at 
constant z can be performed by joining of slopes to obtain a con- 
tinuous curve, or, ii sufficient points are available, by transform- 
ing Equation [11] into a finite-difference equation, namely 


Ao, = : & [f(strain ratios)]Ar........... [13] 


where the square-bracketed terms of Equations [11] and [13] 
are identical. 

If Ar is chosen as a small quantity, the errors in the determina- 
tion of the increments of axial stress are small and may be ig- 
nored. Since the numerical values of the square-bracketed term of 
Equation [11] or [13] were available for intervals of 0.1 in., it was 
decided to use Ar = 0.1 in. Substituting Ar = 0.1 in. in Equa- 
tion [13], the total variation of the axial stress was determined 
for several sections z. 

Inasmuch as the total extrusion load at any section z was con- 
stant because of negligible wall friction it was possible to calcu- 
late the magnitude of the axial stress as follows: Let ZL equal the 
axial load and K, a constant unknown stress; then equilibrium 
demands that 


To r 
L = K,ar2+2 [14] 
6LO 
from which ¢, at any radius r is given by 


r 
o, = K, +2 (Aa,)...... 
0 
Hence Equation [14] permits the evaluation of AK, at any par- 
ticular distance z from the orifice provided the load L is known. 
Under these conditions the axial stress distribution can be deter- 
mined from Equation [15]. 

The loads for billet 2 extruded in incremental lengths as func- 
tions of the instantaneous billet length are shown in Fig. 13. 
Only the loading curves have been plotted and each new loading 
curve is started from the measured length. This length was de- 
termined after the billet was removed for photographing from the 
preceding extrusion step. The strain rates given on the figure 
correspond to the plastic portion of each incremental extrusion 
step and were kept essentially constant. It should be observed 
that the plastic portion of each loading curve can be used to con- 
struct a continuous loading curve, indicating that the stepwise 
extrusion process may be considered a continuous process. It 
may be noted further that the load has not assumed as yet a con- 
stant value even though the length of billet 2 was reduced by 1.2 
in. 

Effects of extrusion rates also were investigated and the results 
are shown in Fig. 14. The extrusion rates as shown on this figure 
varied from 0.045 to 0.575 ipm of billet reduction, which cor- 
responds to rates of bar extrusion varying from 0.37 to 4.75 ipm. 
It may be noted that all curves follow the solid loading line of 
billet 2, taken from Fig. 13. Even billet 1, which was pre- 
viously extruded under conditions of high surface friction to the 
state shown in Fig. 14, followed the billet 2 and 3 loading curves 
closely. It is also evident from this figure that longer billets are 
required than those investigated if the extrusion load is to reach 
constancy. Unfortunately, the present extrusion equipment can- 
not be used for this purpose and the constant load value must be 
obtained by extrapolation; hence the dashed curve is the extrapo- 
lated load curve and it is assumed that at least 2.4 in. of billet 
reduction is required for the load to level off as shown in Fig. 14. 
For purposes of the subsequent evaluation of axial stresses a con- 
stant extrusion load of 1,300,000 lb was assumed. 

With the foregoing load substituted in Equation [14] the axial- 
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stress distributions were calculated and are shown in Fig. 15. 
The shapes of these curves agree closely with those obtained with 
lead but some differences exist. While for lead a compressive 
stress existed near the extrusion axis for section z = 0.2 and 0.4 
in., the stresses obtained for aluminum were tensile stresses. 
Whether or not this condition actually exists, or if it is due to in- 
accuracy of load determination or to difficulty of determination 
of strain rates and strains in the region of high particle velocities, 
is presently not known. Attention is drawn to the fact that the 
axial-stress curves tend to approach the average stress as given 
by the load divided by the billet cross-section area at z-positions 
quite removed from the orifice. Indeed, the trend of the curves 
appears to be such that outside of the plastic zone, as might be 
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expected, the axial stress becomes constant and a condition of 
hydrostatic pressure prevails. 

It is possible also to calculate other stress components from 
combinations of the plasticity equations as, for example, the 
radial stress o,, as given by the following equation 


(45 
3 


The calculated axial and radial-stress components at the 
cylinder wall are shown in Fig. 16. It is noted again that the 
stresses tend toward the average pressure p,,, = 89,500 psi. 
It is also of interest to note that the radial stress a, in the plastic 
zone, which corresponds at the cylinder wall to the wall pressure, 
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is below the average pressure p,,, and agrees with earlier observa- 
tions made with lead extrusions. Hence the average pressure Dav, 
appears to be a safe pressure for use as a design pressure for ex- 
trusion cylinders. 

CoNCLUSIONS 

1 Flow patterns as represented by instantaneous velocity 
vectors in an inverted extrusion process of a solid cylindrical bar 
appear to be identical for both lead and 28-0 aluminum. 

2 The correspondence of flow patterns for a metal influenced 
by strain rates and a metal subject to work hardening indicates 
that the flow is characterized by geometry and degree of external 
friction and gives indication of being independent of the properties 
of the metals or alloys being extruded. 

3 Effective strain rates and effective natural strains are high- 
est at the corner of the die and hence indicate nonuniform distribu- 
tion of work hardening and residual stresses in the extruded bar. 
Highest metal deformation occurs at the extruded-bar surface. 

4 The extrusion load for the 4.3-in-diam aluminum billet ex- 
truded into a 1.5-in-diam solid bar appears to reach a constant 
value only after a 2.4-in. or greater billet length reduction has 
occurred. 

5 Extrusion speeds in the range of 0.37 to 4.75 ipm of bar ex- 
trusion were investigated and it was found that the load was only 
a function of extent of deformation and was not influenced by 
extrusion speed. 

6 The axial compressive stresses, as in the case of lead extru- 
sions, were lowest at the extrusion axis and highest at the cylinder 
wall but tended to a uniform distribution as the nonplastic zone, 
approximately 2.4 in. upstream from the billet, was approached. 
The general shapes of the stress curves of lead and 2S-O aluminum 
were similar, except that the stresses in the aluminum billet near 
the orifice were small tensile stresses. 

7 The radial stresses in the plastic zone, which are equivalent 
to wall pressure in the extrusion chamber, are below the average 
pressure as determined by the extrusion load divided by the billet 
cross-sectional area. Radial stress and average pressure, how- 
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ever, appear to coincide at a distance greater than 2.4 in. up- 
stream from the orifice, which is beyond the plastic zone. Hence 
design bursting pressures appear to be safe for the present extru- 
sion processes reported when based on average pressure, 


ACKNOWLEDGMENTS 


The authors wish to thank the National Science Foundation for 
making funds available, and the University of California for its 
research grants for the support of this project. They also wish to 
thank the Division of Civil Engineering at the University of 
California for the use of the 4,000,000-lb testing machine and the 
Division of Mechanical Engineering at the University of Cali- 
fornia for offering shop facilities and mechanic's time for con- 
struction of test equipment and preparation of billets. They also 
wish to thank Mr. Lockrem, Senior Mechanician, University of 
California Production Laboratory, for his continuous interest 
and aid in the carrying out of the experimental work. 


BIBLIOGRAPHY 

1 ‘Plastic Flow in a Lead Extrusion,’’ by C. T. Yang and E. G. 
Thomsen, Trans. ASME, vol. 75, 1953, p. 575. 

2 “Experimental Stress Determination Within a Metal During 
Plastic Flow,”’ by E. G. Thomsen and J. T. Lapsley, Jr., Proceedings 
of the Society for Experimental Stress Analysis, vol. 11, no. 2, 1954, p. 

9 


3 ‘An Experimental Investigation of the Mechanics of Plastic 
Deformation of Metals,’’ by E. G. Thomsen, C. T. Yang, and J. B. 
Bierbower, University of California Publications in Engineering, vol. 
5, no. 4, 1954, pp. 89-144. 

4 ‘An Experimental Study of Metal Extrusions at Various Strain 
Rates,”’ by J. Frisch and E. G. Thomsen, Trans. ASME, vol. 76, 1954, 
p. 599. 

5 ‘‘A New Approach to Metal-Forming Problems—Experimental 
Stress Analysis for a Tubular Extrusion,’’ by E. G. Thomsen, Trans. 
ASME, vol. 77, 1955, pp. 515-522. 

6 “Theory of Perfectly Plastic Solids,’’ by W. Prager and P. G. 
Hodge, John Wiley & Sons, Inc., New York, N. Y., 1951, pp. 120- 
121. 


7 “The Yield Stress of Pure Lead in Compression,”’ by N. Loizou 
and R. B. Sims, Journal of the Mechanics and Physics of Solids, Lon- 
don, England, vol. 1, 1953, p. 234. 

8 ‘Investigation of the Validity of an Ideal Theory of Elasto- 
Plasticity for Wrought Aluminum Alloys,”’ by E. G. Thomsen, 
I. Cornet, I. Lotze, and J. E. Dorn, NACA TN 1552, Washington, 
D.C., July, 1948, p. 1. 


Discussion 


P. G. Hones, Jr.8 The authors are to be congratulated 
on a fine piece of experimental work in computing the strains due 
to extrusion. One cannot help but be impressed by the close 
similarity between the results obtained for aluminum and those 
previously obtained by Thomsen, Yang, and Bierbower® for lead 
despite the fact that the two materials have quite different 
stress-strain characteristics. The writer would like to suggest 
that some figures from the earlier report be included so that the 
reader may see this striking similarity. ; 

The technique of visioplasticity for interpreting the experi- 
mentally observed results appears to be quite valuable. How- 
ever, while experiments are an indispensable tool in analysis and 
design (indeed, it is doubtful if any theory could predict this 
close agreement between two different materials), there is no 
question but that it is expensive and time-consuming. There- 
fore the authors’ experimental work would be even more valuable 
if it could be related to a theory which would enable further 
predictions to be made. 

With this in mind, the writer would like to emphasize not only 
the agreement between the stress fields for aluminum and lead, 


* Associate Professor of Applied Mechanics, Department of Aero- 
nautical Engineering, Polytechnic Institute of Brooklyn, N. Y. 
Mem. ASME. 

6 See authors’ Bibliography (3). 
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but also the rather close agreement of both with a simple theo- 
retical solution for plane strain of Lee.?’ This agreement was 
pointed out in the earlier paper,* but for some reason was not 
mentioned here. 

The theoretical solution is not identical with the experimental 
one, the primary difference being the extent of the region of 
plastic flow. However, the writer would like to suggest to the 
authors that they take this theoretical stress solution, and com- 
pute the corresponding velocity pattern for an ideal material. 
This velocity pattern can then be used in exactly the same way 
as the experimentally obtained pattern to obtain the various 
quantities of interest, using the real material properties of 
aluminum. Finally, if the quantities so computed turn out to be 
in good agreement with each other, a really valuable analysis and 
design tool will have been provided for the extrusion process. 


E. 8S. Howartu. This paper is a worth-while contribution 
to the science of metalworking. The authors are to be congratu- 
lated on having so carefully carried out the tedious experimental 
work and so clearly presented the analytical results. Their 
efforts have resulted in a better understanding of the stresses 
and strains which develop during the extrusion operations. 
Confidence developed through the application of this method to 
their simplified conditions of relatively slow indirect extrusion, 
thorough lubrication, and a commercially pure strain-hardening 
metal should encourage the application of the method to more 
complex extrusion problems. 

In the commercial extrusion of many aluminum alloys the 
maximum permissible extrusion speed for a given extrusion 
temperature is limited to that which will result in a high-quality 
surface on the product. Exceeding this speed results in an 
unsatisfactory checked, cracked, or broken surface. Quali- 
tatively, it has been known that such unsatisfactory surfaces 
result from the tensile stresses developed as the extrusion emerges 
from the cylinder. This paper reveals the magnitude of these 
stresses for 1100-O aluminum (2S-O). Although these stresses 
were low it is significant that they were tensile in nature as com- 
pared to the compressive stresses which existed in the previous 
work by the authors employing lead. For other higher-strength 
aluminum alloys the tensile stresses in the vicinity of the die may 
be much greater. It would, therefore, be worth while to de- 
termine these stresses for a high-strength aluminun alloy which 
is more subject to the type of surface failure mentioned than is 
commercially pure aluminum. 


Aurtuors’ CLOSURE 


The authors wish to take this opportunity to thank Professor 
Hodge and Mr. Howarth for their thought-provoking discussions 
of the paper. 

Inclusion of certain curves from the lead extrusion experiments 
reported in reference (3) was considered at the time of preparation 
of the paper; having in mind the policy of the ASME, it was felt 
that elaboration would be avoided in the interest of brevity. 
However, inasmuch as Professor Hodge feels that it would be de- 
sirable to include some of the results for comparison, the axial- 
stress distribution for lead, given in Fig. 17, is included. These 
results have been discussed in the text of the paper where it was 
pointed out that the axial stress along the extrusion axis and near 
the orifice is compressive rather than tensile. 

Professor Hodge’s comments regarding comparison of theory 
with experiment are well taken since no reference was made to the 
fact that three solutions to the extrusion problem were com- 

7 See authors’ Bibliography (6). 

® Chief, Mechanical Engineering Division, Aluminum Research 
Laboratories, New Kensington, Pa. Mem. ASME, 
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pared in a companion paper, presented to the panel discussion of 
the ASME Research Subcommittee on plastic working of metals*® 
at the same 1954 Annual Meeting in New York, N. Y., of the 
Society. These are the present visioplasticity solutions for axial 
stress and pressure distribution at z =0.8in., the slip line or Hencky 
plastic-sector solution for an ideal solid, and the work-of-deforma- 
tion solution reproduced in Fig. 18. It is seen that the Hencky 
plastic-sector solution for the axial-stress distribution is in good 
agreement with experiment, although it requires some extrapola- 
tion into the region where the metal is supposed to be rigid. This 
extrapolation has been shown as a dotted line following the 
general shape of this curve, while in reality, it should be a hori- 
zontal line since the stress is assumed to be constant beyond the 
plastic sector. It may be noted also that the axial stress as pre- 
dicted from the work-of-deformation method, also shown in Fig. 
18, assuming uniform deformation, gives an axial-stress distribu- 
tion which is in substantial error. Hence uniform-deformation 
theories cannot be used to get detailed knowledge of the dis- 
tribution of stress when a metal is deformed nonuniformly. This 
does not infer, however, that the work-of-deformation method of 
solution always leads to wrong results. To the contrary, it was 
shown in the same paper® by evaluating the work of deforma- 
tion from the experimental strains and mechanical properties of 
the aluminum alone, i.e., by integrating all infinitesimal work 


*“Plasticity Equations and Their Application to Working of 
Metals in the Work-Hardening Range,” by E. G. Thomsen, pre- 
sented December, 1954, at Panel Discussion of the ASME Research 
Subcommittee on Plastic Working of Metals, 1954 Annual Meeting 
of the ASME. 
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quantities along the actual particle-flow paths and summing them 
up over the whole section, an extrusion pressure of 95,000 
psi could be predicted, which is in substantial agreement with 
the observed pressure of 89,500 psi. The equation used was 


V fen Ai 
1 1 31800 


where A, and A; are billet and bar cross-sectional areas, dV is in- 
finitestimal volume of annulus in billet which transforms at con- 
stant volume into another annulus in bar, AA, is a particular in- 
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cremental cross-sectional area of a transformed annulus in bar 
which has been deformed to an effective strain é,,. 

A more comprehensive comparison of stress fields in an extru- 
sion as obtained from experiments with those obtained from plane 
strain and axial symmetrical solutions is now available,” and 
comparison of velocity fields will soon be made available when ex- 
perimental plane-strain studies now in progress have been com- 
pleted. It should be noted here® that the visioplasticity tech- 
nique is valuable in obtaining a specific solution for a given form- 
ing problem but is not intended to supplant theoretical solutions. 
It offers rather a means of checking these solutions. Detailed 
experimental study of large deformation and stress distribution is 
virtually an unexplored territory. In answering his own question 
as to whether slip-line field results are correct, Ford" says: 
“There are hardly any experiments which are conclusive because 
most investigators have used small deformations and have tried 
to observe the first yielding of material, which is so much de- 
pendent upon the elastic behavior and the transition from the 
elastic to the plastic region.” 

The extrusion of higher-strength-aluminum alloys as suggested 
by Mr. Howarth has been considered by the authors, but not 
carried out, since it requires the construction of new extrusion 
equipment in order to withstand the increased loads. While 
strain-rate effects for low-strain rates for both lead (4) and 
aluminum did not seem to affect the velocity patterns, an effect 
must be present if in commercial extrusion processes a limiting 
extrusion velocity for sound products exists. The authors can 
make no conclusive statement at this time, but it is possible that 
wall friction is a factor and that the extrusion speed may affect 
the temperature distribution in the billet in hot-forming. Re- 
cent extrusion experiments with maximum wal] and die friction 
(as may be predicted from the slip-line theory) yield an apprecia- 
bly different velocity pattern than those for negligible wall fric- 
tion. 


Comparison of Slip Line Solutions With Experiment,’ by 
E.G. Thomsen. Paper submitted to Applied Mechanics Division of 
ASME, May 1, 1955. 

11**The Theory of Plasticity in Relation to Its Engineering Applica- 
tions,” by Hugh Ford, Zeitschrift fiir angewandte Mathematik und 
Physik, vol. 5, Fas. 1, 1954, p. 19. 
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Accuracy and Results of Steam-Consumption 
Tests on Medium Steam Turbine- 


Generator Sets 


By D. E. KIMBALL,' WEST LYNN, MASS. 


Precision steam-rate or heat-rate tests on turbine- 
generator sets insure their owners and builders that the 
sets equal guaranteed and expected performance. The 
writer’s company made such tests on 22 medium-sized sets 
rated 2500 to 18,750 kw between 1946 and 1952. Most were 
tested at its plant at Lynn, Mass., on facilities for loads 
of 15,000 kw or less, with steam up 1500 psig and 1000 F. 
This paper presents the test methods and results, em- 
phasizing an analysis of their accuracy. This analysis 
shows: (a)0.5 per cent uncertainty in manufacturing and 
factory-testing these sets; (6) 0.3 per cent as the day-to- 
day uncertainty of tests; (c) 0.17 per cent uncertainty to 
be charged to the instrumentation of factory tests; (d) 
probably 0.5 per cent poorer performance of tests in the 
owner’s plants than in factory tests. This analysis con- 
firms our belief of many years that it is proper to accept or 
reject a turbine-generator set on the basis of precision 
tests, with no allowance for test error. 


INTRODUCTION 


ECISION steam-rate or heat-rate tests on turbine- 
Prercerste sets provide the best possible assurance to their 
owners and builders that such equipments are equaling 
guaranteed and expected performance. The author’s company 
made such tests on 22 medium-sized sets, rated 2500 to 18,750 
kw, between 1946 and 1952. Most tests were made in the factory 
at Lynn, Mass., on facilities for tests at 15,000 kw or less, with 
steam up to 1500 psig, 1000 F; the other four were tested in the 
owner’s plants. 
All these tests were made with great care and thoroughness 
to allow reliance on the results. These precautions included the 
following: 


1 Testing five sets of duplicate turbines. 

2 Measuring most data on two or more identical instruments 
duplicating each other. 

3 Retesting certain runs on the same turbine. 

4 Making certain that no different standard for design, 
manufacturing, or inspection is applied to the turbines to be tested 
than to the untested ones. 


These precision tests serve three purposes: 
1 A few tests were required by the turbine purchasers. 
2 As a quality-control measure, the other turbines were 


tested to make certain that our turbines, in general, have suitable 
margin above guaranteed performance. 


1 Supervisor, Turbine Thermodynamic Development Engineering, 
Medium Steam-Turbine Department, General Electric Company. 
Mem. ASME. 

Contributed by the Power Division and presented at the Annual 
Meeting, New York, N. Y., November 28—December 3, 1954, of 
Tue American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, No- 
vember 8, 1954. Paper No. 54—A-253. 


3 To obtain engineering data; most tests included more runs 
than are required simply to determine the margin above guar- 
antees. 


This paper presents the methods of making these tests and the 
test results with particular emphasis on the analvsis of their 
accuracy. 

The results and methods of similar tests in the owner’s plants 
on large steam turbine-generator sets built by the company are 
presented in references (1, 2, 3).* 


SuMMARY 


The test performance of each turbine was equal to or better 

than guaranteed, as originally assembled, before these precision 
tests. 
The analysis of the accuracy of these tests shows that they 
have the following “errors’’ or “uncertainties”; these are meas- 
ures of the tendency of test variations in these types of data to 
cause deviations of the results of individual tests from the aver- 
age of many tests: 


(a) 0.8 per cent* for designing, building, and precision-testing 
a turbine of these sizes, based on the scatter of the margins of 
these tests above predicted performance. 

(b) 0.5 per cent for manufacturing and factory-testing a tur- 
bine, based on tests on five sets of duplicate turbines. 

(c) 0.3 per cent for the day-to-day error of testing, based on 
duplicate runs on eight turbines. 

(d) About 0.17 per cent as the combined error of the instru- 
mentation that is used for calculating the performance of factory 
tests, based on the duplication in that instrumentation; this is 
the square root of the sum of the squares of the following effects 
on over-all performance from the errors in the different types 
of data: 


Per cent 
Flow by weighed condensate............... 0.12 


The error for throttle flow by weighed condensate may be 
significantly less than this 0.12 per cent; it will not exceed 0.20 per 
cent, 

The analysis also shows 0.5 per cent as the probable amount 
by which performance in the owner’s plants is poorer than in 
factory tests; possibly this difference is only 0.1 per cent. 

The analysis shows the following errors for the supplementary 
instrumentation that is not used for calculating the performance 
of factory tests on turbines of this size: 


? Numbers in parentheses refer to the Bibliography at the end 
of the paper. 

3 These errors are root-mean-square errors, corresponding to about 
the central 68.2 per cent of a large group of tests; hence about one 
test in a group of six will be poorer than the group's average by more 
than these errors, and one in six will be that much better than aver- 
age. See Root-Mean-Square Errors in the Appendix. 


1355 


. 
2 
/ 


1356 


(a) 0.35 per cent for an uncalibrated precision steam-flow 
nozzle; 0.31 per cent if calibrated. 

(6) Possibly 0.24 per cent for a calibrated precision conden- 
sate-flow nozzle. 

(c) Possibly 0.62 per cent for the enthalpy-drop efficiency of 
noncondensing tests. 


This analysis of precision tests confirms our belief of some 
30 years that it is proper to accept or reject a turbine-generator 
set on the basis of the direct comparison of guaranteed perform- 
ance with the performance of precision tests, with no allowance 
for test error. However, the analysis of approximate tests using 
mostly station instruments confirms our belief that such tests are 
not a proper basis for rejecting a unit unless its performance is at 
least 1.5 per cent poorer than guaranteed. 


Test REsuLTs 


The primary results of these tests are their margins above 
guaranteed steam rates or heat rates. Fig. 1 plots these re- 
sults versus date of test. For each test of this period, this plot 
presents the average of its margins at */,, */,, and 4/, loads. The 
average of the margins of all 22 sets is 2.5 per cent better than 
guaranteed, with average margins for individual turbines varying 
from 0.0 per cent to +4.2 per cent. These are the results of the 
precision tests on these turbines as originally assembled with usual 
design and manufacturing standards. 
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TurRBINE-GENERATOR TESTS 


But a plot of margin above guarantees is inadequate for tech- 
nical analysis. It involves significantly more scatter than can 
be charged to manufacturing and testing: For instance, each 
turbine must be built with an integral number of stages; thus, 
when we design certain turbines, we expect they will have more 
margin above guarantees than others. 

Hence, for technical use, we present the test results as mar- 
gins above predicted performance. In Fig. 2, we plot these 
margins for the 22 sets versus date of test. This shows that they 
average 1.2 per cent better than predicted, the two best turbines 
being 2.5 per cent better than predicted; the three poorest about 
0.3 per cent below predicted. But we are interested in a more 
specific measure of the scatter of these tests from their average. 
The statisticians say that we can express the scatter of a group of 
data by ¢,‘ its standard deviation; this is the root-mean-square 
deviation of the individual units in the group from their average; 
it is calculated by Equation [1] in the Appendix. 


‘ The nomenclature is listed in the Appendix. 
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The standard deviation of the margins of these 22 tests above 
predicted performance is 0.82 per cent. This implies that about 
15.8 per cent, or 3.5 of the 22, will be below the average for the 
22 by more than 0.82 per cent, and 3.5 will be that much better 
than average. Observation of Fig. 2 indicates that approxi- 
mately this distribution exists. 
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As expected, this 0.82 per cent standard deviation for the mar- 
gins above predictions is much less than 1.2 per cent, the standard 
deviation for the margins above guarantees. 


Units 


Table 1 presents the turbines tested, listing them in order of 
testing, and presenting their ratings, contract and test-steam 
conditions, and test flows. 

The first was tested in the owner’s plant in 1946. or it, special 
inspection instructions were applied, obtaining measurements of 
the shaft packing clearances before and after the factory “spin” 
test. After its field steam-rate tests, it was opened and the 
measurements were repeated. This was the only turbine to 
which any special manufacturing or inspection instructions were 
applied before its test. 

Hence the test margins above predictions represent the aver- 
age performance of our turbines whether they are tested or not. 


Facrory Test Faciuties 


Table 2 lists the factory test facilities for steam-rate tests. 
They are suitable for precision tests on turbine-generator sets 
at 15,000 kw or less, with 1500 psig steam at 1000 F, exhausting 
to 1.5 in. Hg abs. 

Figs. 3 and 4 show an 11,500-kw and an 18,750-kw set during 
factory steam-rate tests. 


Accuracy oF Test 


General. These tests furnish us with several measures of their 
error or uncertainty: 


1 They include five sets of duplicate turbines. 

2 Each of eight turbines had one or more runs duplicating 
some previous run on it. 

3 All tests had considerable duplication by identical instru- 
ments. 

4 A precision steam-flow nozzle checks the weihed con- 
densate flows of each factory test. 

5 Enthalpy-drop efficiencies check the weighed-flow-output 
efficiencies of noncondensing tests. 
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TABLE 1 TURBINE-GENERATOR SETS TESTED 
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Avg. 
Test 
Test Type _ Rating Steam Conditions Throttle 
Factory Condensing Tests 
2 Steam Rate |Dec. ’46] 5,000 | 400#G, 750 F, 1.5 in. Hg | 400#G, 763 F, 1.51 in. Hg| 39,600 
3 Steam Rate |Oct. ’47| 3,000 |2804G, 700 F, 1.23 in. Hg] 266#G, 692 F, 1.09 in. Hg| 21,400 
4 Steam Rate |Nov. ’47| 2,500 |350#G, 750 F, 2 in. Hg | 3504G, 724 F, 2.00 in. Hg| 19,000 
5 Steam Rate |Dec. ’47| 3,500 | 400#G, 750 F, 1.5 in. Hg | 400#G, 751 F, 1.45 in. Hg| 25,900 
5 Steam Rate | Mar. ’48| 3,000 |400#G, 750 F, 2 in. Hg | 401#G, 666 F, 2.02 in. Hg} 23,700 
7 (6)* Steam Rate | July °48| 3,000 | 400#G, 750 F, 2 in. Hg 400#G, 705 F, 1.98 in. Hg} 22,700 
8 Steam Rate | July ’48/ 5,000 | 600#G, 825 F, 1.5 in. Hg | 569#G, 776 F, 1.56 in. Hg 33, ,800 
9 (8) Steam Rate |Sept. ’48] 5,000 | 600#G, 825 F, 1.5 in. Hg | 571#G, 759 F, 1.62 in. Hg} 34 "200 
10 Steam Rate | Nov. 7,500 | 275#G, 620 F, 2 in. Hg 2724G, 621 F, 2.05 in. Hg] 62 "000 
11 Steam Rate | Feb. ’49]11,500 |600#G, 825 F, 1.5 in. Hg | 5124G, 786 F, 1.29 in. Hg| 75,300 
12 (11) Steam Rate | July °49/11,500 | 600#G, 825 F, 1.5 in. Hg | 563#G, 823 F, 1.98 in. Hg| 84,500 
13 Steam Rate | Sept. ’49] 4,000 |400#G, 700 F, 2 in. Hg | 400#G, 706 F, 2.00 in. Hg| 34,200 
14 Steam Rate | Feb. °50/18,750 | 850#G, 900 F, 2.25 in. Hg| 783#G, 840 F, 2.06 in. Hg| 84,600 
15 Both Apr. 751/15,000 8504G, 900 F, 1.5 in. Hg | 842#G, 905 F, 1.52 in. Hg} 91,600 
Field Condensing Tests 
1 Steam Rate | Jan. ’46| 5,000 |400#G, 750 F, 1.5 in. Hg | 398#G, 754 F, 1.49 in. Hg| 35,400 
16 Both June ’51/ 7,500 | 600#G, 825 F, 2 in. Hg 600#G, 806 F, 2.00 in. Hg} 50,000 
17 (15) Heat Rate July ’51/15,000 | 850#G, 825 F, 1 in. Hg 835#G, 797 F. 1.41 in. Hg} 101,600 
18 (15)  |Heat Rate |June °52/15,000 |850#G, 900 F, 1.5 in. Hg | 845#G, 887 F, 1.56 in. Hg| 106,700 
Factory Noncondensing Tests 

1 NC Steam Rate |May °48| 4,000 |585#G, 700 F, 2154G 3894G, 723 F, 1394G 96,200 
2 NC Steam Rate |Nov. ’48] 2,500 |600#G, 700 F, 2654G 520#G, 759 F, 2214G 95,500 
3 NC Steam Rate |Nov. ’51| 7,500 |400#G, 700 F, 40#G 3164#G, 721 F, 27.84G 108,000 
4 NC(2NC)|Steam Rate |Dec. ’48| 2,500 |600#G, 700 F, 265#G 5024G, 705 F, 2134G 98,500 


* Numbers in parentheses are numbers of duplicate turbine previously tested. 


TABLE 2 STEAM-RATE TEST FACILITIES AT LYNN PLANTS 


Steam generating: 
3 6501b, 850 F boilers: 
2 1500 lb, 900 F boilers: 
Steam superheating: 
1 separately fired superheater: 


total flow, 425,000 lb/hr 
total flow, 120,000 lb/hr 


flow, 120,000 lb/hr at 1000 F 


Condensing: 
1 8900 sq ft condenser for 120,000 lb/hr at 1.5 in. Hg abs 
1 3500 sq ft condenser for 40,000 lb/hr at 1.5 in. Hg abs 


Test bases: 
1 for 20,000-kw turbine-generator sets 
2 for 3000-kw turbine-generator sets 


Load-absorbing equipment: 
2 3-phase, 14,400-volt, water rheostats: total capacity, 15,000 kw 


Condensate-weighing equipment: 
2 10,000-Ib tanks with automatic timing, weighing, and printing equip- 
ment; capacity, 200,000 lb/hr 
2 3400-lb tanks similarly equipped; capacity, 68,000 lb/hr 


Other valuable comparisons include: 


1 Factory tests versus field tests. 
2 Seven duplicate turbines tested with station instruments. 


Tests on Duplicate Turbines. For the five sets of duplicate 
turbines, Fig. 5 presents a plot versus rating of the deviation of 


over-all performance of each of two or more duplicate turbines 
from their average. 

The three 15,000-kw turbines form a set which includes one 
turbine with both factory steam-rate and heat-rate tests, the 
performance of this turbine being 1.4 per cent better than con- 
sistent with factory tests on other turbines; the other two tur- 
bines had heat-rate tests in their owner’s plants. For these 
three turbines, the average deviation from their average per- 
formance is 0.64 per cent. 

Each of the other four sets of duplicate turbines consists of two 
turbines with factory tests. Their deviation from average per- 
formance averages 0.29 per cent, varying from 0.1 per cent to 
0.7 per cent among the sets. 

We must stop a minute before comparing the deviations of 
these duplicate tests with the errors derived from other measures 
of the accuracy of our tests; we must use a precise and somewhat 
statistical method. 

First, statisticians would probably persuade us to use a root- 
mean-square average of these deviations, getting 0.37 per cent, as 
V/ZA*/n, in place of the direct average of 0.29 per cent. 
Further, they would note that in each set these deviations are 


j 
—— 
f 


referred to the average for the set, thus “losing one degree of 
freedom” and getting smaller deviations than we should use; to 


correct for this, they multiply by Vi n/(n —— 1), where n is the 


quantity ia the set. Thus the 0.37 per cent for the factory tests 
is increased further to 0.37 V2 or 0.53 per cent (the 0.64 per cent 
for the three 15,000-kw tests becomes 0.89 per cent). They might 
call 0.53 per cent the root-mean-square deviation of 
individual tests from average performance. We will call it the 
root-mean-square error, as a measure of the uncertainty of 
the average performance of a turbine. 
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Fic. 3 11,500-Kw Stream Tur- 
BINE-GENERATOR I)uRING Fac- 
vorY SreamM-Rate Test 


4 18,750-Kw Bream Tur- 
BINE-GENERATOR Fac- 
tory Sream-Ratre Test 


We believe this 0.53 per cent is a fair measure of the error of 
manufacturing and factory-testing turbines of this size, as de- 
rived from factory tests on duplicate turbines. (We believe the 
0.89 per cent is a somewhat unsound basis for conclusions. ) 

Duplicate Runs. These are our next measure of accuracy. 
We have noted that eight turbines had one or more runs which 
duplicate the load and steam conditions of a previous run on the 
same turbine. These duplicate runs were tested 4 hours to 17 days 
apart; thus they are a measure of the day-to-day variation of 


test results. 
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Fig. 6 plots the margin of each of these runs above the per- 
formance of the next previous duplicate run on that turbine. 
This shows that six of the 16 duplicating runs had better per- 
formance than the previous run by 0.1 to 0.7 per cent, two showed 
no change, and eight were poorer by 0.1 per cent to 1.1 per cent; 
these margins average —0.14 per cent, implying a slight deterio- 
ration. 

However, we are interested in a measure of the error of these 
runs, that is, in the magnitude of the uncertainty of each run, 
whether or not it was better or poorer than its predecessor. We 
can use 0.56 per cent, the standard deviation of these margins 
referred to their average, but we must adjust it: First, divide it 
by 2.0 (to change the difference between a pair of runs to the 
deviation of each run from their average), and then multiply by 


V niin —l)or V2 (to correct from averages based on only two 
runs), getting a net multiplying factor of 0.707. Thus we get 
0.40 per cent as the root-mean-square error of an individual run. 

But this error for a run cannot be compared with the 0.53 per 
cent error for manufacturing and factory-testing a turbine, as 
just derived from the analysis of tests on duplicate turbines: 
The 0.53 per cent is based on the differences in performance of 
turbines over their load range, based on about three runs each for 
the duplicate turbines. We estimate that the three-run effect 
reduces the 0.40 per cent to 0.30 per cent. 

This 0.30 per cent is a measure of the day-to-day error of the 
test results of a turbine, expressed as a deviation from its average 
performance on many days. 


Dvup.icaTEe INSTRUMENTATION 


General. Our next measure of accuracy of testing is more 
extensive and more complicated to analyze. 
Duplicate instrumentation has several important advantages: 


1 Itiscommonly used to obtain the average of data which var- 
ies with location, such as pressure in an exhaust-flange opening. 

2 It has often been very valuable to detect a faulty instru- 
ment or auxiliary, thus allowing immediate action to eliminate 
the fault and to reject and replace the test. 


3 It always improves the accuracy of the test data: The 


ratio of the error of several instruments individually to the error 
of their average tends to equal the square root of their quantity; 
thus one instrument involves twice the error of the average of 
four. 
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4 It measures the accuracy of instruments and their probes, 
thus permitting proper improvement of test arrangements. 


All of our instruments for steam-rate tests are rugged enough 
for use on a turbine base, yet they are of laboratory accuracy. 
They are carefully developed, selected, and reserved for steam- 
rate testing; before and after each test, they are carefully cali- 
brated against laboratory standards which are checked periodi- 
cally with national standards. There is little need to include in 
our analysis a significant allowance for the ‘systematic’ error 
which is not detected by comparing duplicate instruments. 

Yet, we find it worth while to include duplicate instrumenta- 
tion for most types of the basic data used to calculate the per- 
formance of most tests. These include: 


1 Two tanks weighing condensate for equal alternate periods. 

2 Two wattmeters in each generator phase. 

3 Two thermocouples measuring initial temperature. 

4 Four manometers measuring condensing exhaust-flange 
pressure. 

5 Two dead-weight gages measuring noncondensing exhaust 
pressure. 


Also, we have the following precision checks on the basic data: 


1 A steam-flow nozzle to check the weighed flow of each fac- 
tory test. 

2 Enthalpy-drop efficiency to check the flow-output efficiency 
of noncondensing tests. 

3 A precision absolute-pressure gage to check the barometer- 
manometer exhaust pressure of condensing factory tests. 

4 Dead-weight gages measuring the pressure in adjacent pas- 
sages as checks on the dead-weight gage measuring initial pressure. 


For each type of instrument, we have analyzed the average 
difference between duplicate instruments on each turbine and the 
variation of this difference from run to run. This analysis ob- 
tains the error of measurement of that type of data on each 
turbine, and it obtains the combined effect on each turbine of the 
error in all these types of instruments. Similarly, it furnishes 
the average effect of each type of data on each type of turbine. 
The Appendix presents the method of this analysis. We will now 
discuss its results, which Table 3 presents. 

Weighed Throttle Flow. On each factory test, the condensed 
throttle flow for equal alternate periods is weighed in two tanks 
on precision, carefully adjusted and calibrated scales with pre- 
cision automatic-timing devices. We compare the rate of flow 
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in one tank with the other tank’s rate, with proper allowances for 
such minor things as changes in hot-well level and measured in- 
accuracies in timing. 

Table 3 presents these data as the average per cent error in 
throttle flow for each turbine over the range from '/2 to */, load. 
This shows 0.20 per cent as the root-mean-square value of the 
errors for the 12 factory tests with data suitable for this analysis. 
This varies from 0.04 to 0.34 per cent among the various turbines. 
For each turbine, this represents the error of its average per- 
formance over this load range; the value for each turbine is based 
on about four runs; thus it might be suitable for comparison with 
its margins above guarantees or predictions. 

However, we believe this 0.20 per cent is much larger than 
should be charged to weighed flow. For instance, even extreme 
care may not detect fairly uniform inaccurate splitting of the 
time between the two tanks by 0.2 sec; this causes the time of one 
tank to exceed the other’s by 0.4 sec, or by 0.17 per cent of 4- 
min tankfuls. With eight fillings of one tank and seven of the 
other, this causes only 0.01 per cent error in an hour’s flow; with 
equal quantities of tankfuls, as in many runs, it causes no error. 
Thus this would account for most of the 0.20 per cent, but 
would cause very little error in a turbine’s flows. Also, the 
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analysis under Steam-Flow Nozzles charges each use of a 
steam-flow nozzle with only 0.11 per cent error, if all the 0.20 per 
cent is charged to weighed flow. Hence we consider the 0.20 
per cent as a value which we believe the error of weighed flow 
will not exceed, and we use only 0.6 times it and the values for the 
individual turbines to get estimated errors of weighed flow for 
combining with the errors from other instruments. Thus 
we use 0.12 per cent as the root-mean-square error of weighed 
throttle flow. Actually, this error may be only a fraction of 0.12 
per cent. 

Power. The generator output of each turbine is measured on 
four portable wattmeters which have been carefully built, se- 
lected, aged, and handled for this work. Two are used in each 
of two phases in the two-wattmeter method, with separate instru- 
ment transformers for each meter for factory tests. Each meter 
is precision-calibrated before and after each test; the transformers 
are calibrated before each test and checked after it. Table 3 
presents the results of the analysis of the error of power meas- 
urement: A root-mean-square error of 0.11 per cent for the 22 
turbines, with individual turbines from 0.03 to 0.21 per cent. 
Root-mean-square values for factory and field tests are 0.10 and 
0.14 per cent, respectively. 


TABLE 3 ERRORS FROM INSTRUMENTATION 


Over-all Over-all Over-ali Error in Over-all 
Error in Effect of Effect of Effect of Exhaust Effect of | Combined Over- 
Weighed Error in Error in | Error in Error in Error in Pressure Error in all Effect of 
Test Throttle Generator | Initial Initial Initial Initial in. Hg | Exhaust Errors in All 
No. Flow Output Temp. Temp. Pressure Pressure | of psi Pressure | Instrumentation 
% % F % psi | % % in.Hg | % % % 
Factory Condensing Tests 
2 0.20,(0.34)* 0.07 0.12 0.010 0.71 | 0.160 0.011 0.017 | 1.11 0.10 0.23 
3 0.10,(0.16) 0.16 0.08 0.006 0.66 | 0.213 0.021 6.012 | 1.02 0.11 0.22 
4 0.10,(0.17) 0.11 0.31 0.023 0.19 | 0.047 0.004 0.016 | 0.78 0.08 0.17 
5 0.11,(0.19) 0.18 0.10 0.008 0.06 | 0.014 0.001 0.024 | 1.59 0.11 0.24 
6 0.13,(0.22) 0.06 0.22 0.017 0.08 | 0.016 0.001 0.017 | 6.84 0.07 0.16 
7 0.07,(0.12) 0.10 0.88 0.067 0.11 | 0.024 0.001 0.014 | 0.72 0.06 0.15 
8 0.04,(0.06) 0.06 0.22 0.017 0.43 | 0.072 0.004 0.016 | 0.76 0.06 0.10 
0.19 0.21 0.016 0.17 | 0.029 0.002 0.014 | 0.92 0.08 
10 0.13,(0.21) 0.05 0.08 0.007 0.34 | 0.072 0.005 0.019 | 0.96 0.09 0.17 
11 0.06,(0.10) 0.06 0.11 0.009 0.07 | 0.013 0.001 0.017 {1.15 0.07 0.11 
12 0.02,(0.04) 0.04 0.04 0.003 0.11 | 0.020 0.001 0.010 | 1.01 0.06 0.07 
13 0.14,(0.23) 0.07 0.18 0.015 0.05 | 0.013 0.001 0.018 | 0.92 0.08 0.18 
14 0.09,(0.15) 0.06 0.17 0.013 0.16 | 0.022 0.001 0.021 | 0.94 0.07 0.13 
15 0.03,(0.05) 0.04 0.016 0.013 | 0.89 0.05 0.07 
Field Condensing Tes?s 
| 0.04 0.23 0.019 é 
Factory Noncondensing Tests psi 
1NC 0.20,(0.33) 0.03 0.41 0.041 0.03 | 0.009 0.007 0.01 0.02 0.01 0.21 
2NC 0.16,(0.26) 0.12 0.05 0.005 0.08 | 0.016 0.018 0.03 0.02 0.02 0.20 
3NC 0.09,(0.15) 0.14 0.26 0.025 0.22 | 0.048 0.017 0.02 | 0.08 0.03 0.17 
4NC 0.13,(0.22) 0.10 0.30 0.033 0.37 | 0.081 0.086 0.17 | 0.02 0.02 0.19 
Minimum 0.02,(0.04) 0.03 0.04 0.003 0.03 | 0.009 0.001 0.01 0.02 0.01 0.07 
Maximum 0.20,(0.34) 0.21 0.88 0.067 0.71 |0.213 0.086 0.17 1.59 0.11 0.23 
Root-Mean-Square: 
Factory Cond. 0.11,(0.18) 0.10 0.29 0.022 0.32 |0.082 0.007 0.017 | 0.99 0.08 0.16 
Factory Noncond. | 0.15,(0.25) 0.11 0.29 0.029 0.22 |0.048 0.045 0.09 | 0.04 0.02 0.19 
All Tests 0.12,(0.20)* 0.11 0.32 0.025 0.31 |0.075 0.023 ee Se 0.07 0.17 


Each value represents the error in the average data of a turbine-generator set from 1/2 to 4/4 load, as a measure of the effect of 


that error to cause the deviation of the individual test from the average performance of several tests. 
For errors in weighed throttle flow, values in parentheses are upper limits. We tabulate also estimated values 0.6 times these, for 


comparing and combining with errors from other instruments. 
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Initial Temperature. Initial temperature measurements use 
two selected and carefully calibrated precision thermocouples in 
finned ASME wells in a low-velocity pipe, measuring their volt- 
ages on separate precision potentiometers and auxiliaries. The 
analysis of these shows a root-mean-square error of 0.32 deg F, 
with individual turbines from 0.04 to 0.88 deg F; factory, 0.29 
deg F; field, 0.46 deg F. 

But we are interested in the effect on the performance of the 
turbine. From the effects of temperature on the test efficiencies 
of similar turbines and from the Keenan and Keyes steam tables, 
we obtain factors to convert this error in temperature, in degrees 
Fahrenheit, to an error in turbine performance, in percentage 
effect on steam rate, heat rate, or efficiency. Thus we obtain 
an error which can be compared with the deviations of test over- 
all performance from predicted, and which can be combined with 
the errors from flow, power, and other steam conditions. 

Thus the root-mean-square error caused by inaccuracy in 
temperature measurement is 0.025 per cent of over-all perform- 
ance, varying from 0.003 to 0.067 per cent. 

Initial Pressure. Initial pressure measurements on each tur- 
bine use a calibrated precision deadweight gage connected to a 
carefully made hole in the low-velocity inlet pipe. These gages 
have been so trouble-free and accurate that we rarely use two to 
measure initial pressure. However, Table 3 presents the results 
of the analysis of pressures measured on two of these deadweight 
gages before the steam-flow nozzle in the inlet pipe of most fac- 
tory tests; this analysis yields a measure of the accuracy of the 
use of deadweight gages on each of these tests. This shows a 
root-mean-square error of 0.31 psi, with individual turbines vary- 
ing from 0.03 to 0.71 psi. As in temperature measurement, we 
derive factors to convert these errors to per cent of over-all per- 
formance. The root-mean-square error in over-all performance 
for factory condensing tests is 0.007 per cent varying from 0.001 
to 0.021 per cent; for noncondensing, 0.045 per cent, 0.007 
per cent, and 0.086 per cent. The noncondensing percent- 
ages are higher than condensing because their energy ranges are 
shorter. 


Condensing Exhaust Pressure: 

Factory Tests. The exhaust pressures of factory condensing 
tests are measured in four carefully made holes in the walls of 
an exhaust adapter of the same shape and area as the exhaust- 
flange opening and about 6 ft long; these pressures are measured 
on precision manometers with '/,-in-ID tubes, riders with ver- 
niers, and engraved scales. Atmospheric pressure is measured on 
a calibrated precision mercury barometer in the test building. 
On four turbines, the pressure near one of the manometer holes 
was measured on a calibrated precision absolute-pressure gage. 
We analyzed the variation among the four manometer pressures 
on each test as a measure of their accuracy and of whether their 
pressure holes were proper for obtaining the correct average pres- 
sure. Also, we analyzed the difference between the barometer- 
manometer pressure and the pressure by the absolute-pressure 
gage, as a measure of the error of the barometer; in this analysis, 
we charged the barometer with only 1/+/6 times the direct 
difference, assuming that it was much more accurate and more 
carefully read than the manometer and the absolute-pressure 
gage. This showed an average error between the absolute- 
pressure gage and the barometer-manometer pressure of 0.028 in. 
Hg. So we have charged the barometer with an error of 0.011 
in. Hg for all tests. 

Table 3 presents the results of the analysis of the errors of ex- 
haust pressure. The errors include the error of the barometer 
combined with the error in the barometer-manometer pressure 
as the square root of the sum of the squares. The root-mean- 
square error in exhaust pressure is 0.017 in. Hg varying from 


0.010 to 0.024 in. Hg, or 0.99 per cent of the exhaust pressure 
varying from 0.72 to 1.59 per cent. These convert to 0.08 per cent 
of over-all performance varying from 0.05 to 0.11 per cent. 


Condensing Exhaust Pressure: 


Test in Owners’ Plants. For condensing tests in owner’s 
plants, we use similar manometers and barometer to measure 
pressures in basket tubes in the exhaust-flange opening and pres- 
sures in carefully made holes in the walls of the exhaust hood 
near the flange. The barometer is calibrated at the factory before 
and after the test. These pressures are corrected for the dif- 
ferences measured during factory tests on similar turbines be- 
tween these holes and the average of the exhaust adapter pres- 
sures. Thus the field tests are corrected to the equivalent of the 
average exhaust-adapter pressure measured in factory tests, but 
they tend to be less accurate than the factory pressures because 
they involve the inaccuracy of both factory and field pressures. 

Noncondensing Exhaust Pressure. The exhaust pressure of 
each noncondensing test is measured on two calibrated precision 
dead-weight gages, each connected to a separate carefully made 
hole located in the side of an exhaust adapter immediately below 
the exhaust flange and having the same area and shape. Table 3 
presents the analysis of the differences between the readings of 
these gages, the root-mean-square error of the individual tur- 
bines being 0.09 psi, varying from 0.01 to 0.17 psi. These con- 
vert to an average of 0.02 per cent in over-all performance, vary- 
ing from 0.01 to 0.03 per cent. 

Combined Error of Instrumentation. For each turbine, we com- 
bine the effects on over-all performance of errors in the various 
types of test data, adding them as the square root of the sum of 
the squares. Thus we obtained a measure of the error of test 
results as indicated by the differences between duplicate instru- 
ments. For each type of data, we combine the errors from the 
individual turbines, as the square root of the sum of their squares. 
Table 3 includes a summary of these combined errors. For the 
factory condensing tests, the root-mean-square combined error is 
0.16 per cent, varying from 0.07 to 0.24 per cent among the 
turbines; for the noncondensing tests, the root-mean-square and 
extreme errors are 0.19, 0.17, and 0.21 per cent, respectively. 
The 0.12 per cent error in weighed flow accounts for much of the 
combined error. 

Steam-F low Nozzles. This is the first type of instrumentation 
that is used as a check on the basic instrumentation for calculating 
the test performance. 

As just noted, the error in throttle flow of these tests accounts 
for much of their combined error from instrumentation. Also, 
even extreme care may fail to detect significant leaks from the 
steam and condensate piping, or into it. Hence, in each of our 
factory tests, we use a flow nozzle in the inlet steam line as a 
check on the weighed throttle flow. These are long-radius, low- 
diameter-ratio, throat-tap nozzles, built with extreme care to the 
ASME specifications, and carefully installed with a resistance 
straightener in the approach pipe. Their initial pressure is 
measured on a calibrated precision dead-weight gage ; for pressures 
less than 600 psig, two differential pressures are measured on 
precision manometers with riders and verniers; for higher pres- 
sures, two initial pressures and two throat pressures are each 
measured on a calibrated precision dead-weight gage. This type 
of nozzle has been calibrated carefully, but each specifie nozzle 
has not been, except that several nozzles have been used on about 
three tests each. 

We use these flow-nozzle flows, not to calculate the test per- 
formance, but rather to assure us and the turbine owner that the 
weighed condensate is an accurate measure of throttle flow. 

Fig. 7 presents the average apparent discharge coefficient for 
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each of these 18 factory tests. For each turbine, this is cal- 
culated as the average ratio of the throttle flow by weighing to 
that by the flow nozzle, with adjustment for the measured minor 
leakages. ,-,, the standard deviation of average discharge 
coefficients of the individual turbines from their line, is 0.37 
per cent. This is a measure of the combined error of measuring 
the throttle flow by weighing and by the flow nozzle. Table 3 
shows that a directly calculated value of the root-mean-square 
error of weighed flow is 0.20 per cent. When we subtract this as 
the square root of the difference of the squares, we get 0.31 per 
cent, which we will consider tentatively as the error of measuring 
flow by an uncalibrated steam-flow nozzle. 

Fig. 8 presents these same discharge coefficients with lines 
connecting the tests which used the same flow nozzle. This 
shows five nozzles with two to five tests each. ,-y the root- 
mean-square standard deviation of each of these tests from the 
average for all the tests using its flow nozzle is 0.23 per cent; this 
is our best measure of the combined error of measuring flow by 
weighing condensate and by a calibrated steam-flow nozzle. Sub- 
tracting the 0.20 per cent error of weighed flow leaves 0.11 per 
cent as a tentative measure of the error each time we use a cali- 
brated steam-flow nozzle, whether for measuring flow during a 
steam-rate test or for calibrating the nozzle. And the error of 
measuring flow by a once-calibrated flow nozzle is 


V 0.112 + 0.20% + 0.112 


or 0.25 per cent, if the nozzle is used with equal accuracy in the 
calibration and the test. 

Under weighed flow, we estimated that 0.12 per cent is more 
suitable than 0.20 per cent for the error of weighed flow. If 
so, the error for a steam-flow nozzle each time it is used 


is VA 0.23? — 0.12? or 0.20 per cent; and the error for measuring 
throttle flow by a once-calibrated steam-flow nozzle is 
0.20% + 0.12? + 0.20? or 0.31 per cent. 

With 0.12 per cent as the error of weighed flow, the error for 
measuring flow by an uncalibrated steam-flow nozzle is 


V 0.372 — 0.12? or 0.35 per cent. 

Enthalpy-Drop Efficiency. Enthalpy-drop efficiency jis availa- 
ble as a check on the flow-output efficiency of noncondensing 
tests. By nature, it is a simple test; it requires precise meas- 
urements in only initial and final temperatures and pressures. 
However, it requires a good measure of generator output to de- 
termine the load at which to compare test and guaranteed per- 
formance. Also, we need accurate measures of generator losses, 
bearing losses, heat lost from the turbine shell and piping, and 
net packing leakage. Further, the test temperatures must be un- 
usually uniform to avoid inaccuracy in the allowance for the 
heat which is added to the metal of the turbine and piping during 
a run whose temperatures rise even slightly. 

On three noncondensing tests, enthalpy-drop efficiency was 
carefully measured; each included generator-loss tests and a 
blocked-rotor test for heat loss. Table 4 presents a summary of 
the comparison of enthalpy-drop and weighed-flow-output effi- 
ciencies. It shows 0.65 per cent as the root-mean-square com- 
bined error of these two types of efficiency, varying from 0.21 
to 0.85 per cent. Allowing for the 0.17 and 0.09 per cent errors 
of weighed flow and generator output for these three tests leaves 
0.62 per cent as the root-mean-square error of enthalpy-drop 
efficiency. We believe that possibly many enthalpy-drop tests 


might show that their error is significantly less than this 0.62 
per cent. 


Tests IN OWNER’s PLANTs 


One measure of the acceptable performance of any equipment 
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TABLE 4 COMPARISON OF ENTHALPY-DROP AND WEIGHED- 
FLOW-OUTPUT EFFICIENCIES 


Root 

mean 

Test INC 2NC 4NC_ square 
1 Combined error of enthalpy-drop and 
weighed-flow-output efficiencies, per 


SEMEL 0.71 0.85 0.21 0.65 
2 Error of weighed flow, percent.......... 0.20 0.16 0.13 0.17 
3 Error of generator output, percent....... 0.03 0.12 0.10 0.09 
4 Error of enthalpy-drop efficiency = 

V/ (1)? — (2)? — (3)2, per cent....... 0.68 0.83 0.16 0.62 


is its record in the owner’s plant; hence we made four of these 
tests in the field. 

By nature, field tests are less accurate than factory tests. This 
is because many field tests need extraction for feed heating. 
This means a more complicated test to run and calculate: Many 
more flows, temperatures, and pressures to measure; many valves 
in the extraction and feed-heating system to check for adjust- 
ment or tightness; the high accuracy of weighed flows is not 
available; there is little chance to observe the steam path after 
the tests to detect deposits or other unsatisfactory conditions. 

However, most of the precision instruments of factory tests 
are suitable. And in one field test, we measured the condensate 
on two flow nozzles in series to check each other. Analysis of 
this one test shows an 0.11 per cent error of the average of the flows 
of the two nozzles, as used to calculate this turbine’s performance 
or 0.16 per cent error for one nozzle, as usually used. These 
errors of 0.11 and 0.16 per cent, as derived from one test, should 
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be increased to 0.16 and 0.24 per cent for two calibrated precision 
condensate-flow nozzles in series, and for one, respectively, before 
being compared and combined with the errors of other types of 
instruments as derived from several tests. 


Frevp Test Versus Factory Tests 


We compared the field-test results with factory tests in three 
ways. 

Fig. 9 presents again the margins of the 22 tests above guaran- 
teed performance, but it shows the field and factory tests by dif- 
ferent symbols. On it, the four field tests average 1.7 per cent 
poorer than the 18 factory tests. But this comparison is 
blurred and warped by differences in the margins of predictions 
above guarantees. Hence, in Fig. 10, we present margins above 
predictions, showing the field tests averaging 0.5 per cent poorer 
than factory tests. We believe that this is a reasonable differ- 
ence. 

However, we are not certain that this 0.5 per cent difference 
exists, particularly in the larger of these turbines. It will be 
noted in Fig. 10 that the 0.5 per cent depends principally on the 
first field test made in 1946. Fig. 11 presents the third com- 
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parison, showing six factory steam-rate tests with three field 
heat-rate tests, all being rated between 5000 kw and 18,750 kw. 
This analysis was made to determine how consistent these 
two types of tests might possibly be with each other and within 
each type. Here, we plot test margin above calculated perfor- 
mance versus a size function. This shows the following: 


1 Five of the six factory tests have a standard deviation of 
0.12 per cent from their line. 

2 The sixth factory test is 1.4 per cent better than the five 
turbine line, and far enough inconsistent with their scatter to 
consider dropping it (see reference 6). 

3 The three field tests average only 0.10 per cent below the 
factory line and have a standard deviation of 0.37 per cent from 
their line. 


Thus, in turbines of this size, it is possible that field tests may 
not be significantly poorer than factory tests and may have a 
somewhat larger scatter. 


APPROXIMATE TESTS 


Now let us illustrate the accuracy of approximate tests, that 
is, those using station instruments mostly. 
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During the period from 1948 to 1950, we made such tests on 
seven duplicate, clean and new 4000-kw turbine-generator sets. 
Each had about five runs over a 5-day period, all near rated load. 
They used calibrated station instruments except: 


1 Initial temperature measured with a calibrated precision 
thermocouple. 

2 Generator output measured on a polyphase watthour 
meter. 

3 Exhaust pressure measured in one hole on one or two 
calibrated precision absolute-pressure gages. 


Fig. 12 presents the results: The standard deviation of the 
seven turbines from their average performance is 1.6 per cent 
varying from 2.6 per cent above average to 2.0 per cent below it. 

We noted before that the error of manufacturing and factory- 
testing a turbine is about 0.5 per cent. Subtracting this (as the 
square root of the difference of the squares) leaves 1.5 per cent. 
Hence practically all of this 1.6 per cent standard deviation is 
the additional error of these approximate tests. 

CONCLUSIONS 

We often receive data from similar approximate tests. Brief 
analysis indicates that their errors are often significantly larger 
than 1.5 per cent, coming usually from flow measurement and 
from pressures of noncondensing turbines. 


On the other hand, for many years, we have believed that we 
can predict the performance of a turbine more closely than it can 
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be measured in approximate tests, except for the chance effect of 
damage or dirt. The precision tests presented here confirm this 
opinion. 

This analysis of precision tests confirms our belief of some 30 
years that it is proper to accept or reject a turbine-generator set 
on the basis of the direct comparison of guaranteed performance 
with the performance of precision tests, with no allowance for test 
error. 
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Fie. 12 Approximate Heat-Rate Tests on Seven Dvup.icate 
4000-Kw Sets: Deviation From AVERAGE 
PERFORMANCE 


BIBLIOGRAPHY 


1 ‘Relative ‘Engine Efficiencies’ Realizable From Large Modern 
Steam Turbine-Generator Units,’’ by G. B. Warren and P. H. Knowl- 
ton, Trans. ASME, vol. 63, 1941, pp. 125-135. 

2 ‘Comparative Efficiencies of Central-Station Reheat and 
Nonreheat Steam Turbine-Generator Units,’”’ by C. W. Elston and 
P. H. Knowlton, Trans. ASME, vol. 74, 1952, pp. 1389-1399. 

3 “Experience in Testing Large Steam Turbine-Generators in 
Central Stations,’’ by E. M. Kratz, published in this issue, pp. 1369- 


1375. 
4 “Describing Uncertainties in Single-Sample Experiments,” 
by S. J. Kline and F. A. McClintock, Mechanical Engineering, vol. 75, 


1953, pp. 3-8. 

5 ‘Industrial Statisties,’"’ by H. A. Freeman, John Wiley & 
Sons, Inc., New York, N. Y., 1942. 

6 “Treatment of Experimental Data,” by A. G. Worthing and 
J. Geffner, John Wiley & Sons, Inc., New York, N. Y., 1944. 


Appendix 
NOMENCLATURE 


The following nomenclature is used in the text and Appendix: 
6 = standard deviation of individual members of a group 
from average of an infinite group 


DA? 
—1 
A = deviation of an individual unit in a group from group’s 
average 
n = quantity of units in a group 
o,-, = standard deviation of individual units in a group from 
a line representing group; line usually is a least- 
squares line 
é,-y = root-mean-square (or equivalent) standard deviation 
of individual units in several groups from their group 
averages 
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€, = error, or uncertainty, of test results; this is used in 
this paper as a root-mean-square value representing 
uncertainty of average performance of a turbine 
over load range from '/2 to 4/, load 

€) = the uncertainty caused by average difference between 
two duplicate instruments 

€, = uncertainty caused by error of average difference be- 
tween two duplicate instruments 

€, = uncertainty caused by deviations from average of data 
for runs used to calculate average performance of 
turbine 

q, = quantity of runs used to calculate error of average 
difference between two duplicate instruments 

da = Quantity of runs used to calculate average perform- 
ance of turbine 

de = Quantity of instruments used to calculate error of in- 
strumentation 

q- = quantity of instruments used to calculate average 
performance of turbine 

Sf = quantity of degrees of freedom lost because of referring 
deviations of individual units in a group to average 
data for group or to lines based on that data 


GENERAL 


The text presents the percentages of error, in the average per- 
formance of a turbine, caused by the various types of test data 
such as flow, power, and the various steam conditions. We will 
discuss here the method of deriving these percentages. 

Each one represents the error in the average performance 
of the turbine over the load range from 2/, to */, load, as deter- 
mined by the runs made at various loads over that range; there 
are from three to six runs in this range on the various turbines. 


Error AveraGe Data From Two or More Ipenticau 
INSTRUMENTS 


Let us first consider the error in average initial temperature 
caused by the error in the measurements on two adjacent thermo- 
couples. 

Suppose that for some unknown reason the temperature meas- 
ured on the upstream thermocouple averages 0.4 deg F more 
than the downstream temperature for each run tested. The 
statisticians analyze this to mean that the standard deviation 
(or root-mean-square error) of the temperature by one individual 
thermocouple alone can be calculated as 


or 0.28 deg F, where A is the deviation of one thermocouple 
from the average for the two; the denominator includes —1 to 
allow for the “‘loss of one degree of freedom’ because the devia- 
tion of each individual thermocouple is referred to the average 
of the two being considered. Further, they say that the standard 
deviation of the average of the temperatures by the two thermo- 
couples is their standard deviation individually divided by the 
square root of their quantity or 0.28/+/2 or 0.2 deg F. Thus 
the standard deviation of the average data shown by one value 
on each of two instruments is half the difference between them. 
Let us now consider a more likely case: Suppose this average 
difference of 0.4 deg F represents runs where the difference varies 
from —0.2 to +0.7 deg F. Many of the turbines we are con- 
sidering have several load runs outside the ?/, to ‘/, range we are 
analyzing. All these runs cannot reduce the effect of the 0.4 deg 
F average difference by dividing it by the square root of their 


— 
4 

me + 
3 
i 
be 

i 
| 
4 
id ts 

n—l1 
z 


quantity. Hence the average difference between the two thermo- 
couples causes an initial error of 


where 
€) = error caused by average of differences between two ther- 
mocouples 
Ao = average difference of each thermocouple from average 
for two 


However, having several runs can allow for the error caused 
by the uncertainty of this average difference. This allowance 
can be made by the following equation 


— Ail? 
(qr — 1)qr 
in which 


€, = root-mean-square error of average temperature by one 
thermocouple 
A = difference of each thermocouple from average of two 
for one run 
g, = quantity of runs used in calculating this error of average 
subscripts i = data from individual runs 
0 = average data from q, runs 


Term q, — 1 is included in the denominator under the radical to 
average the squared deviations and correct for loss of one degree 
of freedom because we are considering the difference of the 
individual A from the average A. 

Term q, is included in the denominator under the radical to 
change the average error of the individual differences into the 
error of their average. 

Thus we let all the runs at various loads on a turbine allow 
for the error of the average difference. 

But we report the average performance of a turbine based on 
the three to six runs in the range from 2/,to*/,load. Each of these 
runs has some deviation of the difference between its thermocouple 
readings from the average difference of all its runs. These 
deviations contribute specifically to the error of the average per- 
formance of the turbine. We express this as 


— Ay}? 
in which 


€, = error from runs used to get average performance of turbine 
dq = quantity of runs so used 


This equation includes g,? in the denominator under the radical 
to divide by g, once to get the average squared deviation with no 
loss of freedom, and by g, again to get the error of the average. 

We can combine these three errors to find the error for a tur- 
bine as one error in initial temperature as 


a= Vetete 
e 


Did, — Aol? — Aol? 
= 2 Av)? + + 
Ge (q, — 1)q, 


in which 


[5] 


€; = error of measuring temperature for a turbine 
q- = quantity of instruments of this type used in calculating 
performance of a turbine 
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This equation represents the error in the performance of a tur- 
bine as caused by the inaccuracy of two duplicating instruments. 

When more than two instruments are used for analyzing the 
error, and when the deviations between two instruments have a 
consistent variation along a line, the equation expands to 


DA? = >A? > >A; 

de de @e 
+ [6] 


in which the nomenclature is the same except that 


de = quantity of instruments used in analyzing error 
A, = deviation of data for an instrument for a specific run from 
line representing data for that instrument for all runs 
f = quantity of degrees of freedom lost because of using A 
from the lines; it is “one” if lines are straight and hori- 
zontal, and are not likely to be curved or slanting; “‘two,” 
if lines are straight and slanting; “three,” if curved 
simply 


This same equation can be applied to duplicating instruments 
for all types of data. Usually for measurements of data such as 
flows, powers, and pressures, the deviations are more suitable 
as fractions or percentages of them. 


CONVERSION TO Errors IN OvER-ALL PERFORMANCE 


Our purpose is to express the error in over-all performance 
caused by errors in measuring various types of data. 

The errors in flow and power need no conversion, since 1 per 
cent error in either will cause 1 per cent error in performance. 
However, 1 per cent error in initial or final pressure or in initial 
absolute temperature will not necessarily cause 1 per cent error 
in over-all performance. From performance tests on these 
turbines or on similar ones or from general thermodynamic 
data the turbine designer can predict suitable conversion fac- 
tors. For converting an error in initial temperature in degrees 
Fahrenheit to an error in over-all performance, we need a coeffi- 
cient in units of 100 [(AKW)/KW]/F, that is, in per cent change 
in load per degree Fahrenheit change in initial temperature. 
Similarly, conversion factors for the effects of pressure need to 
be in [((AKW)/KW]/[(Apsia)/psia], when the error in pressure 
is in per cent, and in 100 [((AKW)/KW]/[Apsia] when the error 
is in psia. 

Although we may at times wish an error in just the efficiency of 
the turbine rather than in its steam rate or heat rate, each con- 
version factor for the effect of steam conditions must be derived 
as (AKW)/KW rather than (Ae)/e; this is because the error in 
the test conditions causes us to refer the test output to the wrong 
input, and not just plot the test efficiency at the wrong steam 
conditions. 


CoMBINING Errors oF DirrerRENtT TYPES 


Further, we wish to find the combined error in over-all per- 
formance of a turbine as caused by the inaccuracy of its instru- 
mentation. We can obtain such a combined error as 


when €;, €0, €ps, €s, and €, are the errors in over-all turbine per- 
formance caused by errors in initial temperature, initial and 
final pressures, flow, and generator output, individually, and & is 
their combined effect (4). 


Root-MEAN-SQUARE ERRORS 


We apply the term root-mean-square error to the errors 
or uncertainties of this paper. Someone may ask why we do 
not use the statistician’s term ‘‘standard deviation’’ as used for 
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some of our. data. Equations [5] and [6] for &, the error of du- 
plicate instrumentation, are complicated, and would be a serious 
extension and warping of the meaning of standard deviation. 
Hence we use the general word error to represent all the 
different kinds of data listed in the summary, whether they are 
derived as simply a standard deviation, as a root-mean-square 
value of several standard deviations, or by Equation [5] or [6]. 

The words root-mean-square describe these errors in two 
ways: By their derivation and by what fraction of a group they 
represent. 

First, we combine errors of various types as the square root of 
the sum of their squares. Hence we believe it somewhat suitable 
to use the root-mean-square value of the errors of a specific type 
for the various turbines to represent that error. 

The statisticians show that a range of plus or minus one times 
the standard (or root-mean-square ) deviation each side of average 
performance for a group tends to include 68.2 per cent or two 
thirds of the group. This leaves one sixth of the group below 
average performance by more than one root-mean-square error 
and one that much above average, as noted in the footnote early 
in the text. A range of +2 ¢ leaves 2.2 per cent of the group 
at each extreme; + 3¢, 0.14 per cent. We believe the range for 
the root-mean-square error is suitable for the analysis of this 
paper. 


Discussion 


N. R. Demina.6 The author has made a rather thorough 
analysis of the various errors or uncertainties affecting the 
accuracy of tests on industrial-size steam turbine-generator sets. 
In the abstract of the paper he summarizes his findings with 
numerical values for each type of accuracy. While showing 
figures ranging from 0.2 to 0.5 per cent he reasserts his belief 
that it is proper to accept or reject a turbine-generator set on the 
basis of precision tests with no allowance for test error. 

Now it would appear that this could be a satisfactory arrange- 
ment to a turbine manufacturer only if adequate margin were 
included in the design to cover the largest value of anticipated 
test error, thus insuring that all tests would meet the guarantee. 
For units designed with small margin this 0.5 per cent test un- 
certainty could become important. For units with plenty of 
design margin, an allowance for test error becomes unnecessary. 

The writer concurs with the author that the use of station in- 
struments increases greatly the uncertainties of a test. The 
author’s figures, of course, assume a turbine in good mechanical 
condition free of blading deposits. 

It should be emphasized that the steam-flow nozzles, used by 
the author for assurance that the weighed condensate is an ac- 
curate measure of throttle flow, are carefully built, low-diameter 
ratio, ASME type nozzles properly installed with flow straight- 
eners in the approach pipe—hence the low apparent uncer- 
tainties involved. These figures would not apply to the ordinary 
station steam-flow-nozzle installation for which the apparent 
discharge coefficient, in the writer’s experience, may vary from 
0 to 2'/, per cent above published ASME data: 


R. M. Jounson.* The author’s discussion of methods for 
evaluating the reliability of turbine tests is of particular interest 
to members of the Society. He correctly lists five measures of 
uncertainty available in his analysis of test data. 

1 Comparison of results from duplicate units. 

2 Comparison of repeat test runs on the same unit. 

5 Design Engineer, Thermodynamics Section, Steam Division 
Engineering Department, Westinghouse Electric Corporation, 


Lester, Pa. Assoc. Mem. ASME. 
* Ingersoll Rand Company, Phillipsburg, N. J. 
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3 The deviation of readings from duplicate instruments. 

4 Comparison of alternate methods such as the flow nozzle 
versus the weighed condensate. 

5 Comparison of enthalpy drop efficiency, with efficiency 
computed from measured power and steam flow. 


There are other measures of test accuracy, not discussed, such 
as the deviation between test and specified operating conditions, 
and the fluctuation of operating conditions during any one test 
run. The magnitude of adjustments for deviation in load, throt- 
tle pressure, initial temperature, and back pressure cannot be 
ignored. Likewise, the magnitude of fluctuation in the instru- 
ment readings, due to drift or unsteady operating conditions, is 
the first index of test accuracy. 

Probably the most significant contribution of this paper is the 
illustration of a method for expressing the various uncertainties of 
a test in precise numbers. Here a word of caution is necessary. 
Chances are the percentage figures do not mean what was 
thought at the first reading. The spread of the deviations is al- 
ways greater than the average, and the average differs from the 
root mean square by a formula which gives weight to the number 
of values used. It is the writer’s feeling that the method is of 
little value for comparing two or three tests as in Figs. 5 and 6. 
It has greater meaning when a larger number of tests are com- 
pared as in Fig. 2. The author’s conclusions would have con- 
siderably greater value if they were supported by tables of the 
original test readings. 

For obvious reasons, the author has averaged the steam rates 
for the range of 2/4, */s, and ‘/, of rated load. There is some ob- 
jection to this practice, in that it can distort the true picture of 
spread in plots Figs. 1 and 2. 

In Table 1, the average steam flows for the tests on duplicate 
turbines differ by as much as 16 per cent and in several cases the 
indicated deviation in available heat is appreciable. The author 
should explain how these variations were handled. 

The writer agrees with the author that it is proper to accept 
or reject a turbogenerator set on the basis of precision tests with- 
out allowance for test error, but from a slightly different approach. 
What else can be done in reality? If we define a precision test as 
the best there is available from the standpoint of instruments, 
control of operating conditions, trained personnel, and test pro- 
cedure, regardless of the evaluated error, nothing can be done 
about it. The approximate test is always a compromise test 
and is likely to raise more questions than it settles. 


W. A. Pottock.? This paper is a valuable contribution to a 
subject on which there has been very little published. 

The author’s conclusion that precision-turbine-test results con- 
ducted in the manufacturer’s shop may be accepted with no 
allowance for test errors is of interest. This conclusion is ar- 
rived at based on experience with weighing tanks. 

Field tests with weighing tanks and specially calibrated in- 
struments can be equally accurate and the writer described how 
this was practical at low cost in a paper* presented at the 1953 
Annual Meeting. 

It has been the writer’s experience that field tests can be 
equally as accurate as shop tests and that field tests may be con- 
ducted on very large turbines with complex cycles, including 
several stages of feedwater heating. 

To obtain accuracy within 0.35 per cent with precision flow 
nozzles in field tests as mentioned by the author, it is necessary 
to install the flow nozzle just prior to testing in order that there 
is not time for deposits to build up and produce errors. It has 


7 Technical Engineer of Power Plants, Wisconsin Electric Power 
Company, Milwaukee, Wis. Mem. ASME. 

8 “Testing Large Steam Turbines With Weighing Tanks,’’ by W. A. 
Pollock, ASME Paper No. 53—A-66. 
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been shown that very minute deposits on flow nozzles can result 
in sizable errors. Recently, a 7.0 per cent meter error was con- 
firmed in one installation as being due to deposits on the flow 
nozzle. 


AuTHOR’s CLOSURE 


The author wishes to thank the discussers for their many 
comments. He notes with interest that no discusser takes 
strong exception to the belief that it is proper to apply no allow- 
ance for test error when using precision tests as the basis of 
accepting or rejecting a turbine-generator set. 

Mr. Johnson notes his feeling that the method of expressing 
the various uncertainties in precise numbers is of little value for 
comparing two or three tests as in Figs. 5 and 6. For several 
years the author has used statistical methods with small sam- 
ples cautiously. However, we have found such methods very 
valuable for drawing proper conclusions from small samples. 
And we have often found these conclusions still apply when we 
extend the analysis to include later data. Further, we must be 
prepared to obtain whatever sound conclusions can be drawn 
from tests on only a few pairs of turbines and a few more pairs of 
duplicate runs, as in these plots. Actually, we were somewhat 
amazed by how consistently the magnitudes of the various types 
of uncertainties decreased when arranged in logical order as in the 
summary of the paper. 

Mr. Johnson notes that the deviations between test and 
specified operating conditions, the adjustments for such devia- 
tions, and the fluctuations of readings are measures of test 
accuracy. Actually, the effects of these variations are auto- 
matically included in the paper’s comparisions of the over-all 
performance of two or more turbines which are based on Figs. 
1, 2, 5, and 6 of the paper. 
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Mr. Johnson comments on the differences between the average 
test steam flows and steam conditions of duplicate turbines. 
Most of these differences were caused by having more runs at 
high loads on one turbine than on the other and by having some- 
what different steam temperatures, pressures, and vacuums 
available. All tests of this paper were corrected to contract 
conditions by proper factors; each type of performance data for 
each turbine is the average of one value each for '/2, °/,, and */, 
loads. 

The author believes that Mr. Pollock’s 1953 paper? on weighed 
flow tests in the owner’s plant is very interesting and valuable. 
There seems to be a slight misunderstanding in his discussion 
however: Mr. Pollock refers to the author’s conclusion about 
accepting turbines with no allowance for test error as applying 
to tests in the manufacturer’s shop and being based on weighed 
flows. 

Certainly, 80 per cent of the tests reported here were weighed- 
flow factory tests. But the 20 per cent of them which were tested 
in the owner’s plants have test uncertainties fairly consistent with 
the factory tests; and Mr. Kratz’s 1954 paper on tests on large 
steam turbine-generator sets in their owner’s plants shows com- 
parable accuracy. 

The author agrees with Mr. Deming that a test uncertainty of 
0.5 per cent could become important for units designed with small 
margin. However, it seems out of order to make a guarantee on 


a turbine-generator and then qualify that guarantee to include 
an allowance of about 0.5 per cent for the uncertainty of precision 
tests. 

Hence the author reaffirms his belief for many years that it is 
proper to accept or reject a turbine-generator set on the basis of 
the direct comparison of guaranteed performance with the 
performance of precision tests, with no allowance for test error. 
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Since 1930 the author’s company has participated in the 
tests of 111 central station steam turbine-generators of 
15,000 kw rating or larger. These were all tests in the 
owners’ power plants, substantially under service condi- 
tions. The measurements were made with calibrated test 
instruments using the careful procedures which experience 
has proven necessary if reliable data are to be obtained. 
The purpose of this paper is to make the testing techniques 
established as a result of this experience available to the 
power industry and especially to those directly concerned 
with tests on central station equipment. 


INTRODUCTION 


ERFORMANCE tests on large steam-turbine-generators 
Pp are made for a number of different reasons. They furnish 
owners with test heat rates over the load range for use in 
system-load scheduling and give detailed “bench-mark” data 
against which to compare future check tests to establish the condi- 
tion of the unit. Some are acceptance tests to demonstrate that 
the machine meets its guaranteed performance. The author’s 
company instigates a considerable number of tests to determine 
the performance of new turbine types or to evaluate design im- 
provements, thus supplementing and confirming the data obtained 
in laboratory tests on components. A high degree of accuracy is 
desirable in tests conducted for any of these purposes, and is prac- 
tically imperative in acceptance and design-evaluation tests. 

Since it has been the practice in this country to apply no toler- 
ance to the results of turbine-generator acceptance tests to 
allow for errors in measurement, the best methods available 
must be used to keep these errors as small as possible. Improve- 
ments expected from design changes are frequently small per- 
centages and the most accurate testing techniques are required to 
measure these gains. 

Because of its interest in these two areas, the author’s company 
maintains a stock of precision-test equipment used by a group of 
engineers who plan, supervise, analyze, and report the results of 
tests on large steam turbine-generators in owners’ power plants. 
The amount of experience possessed by this group is indicated by 
the large number of tests which have been conducted on a wide 
range of turbine types, ratings, steam conditions, and cycle ar- 
rangements. Since 1930 this group has participated in precision 
tests of 111 central-station steam turbine-generators of 15,000 kw 
rating or larger. The organization has been such that continuity 
of experience has been achieved, although the original group per- 
sonnel has changed. 

The range of ratings, inlet pressures, and inlet temperatures 
tested is shown in Figs. 1 and 2. One hundred and two of these 
units are single-shaft machines with the remaining nine being 


1 Supervisor, Turbine Performance Engineering, Large Steam- 
Turbine Generator Department, General Electric Company. 

Contributed by the Power Division and presented at the Annual 
Meeting, New York, N. Y., November 28—December 3, 1954, of THz 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Novem- 
ber 22, 1954. Paper No. 54—A-258. 
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cross-compound units. Ninety nine are nonreheat units and 
twelve are reheat. Eighteen of the tests were on noncondensing 
turbines, the remainder on condensing units. Thirty seven of 
the tests on condensing turbines were run without extraction for 
feedwater heating. Twenty were tested with both nonextraction 
and extraction operation and the remaining thirty six were tested 
only with normal extraction to the feedwater heaters. The non- 
extracting-type tests were run only on nonreheat turbines since it 
is impractical to operate reheat machines without extraction for 
feedwater heating. The application of the data obtained from 
these tests to the prediction of turbine-generator efficiencies 
has been described.?:? The test methods and results of one of 
these tests have been presented.‘ The results and an analysis 
of the accuracy of similar tests run in the factory and in the 
owners’ power plants on medium steam turbine-generators also 
have been presented.® 


Over-ALL Resutts or TEsts 


Fig. 3 shows the comparison between test and guaranteed per- 
formance of the machines shown in Figs. 1 and 2. This compari- 
son is an arithmetical average of '/2, 3/4, and full load. A number 
of factors contribute to the scatter in this comparison between 
test and guarantee performance, including: 


1 Quite a number of the tests are on turbines of new types 
considerably different from previous units tested. 

2 The realization of efficiency improvements resulting from 
design changes which were expected because of prior laboratory- 
component tests but which were not fully capitalized in making 
the guarantees. 

3 Margin in the guarantees to provide for uncertainties. 

4 Uncertainties as to the existence of deposits in the steam 
path having a detrimental effect on performance. 

5 Inaccuracies in testing. 


A somewhat better indication of testing consistency is obtained 
from Fig. 4 which shows the test heat rates for four reheat tur- 
bines with the same rating, steam conditions, and substantially 
the same design details. Each unit was tested in a different 
station and planned and supervised by different members of the 
group mentioned previously. The results have been corrected 
for differences in the feedwater-heating cycles and show remarka- 
ble consistency at loads above 60,000 kw. 

Fig. 5 shows satisfactory consistency between tests on two 
duplicate nonreheat turbines in the same station. We believe 
that the results shown in Figs. 4 and 5 are indicative of the con- 


“Relative Engine Efficiencies Realizable From Large Modern 
Steam-Turbine-Generator Units,”’ by G. B. Warren and P. H. Knowl- 
ton, Trans. ASME, vol. 63, 1941, p. 125. 

*“‘Comparative Efficiencies of Central-Station Reheat and Non- 
reheat Steam-Turbine-Generator Units,” by C. W. Elston and 
P. H. Knowlton, Trans. ASME, vol. 74, 1952, p. 1389. 

‘Heat Rate Test Results of the 100,000-Kw Essex Turbine-Gen- 
erator,”’ by V. S. Renton and Stanford Neal, Trans. ASME, vol. 
72, 1950, p. 267. 

§ “Accuracy and Results of Steam-Consumption Tests on Medium 
Steam Turbine-Generator Sets,”’ by D. E. Kimball, published in this 
issue, pp. 1355-1367. 
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sistency obtainable by very careful attention to testing proce- 
dures and the use of carefully calibrated instruments. It has 
been our experience that results comparable to these are generally 
not obtained where less than the care described in the following 
sections is used. 


MEASUREMENTS 


The ASME Power Test Code for steam turbines specifies the 
type of instruments, their application, and the procedure to be 
followed in testing a steam turbine-generator. The remainder of 
this paper will discuss and evaluate the results obtained with the 
different types of instrumentation and testing methods recom- 
mended by the ASME Code. In general, the type of instrument 
to be used must be selected after considering carefully the effect of 
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the measurement in question on the over-all results and the prac- 
ticability of applying different instruments. 

It is interesting to note that a turbine-generator test usually re- 
quires measurements from which the performance of other power- 
plant equipment can be determined with little or no additional 
instrumentation. For example, all of the data required to deter- 
mine feedwater-heater performance is usually needed to measure 
the turbine performance, and condenser performance can be ob- 
tained with the addition of inlet and discharge circulating-water 
temperature measurements. Accurate steam and water flows 
must be established for the turbine-generator test and the same 
instruments or calibrations of station meters obtained from them 
may be used for boiler-efficiency tests. 


MEASUREMENTS 


An accurate measurement of the turbine throttle flow is of pri- 
mary importance in any turbine-generator test. It has not been 
practical to use steam-flow nozzles or orifices to measure the 
throttle flow for turbine tests in central stations. Because of the 
high steam pressures and temperatures it would be very difficult to 
provide for inspection and cleaning of the primary element and it 
would be impractical to provide facilities for calibration under 
operating conditions. Therefore the throttle flow usually is 
obtained from an accurate measurement of condensate or boiler- 
feed flow. 

The ASME Test Code recommends weighing as the most ac- 
curate method of measuring water flow; however, very few cen- 
tral stations are equipped with the facilities to weigh flow on 
modern turbines. The latest unit where such equipment was 
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available in this country in this group of machines was tested in 
1944. Accordingly, a number of years ago the author’s com- 
pany started to accumulate a series of carefully built water flow 
nozzles, each assembled in its own section of test piping of ade- 
quate length and containing flow straighteners. Each of these 
flow nozzles with its accompanying piping has been calibrated 
carefully against weighed flow by Prof. W. 8. Pardoe,* Prof. L. J. 
Hooper,’ or Prof. E. F. Stover,* or with volumetric flow measure- 
ments by Prof. S. R. Beitler.* Several have been calibrated at 
two of the institutions to obtain cross-checks of the calibrations. 
These flow nozzles, with accompanying test-pipe sections, are then 
installed complete in the power plant and have been the basic 
flow measurement for about 60 per cent of the tests since 1949, 
shown in Fig. 3. On other units the owner has supplied a flow 
nozzle or orifice calibrated in a section of pipe with flow straight- 
eners which he then has available for future tests on the unit. 

The location of the nozzle in the feedwater piping depends upon 
the design of the heater cycle. In general it is best to have the 
flow nozzle measure directly the total flow from the turbine but 
this is not always practical. Since the nozzle should be readily 
available for inspection and cleaning if necessary, and since it 
may be desirable to remove it for recalibration if its condition is in 
question, it is usually installed on the low-pressure side of the 
boiler feed pumps. When extracting tests are being run, this 
may result in several of the highest pressure extraction flows be- 
ing pumped to the boiler without being measured directly in the 
nozzle. In this case these flows are calculated from feedwater- 
heater heat balances. 

The measurements required in an extraction test to obtain 
throttle flow based on a calibrated water nozzle or orifice are 
as follows: 


1 Quantity of flow through the nozzle or orifice calculated 
from measurements of the pressure differential, the water tem- 
perature and pressure, and a calibration of the nozzle or orifice. 

2 Temperature and pressure measurements on feedwater 
heaters to obtain extraction flows by heat balance if they are not 
included in the nozzle flow. 

3 Measurement of extraneous flows such as pump leakages, 
flows to and from pump seals, turbine water seals, water for throt- 
tle, and reheat steam temperature control. These extraneous 
flows are usually measured by sharp-edged orifices, pitot tubes, 
positive-displacement meters, or by weight or volume. 

4 Changes of stored water in the hot well, surge tank and feed- 
water heaters, drain tanks, ete. 


Nonextraction tests require comparatively few flow measure- 
ments. These are measurement of the condensate flow from the 
hot well, change in the stored water in the hot well, and the ex- 
traneous flows such as air-ejector condenser drains to the main 
condenser and condensate-pump leakage. 

In tests on noncondensing turbines, which top a number of 
older units of lower pressure and temperature, it is frequently im- 
practical to obtain the throttle flow by measuring the condensate 
or feedwater flow. The performance of such turbines is usually 
established by the enthalpy-drop method. The measurements 
needed to calculate throttle flow using this method are as follows: 


1 The enthalpy of the throttle and exhaust steam. 
2 The generator output. 


3 Generator losses. 

4 Power absorbed by the turbine bearings, water seals, shaft- 
driven pumps, governor, etc. 

5 Power absorbed by the exciter if it is driven by the turbine. 

® University of Pennsylvania, Philadelphia, Pa. 


7 Worcester Polytechnic Institute, Worcester, Mass. 
8 Ohio State University, Columbus, Ohio. 


6 Quantity of the turbine shaft leakage flows and their en- 
thalpies. 

7 Heat loss from the turbine. For large units this is a small 
percentage of the total heat supplied and can be considered neg- 
ligible. 

Occasionally, it is possible to obtain test throttle-flow meas- 
urements on noncondensing turbines both by flow-nozzle meas- 
urement of condensate and by the enthalpy-drop method. This 
procedure, which provides an independent check of the throttle 
flow, has been carried out on three of the tests with the results 
shown in Fig. 6. 
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Units A and B are the high-pressure units of cross-compound 
sets and unit C is a noncondensing topping turbine. Above 60 
per cent flow the two methods agree within about 0.6 per cent for 
all three tests and the agreement is within 0.6 per cent for all 
points of the tests on unit A. Since the measurements used to 
obtain throttle flow by enthalpy drop are entirely independent of 
those used when the flow is based on a calibrated nozzle, it is 
possible to conclude that above 60 per cent maximum capacity 
the absolute magnitude was known within +0.3 per cent for the 
three tests. 

On a large proportion of the tests, data also have been taken 
from the regular station flow-measuring instruments. Although 
these data are not used in measuring the test performance of the 
unit, it is useful to the operator to have a check on the accuracy 
of his operating instruments. The consistency of the comparison 
of these flow measurements with the same flows as measured by 
the test instruments is also of value in checking for the adequacy 
of the testing procedures. 
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Fig. 7 shows the comparison of steam and water flows measured 
with the station instruments to the same flow based on a water 
flow measured with a calibrated nozzle or orifice. Each point is 
the average of the data from the test points near the maximum 
output of the unit where the errors in flow measurement would 
be expected to be the smallest. 

The flows measured by station instruments for the 49 points 
shown are from the tests of 29 turbine-generators. They include 
28 throttle steam-fiow measurements, 18 boiler feed-flow measure- 
ments, and the remaining 3 are condensate-flow measurements. 
There appears to be no significant difference in scatter between 
the three different types of flows measured. The flow measure- 
ments with station equipment do not include the errors of trans- 
mitters, recorders, or integrators since for all points shown a ma- 
nometer was connected across the station primary element. The 
nozzles or orifices had not been calibrated and coefficients of dis- 
charge furnished by the manufacturer or from the ASME Test 
Code were used to calculate the flow. Other factors probably 
affecting the accuracy of the measurement by station equipment 
are as follows: 


1 Measurements to establish the density of the water or 
steam. 

2 Diameter measurements of the primary element and up- 
stream pipe. Since the nozzles or orifices had not been calibrated 
this measurement is important. 

3 Upstream and downstream pipe configuration. 

4 Cleanliness and condition of the station primary element 
at the time of test is usually unknown. 

5 Measurement of the pressure differential, particularly where 
small differentials exist. 
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Fig. 8 is an accumulative percentage plot of the same data as 
shown in Fig. 7. It is interesting to note that in about 5 per cent 
of the tests the flow readings taken from station instruments, 
even with the possible errors of transmitters, recorders, or inte- 
grators eliminated, varied more than 3.5 per cent from the flows 
measured by the special test instruments. In about 40 per 
cent of the tests, the difference was greater than 1 per cent. We 
believe these data are indicative of the size of the errors present in 
flow measurements whenever special and careful provisions are 
not made. 

Before leaving the subject of flow measurements, it should be 
pointed out that extreme care is required in establishing proper 
isolation of the turbine to be tested to prevent unmeasured flow 
into or out of the system during the test. Complete knowledge 
of the station piping and equipment is required for this purpose 
and to assure that the flows are not allowed to recirculate through 
or by-pass the flow nozzle. 
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TurBiIne-GENERATOR OuTpUT MEASUREMENTS 


The measurement of the turbine-generator output is equally 
important as the measurement of the throttle steam flow in ob- 
taining the over-all performance. For tests of central-station 
units this involves the measurement of the electrical output of the 
generator and, if the excitation is supplied from a separate source, 
the power supplied to the motor-generator set. Since the latter 
is a small fraction of the total output, extreme accuracy of this 
power measurement is not required. The standards specified in 
the ASME Test Code have been followed for measuring the main 
generator output and also for the auxiliary generator if one is 
supplied. The three-wattmeter method is preferred for its sim- 
plicity and because all the meters operate at the generator-power 
factor. The instrument transformers are laboratory-calibrated 
with secondary burdens equivalent to those connected to them 
during the test. Where possible this burden is limited to the test 
instruments and leads. Indicating wattmeters have been used 
for all except one of the tests. Each meter is read at 1-min inter- 
vals. The possibility of observer error with the indicating 
meters is kept to a minimum by checking the observers carefully 
and by intercomparison. 

The wattmeters are calibrated before and after the series of 
tests in the laboratory maintained by the author’s company. 
These careful calibrations are made using precision-potentiometer 
equipment frequently compared to d-c standards of resistance 
and voltage maintained by the laboratory—which are certified 
by the National Bureau of Standards. The transfer from d-c 
standards to a-c power measurement is made with an astatic 
reflecting electrodynamometer element. Electrodynamometer- 
type “laboratory-standard”’ instruments are used for a-c current 
and voltage-calibration standards. 

In addition to the calibrations in the laboratory, since 1948 
the wattmeters have been calibrated in the field immediately 
after each test point with a portable d-c calibrating set which sup- 
plies a highly accurate and stable source of current and voltage. 
Direct and reverse readings are taken at scale points bracketing 
the test-meter reading by the same procedure used in the usual 
laboratory calibration of a-c wattmeters. The use of this equip- 
ment eliminates scale-subdivision errors and the possibility of 
changes in meter characteristics remaining unknown until a 
series of tests have been completed and the consequent question as 
to when the change occurred. This equipment has proved to be 
highly reliable and accurate. Current and voltage readings to 
obtain power factor are obtained with indicating meters which 
are calibrated in the laboratory before and after the tests. 

On a large number of tests a photoelectric pickup has been 
supplied to count the revolutions of the station watthour meter 
during the test period. These data give the station operator an 
accurate calibration of his generator-output measurement and 
provide an additional check for consistency of measurements be- 
tween tests. Percentage variations between test and station in- 
struments for the load measurements are much less than for the 
flow measurements. A check of the data obtained near rated 
load on 23 tests shows that, in 74 per cent of the cases, power 
readings obtained by counting the revolutions of the station watt- 
hour meter were within 0.5 per cent of the data obtained by the 
calibrated test instruments. Maximum variation was 1.1 per 
cent. At lower loads the agreement was poorer with difference 
as large as 1.6 per cent. We have made no checks against station 
indicating wattmeters since these are usually not intended to be 
highly accurate instruments. 

The use of watthour meters has not been encouraged in the 
past as they were not considered as reliable as the indicating 
meters. Recently, however, a set of accurate watthour-metering 
equipment has been developed by the General Engineering Lab- 
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oratory for turbine-generator tests. All mechanical indicating 
equipment has been removed from the meters and they are en- 
closed in a temperature-controlled case. The revolutions of each 
meter disk are counted electronically. The number of revolu- 
tions of each watthour meter against time as measured by a highly 
accurate tuning fork are recorded onatape. The number of revo- 
lutions of each watthour meter disk also are indicated on a 
counter. Extensive calibrating of this equipment has been com- 
pleted in the laboratory and trial runs have been made on several 
turbine tests in power stations. Generator-load measurements 
by the watthour meters have checked those measured at the 
same time by the indicating meters within 0.15 per cent. The 
use of this equipment in the future will eliminate the reading 
errors of observers and it is expected it will prove to be a highly 
satisfactory method of load measurement. 
PREssURE MEASUREMENTS 

All pressures which are significant in determining the over-all 
performance are measured with piston-type dead-weight 
gages or with mercury columns. These instruments are used 
because of their high accuracy and also, owing to their funda- 
mental nature, they are the least susceptible to possible changes 
in calibration. The dead-weight-type gages are used for pres- 
sures above 35 psia and have a piston area of 0.125 sq in. with a 
clearance of 0.0002 to 0.0003 in. between the piston and cylinder. 
One gage which has been checked by the National Bureau of 
Standards serves to check all the others used in turbine tests. 
With the exception of the exhaust pressure of condensing turbines, 
which is measured by mercury absolute pressure gages, pressures 
below 35 psia are measured with mercury U-tubes. The ac- 
curacy of the measurement is dependent upon the density of the 
mercury, accuracy of the scale at ambient temperature, meniscus 
errors, reading errors, accuracy of the reference pressure measure- 
ment (usually atmospheric pressure), and corrections for water 
legs in the connecting lines. The latter correction is eliminated 
by purging the lines between the gage and pressure tap with a 
metered quantity of air. The flow of air is controlled and meas- 
ured with small rotameters. 
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Special pressure tips are installed at the plane of the turbine- 
exhaust flange for measuring the exhaust pressure of condensing 
turbines. The tips consist ofa */,-in. pipe with one end closed. 
Eighty '/1.-in. holes are drilled in a spiral along 3 in. of the pipe at 
the closed end. This end of the pipe is then enclosed in a 7-mesh 
wire-screen basket. Tests of these tips have shown that when 
properly installed they read within 0.1 of a velocity head of the 
true static pressure. At 1.0 in. Hg exhaust pressure near rated 
load, the average velocity head at the exhaust flange of a 3600- 
rpm condensing turbine is about 0.05 in. Hg. The error is in a 


direction to cause the indicated pressure to be lower than the 
static pressure in the stream. Fig. 9 shows the calibration ob- 
tained on one of these tips. These pressure tips are relatively in- 
sensitive to the angle of the stream which is important because 
of the type of flow which occurs in the exhaust hoods of condens- 
ing turbines. 

Accurate measurements of turbine-stage pressures during the 
initial period of operation with the turbine in good condition have 
proved to be of value to the operator for later periodic checks of 
performance. Consistent and accurate records of stage pressures 
frequently have made it possible to diagnose turbine troubles. 
The additional effort to obtain accurate rheasurements also has 
been justified during tests by helping to indicate poor instrumen- 
tation or testing procedures. 

For instance, on a test of a reheat turbine the results were in- 
consistent and the performance poorer than’expected. By check- 
ing the consistency of the relationship between stage pressures 
and flows and also comparing the pressures to design, it was pos- 
sible to conclude that the data could be explained if steam was 
flowing from a certain extraction stage directly to the condenser. 
Further checking of the station piping revealed that this was the 
cause of the inconsistent data and poor performance of the unit. 


TEMPERATURES 


The use of thermocouples for measuring steam and water tem- 
peratures has become the generally accepted practice for testing 
turbine generators. When properly constructed and calibrated 
they have proved to be satisfactory for temperatures up to 1050 F. 
Thermocouples with chromel-P and constantan wires are 
used because of the stability of their calibration over a period of 
time. Also, the change in emf with temperature is relatively 
large which allows accurate readings with semiprecision portable 
potentiometers. The hot junction of the thermocouple is en- 
closed in a stainless-steel tube to protect the wire and prevent the 
possibility of working the heated portion of the wire. The wires 
are continuous between the hot and cold junctions to eliminate 
the introduction of thermal emf in the leads. A supply of these 
instruments has been built up and by keeping a continuing record 
of repeat calibrations on each thermocouple it is possible to select 
the most stable ones for the critical points of measurement. 

Where accurate temperature measurements are required the 
thermocouples are installed in wells. The wells should extend 
inside the pipe wall far enough to reduce the errors due to conduc- 
tion to as low a value as possible. 

Duplicate instrumentation is used at critical points such as ini- 
tial steam, steam to and from the reheater, and feedwater out of 
the top heater. Where extraction flows must be obtained by 
heat balances to determine throttle flow, significant measure- 
ments around those heaters also are duplicated. Agreement 
within 1.0 deg F can be obtained between duplicate measure- 
ments by using carefully calibrated, stable instruments and suffi- 
cient care in applying them. 

Where the best accuracy is not required and the installation of 
wells is not practical, pipe-wall temperatures are measured. By 
taking the proper precautions to prevent heat loss such measure- 
ments may be within a few degrees of the temperature measured 
in a well at the same location. It is usually necessary to bend 
the thermocouple wire near the hot junction when installing it in 
the pipe wall, and the presence of strains in the wire at a point 
with high-temperature gradients is a possible source of error. 
Experience has indicated that this method is not satisfactory for 
temperature measurements which require high accuracy. 

A comparison between temperatures measured in the pipe wall 
and in wells was made at the throttle and exhaust on two non- 
condensing-turbine tests. On one unit with initial conditions of 
1800 psig, 950 F the pipe-wall measurements at the throttle were 
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from 2.0 to 6.0 deg F lower than temperatures measured in the 
wells. On the other unit with initial conditions of 1250 psig, 
950 F, the wall temperature was consistently about 4.2 deg F 
lower. Pipe-wall temperatures measured at the exhaust of the 
two units were from 0.5 to 3.0 deg F below well temperatures at 
the same location. 


CONCLUSIONS 


The company with which the author is associated has always 
followed the practice of testing many large steam turbine- 
generators in the owners’ power plants. It has been our experi- 
ence that consistent results can be obtained only by providing 
carefully calibrated instruments used with proper care and with 
adequate knowledge of the possible sources of error. 

The measurement of throttle flow and generator load are of 
primary importance in establishing the input and output for the 
test of a turbine-generator. Throttle-flow measurements are the 
most frequent cause of inaccurate test data because of the diffi- 
culty in obtaining a precise basic measurement and the additional 
possible sources of error from miscellaneous flows and inadequate 
isolation. 

Generator-load measurements are also frequently the source of 
significant errors but usually of a smaller magnitude. Reliable 
output measurements can be obtained by providing calibrated 
transformers and meters and careful consideration of possible 
errors from secondary burdens. 

Accurate pressure and temperature measurements are required 
for reliable testing, although the direct effect on the over-all re- 
sults is smaller than load and flow. Reliable pressure and tem- 
perature measurements are also of value for checking the condi- 
tion of the unit and the adequacy of test procedures. 
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Discussion 


F. J. Hernze.* This paper should be of great interest to the 
Central-Station industry—both users and manufacturers of power- 
generating equipment alike. It clearly stresses the points which 
have been emphasized by the writer’s company for many years. 

The performance tests conducted under most carefully set-up 
and controlled conditions will give accurate results which can be 
repeated even after fairly lengthy time intervals as long as the 
turbine-generator unit remains, or can be restored to a condition 
equivalent to new. The test results give the operating depart- 
ments of the utilities a permanent bench mark against which the 
performance of the unit should be compared at regular intervals. 
Blade deposits are the main reason for efficiency losses in the tur- 
bines and the progressive deterioration can be charted, evaluated 
in dollars and cents, and outages can be scheduled at the most 
economic and convenient times. Actual test experiences have 
shown clearly that even slight deposits which had been consid- 
ered at times as negligible will cause efficiency losses of more than 
1 per cent. Medium to heavy deposits on the blades and under 
the shroud bands have affected the efficiency often as much as 3 
percent. Thus it can be well understood that the manufacturer 
desires to test the units as soon as possible after the initial start-up 
or after a turbine inspection which assures everybody of the good 
internal condition of the unit. 


* Manager, Thermodynainies Section, Steam Division, Westing- 
house Electric Corporation, Lester, Pa. Mem. ASME. 
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In so far as the test instrumentation is concerned, we fully 
agree with the author that it cannot be too elaborate, and only 
calibrated instruments of the best design should be used. 

Since the throttle steam flow is usually obtained from an ac- 
curate measurement of the condensate or boiler-feed flow, the 
calibrated flow-measuring device is of prime importance. Owing 
to several experiences which our company had with condensate 
flow nozzles accumulating deposits in the short period between 
installation of the device and the test, its duration and the time 
interval before removing the test section, which affected the flow 
measurement as much as 1 per cent, we gradually have been re- 
placing the flow nozzles by orifices. 

In so far as the calibration of these devices is concerned, it is 
our opinion that the weighing method is more consistent than 
the volumetric method. Unfortunately, laboratories in this coun- 
try have measuring capacities which fall far short of the flows 
encountered in modern large rating units. While the extrapola- 
tion of the calibration curves is on a sound scientific basis, it 
nevertheless would be desirable to cover the whole range of the 
test flows during the calibration. 

In reheat turbines it is also of great importance to determine 
the reheat steam flow most accurately. In addition to measuring 
the various leakages which by-pass the reheater with calibrated 
orifices, we have determined in some cases the extraction steam 
quantities ahead of the reheater by measuring the heater drains, 
where the heaters were equipped with drain coolers. Whenever 
the installation of the calibrated flow-measuring device was in 
line with the test code the measured flows checked within 0.2 per 
cent the value determined by the heat-balance method. 

To obtain reliable flow measurements, the steam conditions, 
load and flow conditions must be as stable as possible. 

In so far as load measurements are concerned, we fully agree 
that the three-wattmeter method with instruments calibrated 
with the proper test burdens is most reliable. The comparison 
with the station watthour-meter data indicated that in the ma- 
jority of the cases the station instruments gave low values. 

Temperature and pressure measurements with calibrated in- 
struments are well understood by everybody, although duplicate 
instrumentation at the vital points is not always fully appreciated. 

The comparisons of station-instrument measurements of flows 
and loads with the test-instrument data show clearly how mis- 
leading the results of station-type tests can be. Consequently, it 
must. be realized that properly instrumented ASME Test Code 
type tests are essentially the only reliable measuring stick to de- 
termine the true turbine-generator performance. 


W. A. Potitockx.” The author has presented a very interesting 
paper and is to be commended for the excellent manner in which 
he has summarized the need for a high degree of precision of 
measurement in order to produce the needed accuracy in the final 
result. 

He demonstrates that careful testing with the proper instru- 
mentation can provide very accurate results. Of particular in- 
terest are the tests described in Figs. 4 and 5, in which turbines of 
like design are shown to produce comparable results. 

That accurate measurement of turbine-throttle flow is of ut- 
most importance is properly stated. It is assumed that under 
Flow Measurements, the author refers to installations of his 
company’s turbines when he states that no weighing tanks have 
been installed since 1944, because the writer reported in a paper! 
on an installation of weighing tanks at Oak Creek in 1953. The 
Oak Creek 120-mw cross-compound turbine was tested early this 


1 Technical Engineer of Power Plants, Wisconsin Electric Power 
Company, Milwaukee, Wis. Mem. ASME. 

11 “Testing Large Steam Turbines With Weighing Tanks,” by W. 
A. Pollock, Trans. ASME, vol. 77, January, 1955, p. 79 
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year with weighing tanks and found to be 0.10 per cent better 
than guarantee. No difficulties occurred in manipulating these 
tanks which are large enough so the change-over between tanks 
needs be made at 15-min intervals. These tanks were installed 
at low first cost and will serve four units for tests as well as pro- 
viding adequate cold eondensate-storage capacity for the entire 
station. 

The experience with station water and steam fiowmeters 
shown in Fig. 7 is about the same as results found by the writer 
when water and steam flowmeters are compared with weighed- 
water values as was reported in a previous paper.'! 


C, A. Ropertson.'* The author is to be commended on the 
information presented in this paper relevant to accurate testing, 
together with comparison of commercial-station instruments with 
precision-testing equipment. 

One of the important determinations is the measurement of 
steam flow to the turbine. The basic method is weighing the 
condensed steam; however, the next best is the use of nozzles in 
pipe sections calibrated as a unit, together with straightening 
vanes before the orifice or nozzle. 

Power stations are usually equipped with commercial types of 
steam ahd fluid-metering equipment. The orifices or nozzles 
have registering or recording apparatus. 

The writer is particularly interested in Fig. 7 which shows a 
comparison of flows measured by station primary zlements with 
corresponding flow from calibrated test instruments. This graph 
shows the variations that may be expected when using com- 
mercial station instruments. This agrees, in general, with the 
writer’s findings, and is another argument in favor of a more ac- 
curate means of steam-flow determination, by either weighing or 
use of calibrated orifices in special sections of piping, including 
straightening vanes. 

The next important measurement is the load determination. 
This can be obtained best by high-grade precision-indicating watt- 
meters. This paper, however, mentions the inaccuracy of high- 
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grade watthour meters, such as used in station installations. The 
poor showing of the accuracy of watthour meters, as indicated in 
the paper, appears rather high for calibrated instruments. 


AuTHorR’s CLOSURE 


The author wishes to express his appreciation to the discussers 
for the time they have taken to review this paper. 

Mr. Heinze’s comments on the importance of deposits in the 
steam path on turbine performance are pertinent. Testing a 
unit as soon as possible is usually the most practical means of 
attempting to obtain a test on a turbine in good condition. It 
has been our experience that this is not always satisfactory, as 
appreciable deposits may accumulate during the several weeks 
required after initial operation to iron out the operating problems 
with associated equipment to the point where satisfactory tests 
can be made. As the presence of deposits may not be evident 
from the data or inspection through manholes, it may be neces- 
sary to open the unit to determine its condition. Mr. Heinze 
also commented on experience with deposits on test condensate - 
flow nozzles. We have had very little trouble with deposits when 
the nozzles were located in the condensate line ahead of all of the 
feedwater heaters and were in the line only during the turbine 
tests. When located after several heaters a light deposit has been 
found occasionally. Check calibrations to measure the effect on 
the flow measurement have shown no significant change in the 
coefficient. The deposits were very thin and coated the nozzle 
uniformly. The author would be interested in Mr. Heinze’s 
reasons for expecting less trouble from deposits when using 
orifices for the flow measurement. 

All of the testing experience reported in the paper was by the 
author’s company. Mr. Pollock is therefore correct in that the 
statement regarding tests with weight-tank flow measurements 
referred only to tests of General Electric turbine-generators, 

The differences between test and station-load measurements 
were not caused entirely by the watthour meters as inferred by 
Mr. Robertson. The station load was obtained by counting the 
watthour-meter revolutions and included any errors caused by 
not compensating correctly for transformer and secondary burden 
corrections as well as any inaccuracy from the watthour meter. 
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The heat and mass-transfer phenomena to and from 
droplets during spray drying are discussed. Evaporation 
from pure liquid drops and drops with solids present in 
quiescent and in moving air are considered. The problem 
of evaporation at high air temperatures is noted. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = surface area of all drops in a spray created by atomiza- 
tion 


A, = area of droplet receiving heat 
4,, = area of droplet losing mass 
1) = initial or original surface area of bulk liquid prior to 
atomization; also area of drop of diameter 2 
Bo constant defined under Equation [14] 


= feed concentration 
= heat capacity of gas 
= humid heat of air-water vapor mixture, Btu/(deg F) 
(Ib dry air) 
D, = dry-particle diameter 
E = 
(F;), = fraction of mass of spray contained in the ith size class 
increment at time 0, 
g = acceleration due to gravity 
h, = heat-transfer coefficient for convection and conduction 
through the gas film, Btu/(hr)(sq ft)(deg F) 
(h.jo = heat-transfer coefficient for no relative air velocity 
k, = thermal conductivity of gas film surrounding drop, 
Btu/(br)(deg F/ft)(sq ft) 


k, = mass-transfer coefficient, lb (mass)/(unit time) (unit 
area)(unit pressure diff) 
(k,)o = mass-transfer coefficient for no relative velocity 
M = molecular weight 
Nwu = ha/k; 
Ner = 
Nre = 
Nse = 
P, = partial pressure of vapor in air surrounding drop 
Py = average partial pressure of nondiffusing or inert gas in 
film surrounding drop 
Pp, = vapor pressure corresponding to ¢, 
r = radius of any drop 
R = gas constant 
R, = radius of evaporating drop 
R. = radius of outer limit of gas film surrounding drop 
{, = temperature of air surrounding drop, deg F 
i, = temperature of drop surface, deg F 
t; = inlet-air temperature to drier 
t, = outlet-air temperature 
At = (t, —t,), deg F 
At,, = mean temperature between air and drop when air tem- 


perature experiences a large temperature change, deg F 
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Heat and Mass Transfer in Spray Drying 


By W. R. MARSHALL, JR.,! MADISON, WIS. 


= absolute temperature ' 
v, = relative velocity between drop and air 
v, = terminal velocity in intermediate drag region 
w = mass of water being evaporated 
w, = mass rate of air flow, lb/hr 
w, = rate of water removal in drier, lb/hr 
x = drop diameter; also distance from drop center, Fig. 9 
zx, = drop diameter corresponding to permanent crust forma- 
tion on drop 
2% = initial drop diameter 


Zvs = mean drop diameter whose volume/surface ratio is same 
as that for entire spray (often referred to as Santer 
mean diameter) 


A, = latent heat of evaporation corresponding to tempera- 
ture 

= viscosity of gas film 

p = density 

Pp, = air density 

p, = liquid density 

o = surface tension 

6 = time 


INTRODUCTION 


The drying of droplets in a spray drier is a simultaneous heat 
and mass-transfer operation in which heat for evaporation is 
transferred by conduction and convection from a hot, gaseous 
atmosphere to the drop surface while vapor is transferred by dif- 
fusion and convection back into the gas stream. The mechanism 
of evaporation from pure liquid drops has been described by 
many workers. However, the much more complicated problem 
of evaporation from drops containing solids, the situation occur- 
ring in a spray drier, has received somewhat less attention, while 
the very complex problem of the evaporation of sprays or clouds 
of drops, in which a wide range of drop sizes occurs, has scarcely 
been touched. 

The drying process for a drop containing solids is substantially 
the same as the drying process for wet, bulk solids; i.e., it is com- 
prised of a short warm-up period, a period controlled by surface 
evaporation, and finally a period of subsurface evaporation. 
These periods are comparable to the usual constant-rate and fall- 
ing-rate periods encountered in most drying operations. The 
most important and distinctive feature of evaporation from drops 
is the magnitude of the evaporation rate. Whereas the initial or 
constant rate of evaporation from the surface of bulk solids may 
range up to 1.0 lb water/(hr)(sq ft of drying surface), the surface 
rate of evaporation from a single droplet may range from 100 to 
1000 times this value, depending on the drop size invol ed. 

Furthermore, if one contrasts the evaporation rate from a bulk 
mass of liquid with the rate for this same mass of liquid after it 
has undergone atomization, it is found that heat and mass-transfer 
rates can increase nearly a millionfold over the rate for the original 
bulk of liquid. This is because the increase in surface area pro- 
duced by atomization varies inversely with the diameter of the 
drop, while the coefficients of the transfer processes also increase 
inversely with drop diameter. Consequently, since the rate is 
proportional to the product of a transfer coefficient multiplied by 
the area of transfer, it will be proportional to the reciprocal of 
the square of the droplet diameter. 

The increase in surface area resulting from atomization is given 
by 
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A — Ao = 1/Fve— {1] 
where 


A = new surface produced by atomization 
Ay = original surface of spherical liquid mass of diameter xo 
vs = diameter of droplet produced by atomization whose 
volume-to-surface ratio is the same as that for entire 


spray 


The ratio of total-to-original surface produced by atomization 
is plotted versus the drop size in Fig. 1 to indicate how greatly 
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Errect or Drop DIAMETER ON SuRFACE AREA OF SPRAY 
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the surface area of a liquid can be increased by dispersing it into 
small droplets. The curve in this figure assumes a monodisperse 
spray, i.e., a spray of uniform drop size, and is based on an 
original mass of liquid of spherical shape and 1 cm diam. 


Heat ano Mass TRANSFER IN DropLet EVAPORATION 


The properties of spray-dried products are markedly influenced, 
among other things, by the magnitudes of their drying rates. 
For example, if the drying rate is high, the dry particle is usually 
lighter and more friable than if it is dried ata lower rate. Further, 
rapidly dried, small particles may be overheated if they recycle 
into the hot-gas zone. Rapidly dried, film-forming materials may 
show “blow holes” where sudden vapor evolution ruptured the 
surface film. 

In considering the drying process, it is convenient to treat the 
two periods of drying separately, as is usually done in other 
methods of drying. Thus, in droplet drying, the first period usu- 
ally consists of evaporation from a wet surface which remains at 
some constant temperature. The rate can be expressed by heat 
or mass-transfer relationships as follows 


dw _ 


where At,, = mean temperature difference between air and drop 
surface = (¢, — t,),,, ¢, and ¢, being the air and drop tempera- 
tures, respectively, dw/d@ = evaporation rate, mass per unit time, 
h, = heat-transfer coefficient for convection and conduction 
through the film surrounding the drop, A, = surface area of drop 
receiving heat, A, = latent heat of evaporation corresponding to 


t 


y Also, for mass transfer 
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dw 


where (Ap),, = mean vapor-pressure difference = (p, — Pg)m) 
p, being the vapor pressure corresponding to ¢,, and p, is the par- 
tial pressure of vapor in the drying gas, k, = coefficient of mass 
transfer, A,, = area of drop from which mass is transferred. It is 
usually assumed that the areas of heat and mass transfer are equal 
for the first period of drying; i.e., A, = A, = This is nota 
valid assumption, however, for the later stages of drying. 
Experimental studies have established empirical correlations 
for h, and k,. Representative of these are the following semi- 
empirical equations proposed by Ranz and Marshall (8),? which 
are useful for estimating heat and mass-transfer coefficients 


where z = drop diameter, k; = thermal conductivity of gas film 
around drop, D, = diffusion coefficient of vapor, py = mean 
partial pressure of nondiffusing gas in gas film, »y, = relative ve- 
locity between drop and its surroundings, p, = gas-film density, 
be = gas-film viscosity, c, = gas-film specific heat. Each group in 
parentheses is dimensionless. 

For zero relative velocity, », = 0, Equations [4] and [5] reduce 
to the theoretical expressions for h, and k, as follows 


or 


and 


Equations [6] and [7] have considerable utility for approxi- 
mate calculations. Equations [4] to [7] all show that the magni- 
tudes of the coefficients increase inversely with the drop diameter 
z, other conditions remaining constant. However, since the drop 
Reynolds number v,zp,/ decreases with z, only Equations [6] 
and [7] predict the inverse relationship at all times. 

The significance of Equations [4] and [5] in terms of boundary- 
layer theory has been discussed by Froessling (5) and by Ranz 
and Marshall (8). 

With reference to Equations [6] and [7] for still air or no rela- 
tive velocity conditions, it is readily seen that Equations [4] and 
[5] may be rewritten as 


h, = (h.)ol1 + [8] 
k, = (k,)oll + [9] 


where Nre, Ner, and Ns. have been written for the Reynolds, 
Prandtl, and Schmidt numbers, respectively. The terms in 
brackets may be thought of as average correction factors on the 
“‘still-air’”’ coefficients due to the boundary layer around the drop. 

Since the majority of drying operations deals with air-water- 
vapor mixtures, specific values of the dimensionless numbers for 
this system can be evaluated to give the following working equa- 
tions for heat transfer: 

For no relative velocity 


0. 
(h.o = “= Btu/(hr)(sq ft)(deg F)........ 


2 Numbers in parentheses refer to the Bibliography at the end of 


the paper. 
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and for a finite relative velocity 
0.028 
h, = [1 + 0.27(Nre)*}.. 


Equation [11] is plotted in Fig. 2 as h,z for various values of 
Nre. The ordinate values of this figure can be divided by the 
appropriate drop diameter to obtain the coefficients for other 
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Fic. 2 Heat-TRANSFER COEFFICIENTS FOR Drops 


diameters. Thus, for 100u drops, the range will be from 85 to 300 
Btu/(hr)(sq ft)(deg F). It is evident from this curve that the 
values of h, for small drop diameters are exceedingly large in com- 
parison with usual convection coefficients. For example, for 1- 
micron drops, convection coefficients can range from 8500 to 
30,000 Btu/(hr)(sq ft)(deg F). 


EVAPORATION TiMEs FOR PurE Liquip Drops 
Substitution of Equation [6] in Equation [2] and integration 


with respect to z and @ gives the following expression for the time 
to evaporate a drop from its initial diameter zo to z 


_ Pur,(20? — 


8k 


Thus the time for complete evaporation of a drop in quiescent 
air is proportional to z»?. 

When relative motion occurs between the drop and its sur- 
roundings, the evaporation time is given by 


pu, (* [13] 
4k At J. (1 


Integration of Equation [13] depends on the relationship be- 
tween v, and z as they appear in the Reynolds number. For the 
general case where z is continually changing and hence v, also 
varies, a step-by-step integration is required. However, for cer- 
tain limiting situations such as terminal velocity in the Stokes’ 
law region or in the intermediate region, Equation [13] can be 
integrated to estimate the effect of relative velocity on the evap- 
oration times. Such integrations have been made (4) and the re- 
sults are given in the following equations 


8k At J (1 + 


where 


By = 0.3 [oss () 
ky 


Equation [14] is based on the assumption that the drop velocity 
would be at its terminal velocity in the intermediate region and 
can be expressed by 


0. — p.)*7! 
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Equation [14] further implies that for drop diameters less than 


vs 


ti 
EVAPORATION TIME FOR 
WATER DROPS INSTILL 
AIR FOR VARIOUS At's 


1.0 


Fie. 3. Evaporation Time ror Water Drops Stitt AIR FOR 
Various At's 


100u the effect of air velocity on the evaporation time becomes 
negligible and hence Equation [12] is sufficiently accurate. Equa- 
tion [12] for an air-water vapor system is plotted in Fig. 3 to give 
some estimate of the time for complete evaporation of pure liquid 
drops in still air. This plot is based on several values of At. 
For other At it is simply necessary to multiply the time read from 
the curves by the appropriate At ratio. If it is desired to estimate 
the time required for the drop to evaporate from 2» to some inter- 
mediate diameter z, it is necessary simply to subtract the time 
for complete evaporation of a drop of diameter z from the time for 
2%. Fig. 3 was used in connection with the calculation of the 
evaporation of a spray of drops described in the following. 

From Fig. 3 it is of interest to note the exceedingly short time 
required to evaporate drops of diameter less than 10y, even in 
very humid air. Thus, for drops in the 1 to 5u range, the evapora- 
tion rates in room-temperature air and 90 per cent relative hu- 
midity range from 162 to 32 lb/(hr)(sq ft), respectively, and the 
complete evaporation times are from 0.01 to 0.25 sec. 


TEMPERATURES OF EVAPORATING Drops 


In estimating the evaporation times and evaporation rates for 
drops it is necessary to be able to specify or estimate the droplet 
surface temperature in order to evaluate the temperature driving 
force At,,. It is evident from Equations [2] and [3] that if a dy- 
namic equilibrium between the rate of mass transfer and the rate 
of heat transfer is established, and if the heat transferred is es- 
sentially all consumed for evaporation, i.e., relatively low vapor 
concentration, the drop surface temperature t, may be estimated 
from the following equality 


and if A,, = A, 


which is the familiar expression for the wet-bulb temperature, 
if h, is a pure convection coefficient. If there is substituted in 
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Equation [17] the values of k, and h, as given by Equations [4] 
and [5], the following general expression, suitable for any liquid is 
obtained 

t,—t, + 0.60(N N se) '/*] 
+ 


Pa 
It is apparent that for zero relative velocity 
Ps — Po 


This result differs from the usual general expression for the sur- 
face temperature or wet-bulb temperature since the ratio of the 
Schmidt number to the Prandtl number is to the first power 
rather than to the usual 2/3 power. 

In the event that the Schmidt and Prandtl numbers are nearly 
equal, the fortuitous situation for air-water-vapor systems, 
Equation [17] reduces to the familiar form for the wet-bulb tem- 
perature as follows 


where H, and H, are the absolute humidities corresponding to p, 
and p,, respectively. Equation [20] applies to conditions of low 
to moderate vapor concentrations. It is evident that Equation 
{20] corresponds to the equation of adiabatic saturation on a 
humidity chart, if c, = c,, where c, is the humid heat. Thus the 
temperature of a water drop can be estimated from the air tem- 
perature and its humidity. From Equation [20] it is readily 
established that even at very high temperatures, droplets will 
evaporate at a substantially lower temperature than the air tem- 
perature, which is usually well below temperatures of degradation 
for most materials. This is a weli-known advantage for spray 
drying. This may be visualized by considering three cases of hot 
air entering a spray drier for various values of absolute humidity. 
For hot-air temperatures of 150, 300, and 500 F, the wet-bulb 
temperature and hence the drop temperature for pure water, are 
plotted in Fig. 4 versus humidity. Also shown in this figure are 
the relative magnitudes of the temperature driving force At, pro- 
ducing evaporation. It is evident that a substantial increase 
in the drying temperature causes only a few degrees increase in 
drop temperature, and hence produces a marked increase in the 
evaporation rate. 

When the drop contains solids in solution, the vapor pressure of 
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the water is lowered and the drop temperature will be higher than 
that predicted from the wet-bulb temperature for water at its 
normal vapor pressure. By plotting on the usual humidity chart 
the humidity corresponding to the vapor pressure over the 
saturated solution of the material being dried, and using this line 
in place of the usual saturated humidity curve for water, the drop 
temperature can be estimated from the intersection of this line 
with the adiabatic saturation line for the air conditions involved. 
This is indicated in Fig. 5. The basis for this procedure lies in 
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a preliminary finding by Ranz and Marshall (8) that droplets of 
certain solutions, such as ammonium nitrate, evaporate with a 
surface temperature corresponding to that of the saturated solu- 
tion even though the drop concentration is initially less than sat- 
uration. Charlesworth (1) has shown that this is not true for all 
solutions. However, it is a conservative estimate in most cases. 


Errect or CURVATURE ON VAPOR PRESSURE 


The effect of curvature on the vapor pressure of a drop can be 
estimated from the thermodynamic relationship 
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where ¢ = surface tension, p, = normal vapor pressure of liquid 
at absolute temperature 7’, p = actual pressure of vapor over 
drop surface, M = molecular weight, R = gas constant, r = drop 
radius, and p, = liquid density. By substituting various values 
of r, drop radius, in this equation, it can be shown that the vapor 
pressure over the drop is not increased more than | per cent until 
a drop on the order of 0.2 micron is reached. 


EVAPORATION FRom Sprays or Drops 


One of the more difficult mathematical problems in connection 
with droplet evaporation is the computation of the over-all rate 
of evaporation for a spray of drops and the time variation in mean 
diameter of the spray. The problem is complicated, among other 
reasons, because of the nonlinear nature of the drop-size distribu- 
tion function involved in the calculation. Further, the proper 
distribution function for the drop sizes in a given spray is not 
always known precisely. The solution of this problem is of con- 
siderable importance in combustion processes where complete 
evaporation is required and, in this connection, one published 
attempt has been made to solve the equations. Probert (7) as- 
sumed the drop-size distribution of a fuel spray fitted the Rosin- 
Rammler equation as follows 


[22] 


where V, = mass fraction of spray less than diameter z; z, = a 
size parameter; and 6 = a dispersion coefficient. For conditions 
of no relative velocity, Equation [6], Probert developed inte- 
grated expressions which predicted that a spray with a narrow 
size distribution would evaporate completely in a shorter time 
than one with a wide size distribution and large mass median 
diameter. However, the initial rate of evaporation for the spray 
with the wide size range would be greater. His calculation pro- 
cedure ignored any change in the temperature driving force during 
evaporation. 

Another procedure for estimating the effect of distribution of 
drop size on spray-drier performance can be used, which is based 
on calculating in a stepwise manner the evaporation times for 
various mass-fraction increments corresponding to various incre- 
ments of drop size in a given spectrum of drops. Although the 
total drying time for a drop containing solids cannot be deter- 


mined accurately from the calculations for drops of pure liquid, 
nevertheless, calculations for pure liquid drops are useful for 
illustrating the nature of the changes taking place. Thus sup- 
pose a spray entering a spray drier has an initial drop-size dis- 
tribution corresponding to that shown in Fig. 6. Also, assume 
for purposes of illustration that the initial At = 400 F and the 
inlet-air temperature is 530 F. Then, with reference to Fig. 3, 
a stepwise procedure to estimate the time required to evaporate 
certain fractions of the spray can be developed. This procedure 
consists of calculating the change in mean drop diameter of 
selected size increments over short intervals of time on the 
assumption that all drops evaporate under the same constant At 
conditions for the short-time increment. The steps of the proce- 
dure are as follows: 


1 From specified increments of drop diameter, select various 
mass fractions F,, from the cumulative distribution curve, Fig. 6; 
i.e., establish a frequency distribution from the given cumulative 
distribution. Tabulate these mass fractions for corresponding, 
appropriate, average diameters. 

2 From curves of @ versus z, Fig. 3, for the appropriate initial 
At, determine the time for complete evaporation as though 
this At would persist throughout the drier. Designate this time 
as 6. 

3 Select a “suitable” time increment AO, for estimating the 
first increment of evaporation. This might be selected such that 
the first two size classes are “evaporated” in the time increment. 

4 Subtract A@, from % and for this new time, 6, = 0 — AA, 
find the corresponding value of 2, the “‘reduced’’ diameter of the 
drop in each size fraction. This new drop diameter presumably 
is the diameter existing at time 6,, if evaporation occurred es- 
sentially at a constant At. If a substantial change in At is found 
to occur, a precise calculation would require reealculating for a 
shorter-time interval. 

5 Compute the ratio (x,/z0),? which will give numbers propor- 
tional to the fraction of the spray remaining in each size-class in- 
crement. 

6 Multiply the individual (F;)o as selected in 1 by (2,/x),?. 

7 Take summation 2(F;)o(2:/2);? = Fi. Then F,/Fy = 
fraction of spray remaining and 1 — F,/Fo = fraction evaporated. 
If Fo is normalized, i.e., Fo = 1, then F, is the fraction remaining. 
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Then, if 
Wel te) w,A, [23] 


where w, = mass rate of air flow in drier, and w, = over-all rate 
of evaporation, (4; — &) = temperature drop through the drier. 
Thus the incremental temperature drop for time @, is given by 
(t, — t)(1 — F;) where F; is the fraction of the spray remaining 
after the first time increment. The process is then repeated for 
the new distribution of (F;)). 

By following the foregoing procedure, the fraction of spray mass 
remaining at various times, as well as the variation of air tem- 
perature with time, were estimated for a hypothetical spray for 
the case of no relative velocity. The results are shown in Fig. 7. 
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It is observed that evaporation is over 90 per cent completed in 
1.5 sec and that the air temperature has approached to within 30 
deg F of its final outlet temperature. This is in agreement with 
measurements made on spray driers. Also plotted is the variation 
in the mass median diameter of the spray with time, which shows 
that this median size increases. This is because the small drops 
completely evaporate much more rapidly than the large ones. 
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In Fig. 8 are shown a plot of At versus time, a plot of the maxi- 
mum drop size versus time, and a curve of the variation of the 
time for complete evaporation of the maximum drop size. The 
latter curve is especially interesting. It shows that the time of 
evaporation for the largest drop increases from 8 to 26 sec in 3.5 
sec because of the rapid decrease in the At driving force. This 
confirms the fact that sprays with large drops will not dry com- 
pletely in small size towers. It also suggests the need for design- 
ing a drier for the largest drops in the spray. 


Heat anp Mass TRANSFER AT H1GH TEMPERATURES 


When very high temperatures are used for spray drying, the 
foregoing simplified picture of heat and mass transfer should be re- 
inspected. The implication in Equation [2] is that all of the heat 
transferred from the gas to the drop is used in latent heat of 
evaporation. This concept neglects the sensible heat transferred 
to the vapors as they move out to the main gas stream. It also 
neglects any variation in the transport properties k,, u, and D, 
caused by temperature and concentration gradients in the gas 
film surrounding the drop. 


EVAPORATING 
OROP 


Fic. 9 Heat Mass Around an Evaporatinc Drop 
Stitt Arp 


With reference to Fig. 9, a heat balance written over a dif- 
ferential spherical shell through which heat is passing inward 
toward the drop while mass is passing outward results in the 
following differential equation 


For the boundary conditions? = t,at x = R,, andt = t,atz = Ro, 
Equation [25] may be solved to give the following expression for 
the temperature as a function of distance through the gas film 
surrounding the drop 

ti—t, e~ 


In this equation, EF = w,c,/4k, where w, is the rate of evapora- 
tion, mass/unit time. One obvious simplification in the foregoing 
development is the assumption that k, is constant. Since this in 
fact is not true, k, must be selected as some proper average value 
between ¢, and ¢,, and for the average composition of the film. 
By defining h, as 

AoAt At 


and substituting for (dt/dxz) at R, its value as determined from 
Equation [26] the following expression for the Nusselt number is 


obtained 


[26a] 


When EF — (very high evaporation rates), Nnu — 0, and when 
R,— @ and £ is small, i.e., a low evaporation rate Nnu = 2.0 
in accordance with theory, Equation [6]. 
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When E = 0, Equation [27] becomes 


2/R; 
= 


and the ratio of Nyx to (Nwu)gz =0 becomes 
Nyu E(1/R, — 1/R:) 


(Nwu)z=0 — [29] 
Upey expanding the exponent in the denominator 
(NwuE=0 


E (1/R; — 1/R2) + = 1/R:)? + .. | 


It is apparent from Equation [30] that when E£ is large (high 
evaporation rates) the actual Nusselt number can be substan- 
tially less than that for low evaporation rates. Godsave (6) 
reported experimental values of Ny. when mass transfer occurred, 
which were only one fourth the predicted values for heat transfer 
alone. 

From Equation [29], an expression for the actual heat-transfer 
coefficient can be written as follows 


a « 
(he)ect = (h,)app (<4) » « ... [31] 


where 
a = — 1/R2) 


This expression is similar to that developed by Colburn and Drew 
(2) for the condensation of mixed vapors. If 22 is on the order of 
twice the drop radius R,, then 


a = = 


Godsave (6) reported values of R, for burning droplets, which 
ranged up to three times the drop radius. On the other hand, if 
R: is very large, then 


a = w,/c,/2rk 


For conditions of quite high air temperatures the value of a 
may range up to 4.0, depending on the liquid involved, for which 
the factor a/(e* — 1) has the value of about 0.075. Thus the 
actual heat-transfer coefficient can be as low as one tenth of the 
apparent coefficient. 

From the definition of a and by substituting for w; its equiva- 
lent in terms of the actual heat-transfer rate, an expression for a 
may be derived as follows 


a=in{i+ (“*) ] [32] 


where Nyy is the Nusselt number computed for no mass transfer. 
It is evident for low relative velocities that (Nwu/2) = 1.0, and 
hence the term (Afc,/\) determines the magnitude of a. This term 
is effectively the ratio of sensible heat transferred per unit mass of 
vapor to the latent heat, and it is evident that At must be large 
for this term to be significant. Equation [32] is plotted in Fig. 
10. Also plotted in Fig. 10 is a curve of a versus a/(e*— 1). It 
is evident that this factor decreases rapidly as a increases, i.e., 
as the evaporation rate increases. 


EvapPoraTION From Drops ConTAINING SOLIDS 


When an evaporating droplet contains a solid either in suspen- 
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sion or solution, the total evaporation or drying time is equal to 
the sum of the time for the surface evaporation period and the 
time for the subsurface evaporation period. The time for the 
first period is given by 


where h, is given by Equation [4], with appropriate corrections 
for high temperatures, Equation [31], to be applied when re- 
quired. Equation [12] is a special case of Equation [33]. 

An equation similar to [33] for the falling-rate period is not 
easy to establish since in this period the evaporation rate is 
governed by other factors than those governing the so-called 
constant-rate period. Since these other factors are largely asso- 
ciated with the solid phase in solution or suspension, it is exceed- 
ingly difficult to obtain a general law for the falling-rate period. 

In general, the effect of the presence of a solid is to increase the 
time to remove the required moisture in contrast to the time re- 
quired if all the moisture were present as a drop of pure liquid. 
Thus a solid in solution will cause a vapor pressure lowering dur- 
ing the initial period of surface evaporation, while during the 
second period it creates a solid phase through which liquid and 
vapor must pass in order to escape from the particle. The nature 
of this solid-phase resistance is extremely variable, and it has 
considerable influence on the properties of the dried particle. 
Thus, for materials which produce amorphous films on the drop 
surface, through which vapor escapes with difficulty, the drying 
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time is usually longer than for particles with less impervious solid 
surfaces. Further, the final dry particle is distinctly hollow with 
a characteristic smooth, homogeneous surface, as the particles of 
dry coffee in Fig. 11 reveal.* 

Particles which form crystals and a less impervious crust dry 
faster and exhibit a distinct, hollow spherical particle composed 
of an aggregate of small crystals as shown in Fig. 12. In other in- 
stances spray-dried particles may exhibit a collapsed structure, 
suggesting the creation of negative internal pressures during dry- 
ing. Typical of this appearance are the spray-dried clay particles 
shown in Fig. 13. 

It appears to be generally true that spray drying produces 
spherical particles which are more or less hollow, depending on 
the material and on certain operating variables. It appears from 
all available data that it is not a simple matter to produce solid 
spherical particles by spray drying. Hollow particles are the rule, 
solid particles the exception. Duffie and Marshall (4) suggested 
four causes for hollowness in spray-dried materials as follows: 


1 Hollow particles may result from the rapid formation of 
vapor-impervious films on the droplet surface, which cause puff- 
ing or ballooning of the particle when moisture vaporizes within 
the particle and cannot readily pass through the surface film, Fig. 
Il. 

2 If the rate of evaporation exceeds the rate of diffusion of a 
dissolved solid back into the drop, hollow particles will result be- 
cause the product concentrates in a spherical shell, Fig. 12. 

3 Hollow or porous particles may form with finely divided, 
suspended solids because capillary action draws liquid and solid to 
the surface thereby creating subatmospheric pressures and re- 
sultant voids inside the particle. Collapse of the particle may 
occur, Fig. 13. 

4 Hollowness or porosity may result from the presence of en- 
trained gases in the liquid feed, which do not escape during atom- 
ization and drying. This may be observed in spray-dried prod- 
ucts as minute bubbles throughout the particle. 


The more hollow a particle, the lower the bulk density of the 
product and vice versa. Consequently, it is important to estab- 
lish the range of hollowness together with the range of bulk 
density that reasonably can be achieved by varying the operating 
conditions. 

Probably the most important single property of a spray-dried 
product, other than particle size, is its bulk density. Bulk density 
influences the size and cost of storage bins, the type and cost of 
containers, shipping costs, and marketing requirements. Follow- 
ing is a summary of the effects of particle size, drying air tem- 
perature, feed concentration, feed temperature, and air flow on 
bulk density: 

Particle Size Distribution. In general, the bulk density of a 
given product will be greater if the size distribution is broad. 
This is due in part to the fact that the small particles fill the voids 
between the larger ones. Theoretically, a product of uniformly 
small particle size will have the same bulk density as a product of 
uniformly large particles, provided the particle density is the 
same in each case. However, recent studies by Crosby (3) have 
shown that the spray-dried particle density increases as the par- 
ticle size decreases. 

Drying Air Temperature. It appears to be generally true that 
the drying air temperature affects all materials the same; i.e., as 
the air temperature increases the bulk density decreases. This 
effect is attributed to an increase in particle size with air tem- 
perature, resulting in a decrease in particle wall thickness and 
hence in particle density. By designing a drier so that the hot- 
test air does not immediately encounter the wet spray, the density 


3 Figs. 11, 12, and 13 were taken by Crosby (3). The particles were 
immersed in a mineral oil and photographed with transmitted light. 
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Fic. 14 Variation or Dry-Particte Diameter Wits Soiips Conrent 


can be increased. Countercurrent flow accordingly can produce 
a denser product than co-current flow. 

Feed Concentration. An analysis of the effect of feed conceri- 
tration is complicated by its concomitant effect on atomization. 
Since feed concentration also influences the drop size produced by 
atomization, it is difficult to assess its separate effect on bulk 
density. From a weight balance on a droplet, the following ex- 
pression for the ratio of densities for two feed concentrations can 


be derived 


where p2 and p; are the particle densities corresponding to 
the feed concentrations, C2 and Cy, respectively; z refers to the 
liquid-drop diameter produced by atomization and D, refers to 
the dry-particle diameter. It is evident from Equation [34] that 
if an increase in feed concentration increases x; more than D,2 or 
if xz = D,2, then the particle density surely will increase with con- 
centration. As shown in Fig. 14, this is the case for most ma- 
terials except at high solids content C; > 70 per cent. If atomiza- 
tion can be so adjusted that z, and zz are nearly equal, then p» will 
depend on the ratio Cy./D,.*. If this ratio is greater than D,,°/C yp, 
then p2 will decrease. 

Available literature data on the effect of feed concentration 
on bulk density show conflicting trends. For some materials, the 
bulk density decreases with an increase in feed concentration, 
while with others this trend is reversed. All conclusions on the 
effect of this variable are based on the assumption that there is no 
aeration of the feed when the concentration is varied. How- 
ever, aeration can easily occur if fines or dust from the collection 
system should be mixed into the feed. The result would be a 
lowering of the bulk density. 

Feed Temperature. The effect of increasing the feed tempera- 
ture in most instances is a slight reduction in the bulk density. 
However, this variable also affects atomization since an increase 
in temperature lowers the liquid viscosity, and this in turn results 


pi 


in a smaller drop size from the atomizer. Heating the feed also 
tends to deaerate it, which would have the effect of increasing the 
bulk density. 

Air Flow. It is possible in the spray drying of some materials 
to cause the hot air to flow counter to the spray. The spray of 
liquid droplets initially encounters partly cooled, moist air and 
hence the drying rate is low. As a result the individual particles 
are not puffed as much, and hence they are somewhat more 
dense than with co-current air flow. Agglomeration of particles 
is more probable in countercurrent drying since some of the 
smaller particles which have dried are recirculated upward by 
the air, thereby permitting collision with larger, wetter particles 
falling from above. This procedure is not too well suited to heat- 
sensitive materials. 

The general problem of air flow in spray driers requires sepa- 
rate treatment. It is a most important phase of spray drying 
and warrants considerable attention from both the research and 
design viewpoints. 
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Possibilities of Burning Lower- 


Cost Diesel Fuels 


By RAY McBRIAN,' DENVER, COLO. 


The question of getting the most out of diesel fuel and 
the possibilities of burning lower-cost diesel fuels invo’ es 
more than the operational price savings. It requires a 
knowledge and understanding of the facts of combustion 
as related to engine performance and the effects of the 
characteristics of fuels and means by which undesirable 
features can be recognized and corrections made so that 
fuels may be burned satisfactorily in service. The paper 
outlines the research carried out by the Denver and Rio 
Grande Western Railroad on lower-cost fuels and the re- 
sulting economies. 


INTRODUCTION 


N the early 1940’s when we first purchased our diesel locomo- 
tives, the virtue of the diesel economies was expressed princi- 
pally as that effected by fuel savings. We were able to buy 

the so-termed ‘“‘premium’’ diesel fuels for around 4'/. cents per 
gal. Today it is approximately 10 cents per gal, a little over 
double the first cost. This subsequent rise has been reflected in 
increased operating costs, and it brought about the recognition 
that diesel-fuel research is one of the most fertile fields for reduc- 
ing operating expenses of diesel locomotives inasmuch as the fuel 
cost represents about 50 per cent of the operating cost. 


Economies REALIZED 


For more than a year, through research and an understanding 
of fuel characteristics, the Denver and Rio Grande Western 
Railroad has been using lower-cost fuels on its entire fleet of 
diesel locomotives. This has reflected material savings without 
any appreciable increase in maintenance costs. It should be 
mentioned, however, that the control of diesel locomotives with 
the use of the spectrograph and the proper changing of oil and air 
filters and the proper study of diesel fuels has been necessary to 
secure such savings without increasing maintenance costs. As an 
example, Table 1 gives the unit costs for fuel for the first nine 
months in 1954. 


TABLE 1 NINE MONTHS UNIT FUEL COSTS COMPARED 
Unit cost, 1954 Unit cost, 1953 


Train fuel, freight............. 0.241 0.264 
Train fuel, passenger.......... 0.034 0.036 


The total savings for the Denver and Rio Grande Western 
Railroad in this period of time has been $243,536. In order 
that the mechanical cost might be understood, the average on a 
three-year overhaul period approximates $3,000 only per engine. 
Also the mechanical operating ratio, as an example, for the month 
of September, 1954, was 14.89 and for the month of September, 


1 Engineer, Standards and Research, Burnham Laboratory, Den- 
ver and Rio Grande Western Railroad Company. Mem. ASME. 

Contributed by the Railroad Division and presented at the An- 
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the Society. Manuscript received at ASME Headquarters, Novem- 
ber 4, 1954. Paper No. 54—A-250. 


1953, was 15.93. This is typical of our operation since we began 
the use of the economy type or lower-cost fuels. 

Many papers have been written relative to the supply of the 
low-cost diesel fuels and a study as to what might or might not 
be burned, but the fact remains that through proper under- 
standing of the effects of combustion as related to diesel-engine 
operation there should be available in any territory fuels by 
which operational savings can be made. Railroads other than 
ours are now using fuels with properties different from the gener- 
ally accepted premium specification type. The fuels which the 
Denver and Rio Grande Western Railroad is using are not the 
regular type of specified burner oils, but they are fuels which 
have been selected by the railroad and refiner from unstable 
stocks or from study of refinery streams whereby the refiners have 
been able also to reduce operational refining costs and share such 
savings with the railroad. 


Fue. REQUIREMENTS 


Actual service performance tied in with the research studies 
has proved that such type fuels, by which price savings can be 
obtained, can be used successfully. The actual savings for each 
of the fuels selected for our use range from */, cent to 4'/, cents 
per gal. No restrictions have been placed upon the refiner 
except those of water and dirt content. 

Our railroad in co-operation with the refiner’s studies of the 
refinery streams of various combinations of thermal, catalytically 
cracked, and straight-run fuels, have been studied with the elec- 
tron microscope of combinations of storage stability, particle size, 
and presence of unstable constituents. These are determined 
and are corrected by the addition of chemical stabilizing and dis- 
persing additive materials using the electron microscope as the 
control tool. 

The attention of the Rio Grande Laboratory was first directed 
toward the possibilities of fuel savings at the time when we were 
working with the U. S. Bureau of Mines, Rifle, Colorado, Oil 
Shale Plant. That fuel was unstable and had a typical analysis 
as given in Table 2. 


TABLE 2 TYPICAL FUEL ANALYSIS 


Viscosity @ 100 F Saybolt Universal........... 35.6 
Conradson carbon 10% bottoms, per cent....... 0.50 
Initial boiling point, deg F................65. 454 


The shale oil was dark in color, very unstable and sludged 
badly when exposed to light in less than 1 hr. Because of studies 
we had made previously on lubricating oils with the electron 
microscope, it was decided there was some possibility that fuels 
could be studied in a similar manner. It was found that this 
fuel had a tremendous particle size when so examined. On a 
service test, in a very few hours, the fuel completely clogged filters 
and stuck injectors. 
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Because of the examination of satisfactory premium fuels 
using the electron microscope, in which it was found that the 
average particle size was less than 1/10 micron and which re- 
sulted in very low wear rates with no problem of filtration or 
injector sticking, it was decided that, if the shale-oil fuel could be 
prepared or conditioned in a similar manner, no operational 
troubles should be anticipated. Consequently, a test was con- 
ducted with an E-M-D switcher using 2 qt of a dispersant per 


1000 gal. Approximately, 5027 gal of the shale oil, high in sul- 
phur, was used during the test. The total service test ran for 
715 hr. 


Results of Service Test on Shale Oil. The injector ran the full 
test with no trouble; the interior was bright and free from gum, 
and the plunger worked freely. There was no indication of 
corrosion on any part of the injector assembly. The nozzle tip 
had a coating of carbon about '/%: in. thick which did not inter- 
fere with the spray pattern and was soft and easily removed. 
The piston head had no measurable deposit of carbon. The 
piston rings were free and clean. The valve stems had practically 
no carbon. The exhaust ports had a carbon build-up of */;¢ in. 
Carbon build up before the test started was not determined. 

The Fulflo waste filters which ran the full time were darker in 
color than normal but were not plugged. On a previous test of 
shale oil without any treatment this type filter lasted only 10 hr. 
Of the two sintered bronze filters, one was removed after nine 
days of service for inspection. About two thirds of the area was 
spotted with a black oil deposit which was not gummy or varnish- 
like and wiped off easily. The other filter was in service for the 
full test period and was totally covered with a similar black 
deposit, but had not failed in service. The deposit appears to 
be carbon with no evidence of gum. Of the two small by-pass 
bronze-nozzle filters, one was black but freely filtering, the other 
was metallic colored. The burning characteristics of the oil 
appeared to be satisfactory regarding smoke and power. There 
was no trouble with sparking. 

Of two samples of this fuel (analysis shown in Table 1) which 
were sent to us in January, 1951, one sample sludged badly. 
The second sample of this fuel is a clear solution, prepared at the 
same time with the chemical dispersant. This has remained 
stable for three years. 


Tests on Lower-Cost FuELs 


Following the test of the oil shale in 1952, a year’s extensive 
road test was made of lower-cost, lower-cetane fuels, both stable 
and unstable storage stocks. Refiners submitted for study a 
series of samples which, in general, were blends of straight run, 
catalytically cracked or thermal-cracked fuels from unstable 
stocks. These combinations had not been used previously as 
commercial fuels because of instability and incompatibility, 
especially when mixed with other fuels. Service tests of these 
fuels were satisfactory. 

It should be mentioned, too, that the Denver and Rio Grande 
Western Railroad is using the electron microscope in the study 
and evaluation of all fuels used by our own railroad and its sub- 
sidiaries and also for other companies. Our studies have in- 
cluded the following types of fuels: High-octane gasoline, gaso- 
lines, diesel fuels, kerosenes, jet fuels, and residual types of 
fuels, such as Bunker C. 

Our evaluation of fuels then has begun with the general premise, 
which was believed true before studies with the electron micro- 
scope began, that the petroleum fuels are true solutions. There- 
fore, if they are true solutions, the optimum in engine combustion 
should be obtained and excellent engine performance should be 
attained. Jf, however, on examination of these fuels with the 
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electron microscope, particles are in evidence on a fluorescent 
screen, when studied at 1500, they are not true solutions but 
colloidal, and the particles should be considered in relation to 
combustion problems. 


Eva.uatine ComBusTIoNn 

Our basis for evaluating diesel-fuel combinations depends upon 
the actual relationship between the electron microscope and serv- 
ice performance. The procedure adopted for the electron- 
microscopic evaluation is to examine and study diesel fuels as 
received from the refiner with this instrument, then to place a 
small amount of this fuel in a bottle and expose it to light in a 
window. After two weeks, the fuel is compared with the “as-re- 
ceived” sample and if the fuel has developed large agglomerates 
and particle size and has definite chain-forming constituents 
present, it is considered to be unstable and will develop service 
trouble. Fuels are then treated with dispersants and studied. 
This applies to premium specification fuels as well as to the 
evaluation of lower-cost fuels. Our principal requirement is that 
a fuel, treated or untreated, as received and after the aging test 
should not develop any unstable constituents that will average 
over '/;9 micron in size. 


ResEarcH THEORY OF COMBUSTION OF FUEL 
Based upon correlation with our findings in actual service 
conditions, our research theory regarding combustion of fuels 
is as follows: 


1 To have proper and even combustion without excessive 
ring wear, deposits and liner wear, and to prevent contamination 
of the lubricating oil with depletion of additive, there should be 
no particles larger than an average of '/,» to '/, micron in size in a 
diesel fuel. 

2 There must be no chain formation present which is evidence 
of unstableness, nor should gum-forming constituents appear. 

3 Fuels must not deteriorate in storage and roust be com- 
patible when mixed with other fuels. 

4 If the particles and unstable chains can be dispersed and 
stabilized by additives, they must remain well dispersed during 
the storage time. 

In applying these to operation, we found that, like coal when 
used with stokers, these particles when broken up into certain 
sizes would give the most efficient combustion of the diesel fuel. 
We also found that it was possible to prepare these unstable fuels 
by the use of chemical dispersants and condition them so that the 
engine would give efficient combustion. 

We learned then that the diesel engine does not recognize 
specification terms, and therefore we have no specifications for 
diesel fuels. Fig. 1, an electron micrograph at 6750 diameters, 
represents a stable, satisfactory premium fuel typical of a mid- 
continent low-sulphur, base-stock, straight-run fuel, sma!! par- 
ticle size, which we had used on our railroad for ten years with- 
out any operational diiiculty. Fig. 2 is an electron micrograph at 
6750 diameters of another premium diesel fuel which was unsatis- 
factory in service. Note that the particle size in this sometimes 
exceeds 1 micron. It is these colloidal particles which we have 
found to be unburned, resulting in smoke, incomplete combustion, 
and wear rates, especially of the compression rings and liner ring- 
belt zones. 

Typical analyses of the economy-type fuels used by the Denver 
and Rio Grande Western Railroad are given in Table 3. 

In addition to the fuels being successfully used on our railroad, 
other railroads also are using economy-type distillate fuels as 
shown in Table 4. 


LABORATORY ENGINE TEST 
To demonstrate the effect of dispersancy and particle size on 
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Pour point, wk 
Viscosity @ 100 
Conradson carbon 10 bottoms, per cent. 

Initial boiling point, deg 

50 per cent dee deg 

End point, de 

Aniline point.......... 


Fie. 1 
FACTORY Premium, Miv-Continent Low-Sutpuur, Base-Srock, 
Srraicgut-Run Fue. 


TABLE 4 ANALYSES OF Tyreces yous USED BY OTHER 


RAILROA 
Flash point, deg F....... -- 230 165 170 
Viscosity @ 100 F 72 37 37.4 
Conradson carbon 10% yeeane, vert cent. 0.36 0.40 0.30 
Sulphur, per cent. af 0.90 0.50 0.84 
Nitrogen, per cent. 
48 35 35 
Initial boiling point, deg F........ a. 370 365 


wear reduction, the results of an engine-running test will be given. 
A premium fuel was used, having the following analysis: Sulphur 
0.29 per cent, API gravity 37.6, end point 620, cetane 57, with a 
particle size shown in Fig. 3. Tie oil had been stored in light 
for two weeks. With the addition of dispersant materials, the 
particle size is as shown in Fig. 4. The test was run on a 
General Motors 1-71 engine with the results given in Table 5 


TABLE 5 FUEL TESTS 
With additive 
dispersant and 


corrosion 
Wear No additive inhibitor 
compression ring: 
eight loss, grams................ 0.62 0.31 
Gap increase, in............. wie, 0.011 
Total compression ring: 
Weight loss, grams.......... 0 62 


It will be observed from these tests that a 50 per cent or more 
reduction in wear has been made as well as a similar decrease in 
gap-ring increase. Our theory is that wear reduction was 


Evectron at X 6750 or a SraBie, Satis- 


A B Cc 
29.4 35 36.7 

176 175 220 

+15 

35.6 35.6 44.8 
0.13 0.50 10 
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TABLE3 ANALYSES OF FIVE ECONOMY-TYPE UNSTABLE DIESEL FUELS SUCCESSFULLY 
DISPERSED AND USED BY THE D&RGW WITH SAVINGS OF */; TO 4 CENTS PER GAL 


D E F 
34.7 30.5 39 
160 175 165 
—10 —15 +30 


34.3 45 35 50 
378 454 436 366 399 394 
490 506 571 486 482 500 
590 665 760 636 588 710 
125.1 126.7 176.7 140.4 
- 
« 
| 
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Cent, API Gravity 37.6, Env Point 620, 
Cetane 57 


4 


~ 
Type 
34.2 34.3 34.1 
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Fie.6 Microerapa or Lusricatine Orn Arrer 30,000 MI zs, IN 
Wuicu Dispersancy Parrern Hap Been Destroyep sy Unsatis- 
FACTORY FUEL 


achieved because of small particle size of the fuel. We believe 
then it is most necessary to understand this when the use of 
economy diesel fuels is considered. By complete combustion 
of particles the diesel engine will digest the lower-cost economy 
fuels and can result in similar reduction in wear rates. There- 
fore there are many cases in which decided operating economies 
could be made with the burning of higher-cost premium fuels by 
changing to a lower cost, satisfactorily dispersed economy fuel. 


Errect on Lusricatine 


The effect of the carry-over of unburned fuel particles in lubri- 
cating oil is most important in considering the use of economy- 
type fuels. Fig. 5 is a micrograph of a lubricating oil removed 
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Fie. 5 Microcraprsa or Lusricatina Arrer Use or a Satis- 
FACTORILY Dispersep Dieset Ca.tctum-Base ADDITIVE 


Fic.7 MicroGrapa or ror Cass In Fia. 6 


from one diesel locomotive after use of a satisfactorily dispersed 
diesel fuel and a calcium-base additive with an ash content of not 
over 0.20 per cent. After 100,000 miles of operation without an 
oil change and only make-up oil added, the dispersancy pattern 
is as follows: 

Fig. 6 shows a micrograph of a lubricating oil removed from a 
diesel-locomotive unit after 30,000 miles, in which the dispersancy 
pattern has been destroyed and several operating problems have 
arisen. The fuel supplied to this locomotive is shown in Fig. 7. 


jas 


It will be noticed that particle sizes of over 1 micron result from 
incomplete fuel combustion, resulting in loss of additive and dis- 
persancy. Similarly, it has been our experience in the study of 
fuels that high-sulphur fuels invariably are found to contain these 
large unstable hydrocarbon particles. 

It is our theory that, if these particles can be broken up to '/,9 
micron size or less, the sulphur will be burned to SO, and go out 
the stack as such without serious damage to the engine. How- 
ever, if the large particles, which either contain sulphurous com- 
pounds or hydrocarbons that act as a sponge and retain SOs, 
should work past the compression rings SO; is formed, resulting 
in acid or sulphur wear. We now have under test fuels to which 
we are adding activated sulphur in various amounts. The 
activated sulphur is supplied by the Atomic Energy Commission 
through Tracerlab, Inc., and the National Aluminate Corpora- 
tion of Chicago is furnishing the agent to disperse sulphur in the 
fuel. We hope to obtain the same pattern of wear reduction as 
shown in Table 3. If this can be accomplished, then we have a 
means by which we can evaluate and predict the performance of 
higher-sulphur diesel fuels and satisfactorily prepare them for 
use in diesel locomotives. 


SoME OF THE PROBLEMS 


Included among economy-type diesel fuels are the high pour- 
point fuels, the low-cetane-type fuel, the high-sulphur fuels, 
mixtures of residual fuels with blends of either catalytically 
cracked or straight run, mixtures of thermal catalytically cracked 
with straight run, which can result in instability. Local condi- 
tions in refineries will determine which of the various combinations 
of so-called economy fuels may be more available. Diesel 
manufacturers of necessity must have restrictions on fuels and 
lubricating oils that can be used in their engines. Without a 
basic understanding of the combustion characteristics of fuels 
and how to prepare and condition them properly, the use of 
improper fuel can only result in very high operational cost, high 
wear rates, and possibly serious damage to locomotives. In 
other words, one cannot rush out and ask for a lower-cost diesel 
fuel and plan to use it successfully just because of the fact that 
he has secured a price saving. 

In territories where pour point is a problem, it should be recog- 
nized that adequate fuel-heating facilities, both on the loco- 
motive and in storage tanks, must be installed. It also must be 
recognized that various makes of locomotives react differently to 
different fuels. For example, it is possible to secure a fuel having 
a very high paraffinic content in which the pour point may be 
around 60 or 65 F. However, when mixed with a zero-point fuel, 
a plus 10 pour-point fuel will be secured but the cloud point 
will be plus 20 to 25, also a cetane of plus 50. In cold territories 
operating around zero, where the cooling-water temperature 
will remain less than 100 F, certain types of switches will put out 
a white fog which is not smoke but a finely dispersed paraffin mist. 
Filters will operate satisfactorily without clogging. Here the 
high-cetane value is not enough to insure the ignition at low 
operating temperatures. It is therefore necessary either to raise 
the operating temperature so that ignition is secured for proper 
combustion or to use some additive which will ignite the fuel 
satisfactorily. 

Economy fuels with higher Btu content probably will make it 
necessary to change rack settings because of the danger of burning 
heads and the like. Each diesel fuel submitted as a lower-cost 
fuel should first be studied by load test, the burning character- 
istics observed, the horsepower determined, and if any changes 
are to be made they can be so regulated. 

It also should be remembered that, when these lower-cost or 
economy fuels are used in Clarkson boiler heaters, it is necessary 
to change the burner settings so as to avoid excessive deposits and 
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failures in service. We have found that storage and filtration 
problems are directly related to dispersibility of the fuel. If the 
fuel is conditioned properly with the dispersant, these problems 
should be overcome satisfactorily. When not so conditioned, 
some of these lower-cost fuels may become unstable where metallic 
filter elements of various compositions are in use and react with 
the fuel. Filter systems should be observed closely. Use of a 
fuel not of the proper particle size causes lubricating oil rapidly 
to lose its dispersancy pattern and detergency, and wear con- 
ditions to result. The use of higher additive level lubricating oils 
may improve such a condition temporarily but will not result in 
satisfactory operation. In general, smoke levels with lower-cost 
fuels will be higher than with premium fuels, but tests can be made 
of smoke-density readings at various throttle positions to deter- 
mine the effect of the use of a finely dispersed fuel as compared 
with the one of the larger particle size. 

Heaters in fuel lines, tanks, and on locomotives may be nec- 
essary. However, another approach to the cold-weather handling 
of fuel is to add a pour-point depressant plus a dispersant to 
prevent the macrowax crystalline formation in tanks and lines. 
Even at the cost of '/, cent per gal where high pour-point fuels 
can be secured at a substantial savings, the use of a pour-point 
depressant can be justified. 


A ror RESEARCH 


The Rio Grande’s research studies as to fuel, and fuel relation- 
ship to engine performance, confirm the fact that fuel behavior 
has been poorly understood and that this is a fertile field for ad- 
ditional research. Opportunities for savings by both the rail- 
road and the refiner are available through such co-operative 
studies. 

The use of the electron microscope by the Denver and Rio 
Grande Western Railroad in evaluation of fuels has given re- 
producible results; it has confirmed operating experience. It 
can be used to prepare satisfactory fuels for railroad usage with 
dispersant additives. It permits the purchase of fuels without 
specification requirements. 

Hence the use of lower-cost diesel fuels requires research and 
co-operation by the user, the refiner, and the engine builder. 


Discussion 


J. L. Broveuten.*? Utilization of economy locomotive diesel 
fuels by many U. 8. railroads has provoked much thought re- 
garding storage stability and engine performance. Information 
on service performance of straight-run diesel fuels obtained since 
the early days of locomotive dieselization, presents an ideal 
basis for comparing the performance of these lower-cost diesel 
fuels. The author and the D.&R.G.W. Railroad have always 
paid a great deal of attention to the engine wear and deposit 
conditions of their locomotives. There is no doubt that this has 
been a factor in the most favorable operating ratios of the D.& 
R.G.W. Railroad. In having firm ideas regarding the operating 
characteristics of straight-run fuels in diesel-electric locomotives, 
the author is in an excellent position with respect to evaluating 
the heavier economy diesel fuels. 

Circumstances prevailing during the early days of railroad 
dieselization led to the use of high-cetane, low-sulphur, and low 
boiling-range, high-quality diesel fuels. Based on the satisfactory 
performance of these fuels, locomotive diesel-fuel specifications 
in general were drawn up to obtain the highest quality fuel 
available. The author’s approach to the purchase of locomotive 
diesel fuels without regard to any eet or conceivably limiting 
specifications is a much-needed rebellion against overly restrictive 


2 Research Division, Union Oil Company of California, Brea, Calif. 


= 


1392 


locomotive diesel-fuel specifications. We do feel, however, that 
a very broad specification containing certain necessary values 
such as viscosity, flash point, pour point, cetane number, im- 
purities, and distillation can be drawn up without presenting 
undue restrictions on materials purchased under the specifica- 
tions. It is felt that some limitation for these characteristics is 
necessary to enable the railroad to make definite plans regarding 
the utilization of fuels. 

For example, a certain viscosity range should be established 
so that it can be determined whether or not fuel preheaters will be 
necessary on the locomotives to provide optimum viscosity at 
the injectors. A flash-point value is necessary for safety reasons. 
In the event that steam-heated storage and transportation 
facilities are available, as well as engine fuel-tank heating equip- 
ment, no provision for pour-point limitation is necessary. Diesel 
engines have critical cetane-number requirements which should 
be recognized. Fuel cleanliness, particularly in regard to 
abrasive material, is of paramount importance and must be 
considered in the specifications. It is definitely established with 
certain types of locomotive engines that oils containing materials 
above certain distillation ranges will result in excessive smoke 
and soot formation, thereby indicating a need for a distillation- 
range requirement. 

Regarding the performance of economy locomotive diesel 
fuels, we concur with the author that it is possible to obtain 
engine conditions very similar to those experienced with the use 
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of straight-run fuels. Examination of engine parts after approx- 
imately seven months of service with a 35-cetane-number, 735 deg 
F end-point fuel showed that critical engine-area conditions were 
approximately the same as had been previously noted with 
higher cetane, lower end-point fuels. Figs. 8 and 9 of this 
discussion show the comparison between a piston operated ap- 
proximately six months on straight-run diesel and a piston op- 
erated seven months on the heavy, economy, low-cetane-number 
diesel fuel in the same type of engine under similar operating 
conditions. This relationship has been similarly demonstrated 
in controlled laboratory engine tests. Tables 6 and 7, herewith, 
present comparative ring and cylinder-liner wear data obtained 
under simulated service conditions. It is noted that there is 
very little difference in top compression ring and cylinder-liner 
wear. 

Our experience shows that utilization of properly formulated 
lubricating oils is necessary with these higher soot-forming econ- 
omy fuels to provide acceptable engine conditions with respect 
to wear and deposits. 

The use of stabilizing or dispersant additives in certain economy 
diesel fuels is a must to obta:n optimum engine-filter life. We 
have found that several of the commercially available additives 
of this type do an excellent job in dispersing fine hydrocarbon 
sediment to the point where the majority of the particles will 
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TABLE 6 RING-WEAR DATA OBTAINED IN HEAVY DIESEL- 
FUEL-ENGINE TESTS 


Gooch filter Top compression 
Stabilizing sediment, ring wt loss, 
Fuel Lube oil additive mg gal mg gal 
Straight-run..... A None 10 0.103 
LDF-760...... None 320 0.055 
LDF-760. A None 442 0.119 
LDF-760. ... oni 550 ppm 142 0.135 
additive X 
LDF-760. 550 ppm 
additive Y 119 0.185 
LDF-760. . 50% A + 
50% B None 400 
TABLE 7 CYLINDER-WEAR DATA OBTAINED IN HEAVY 
DIESEL-FUEL-ENGINE TESTS 
Cylinder-liner 
Gooch filter wear, 0.001 in/ 
Stabilizing sediment, 100 hr 
Fuel Lube oil additive mg gal Long. Transv 
Straight-run.... A None 10 0.17 0.19 
LDF-760....... A None 320 0.14 0.13 
LDF-760....... A None 442 0.19 0.19 
B 550 ppm 
additive X 142 0.10 0.36 
LDF-760....... D 550 ppm 
additive Y 119 0.26 0.36 
LDF-760... 50% A + 
% B None 400 0.23 0.13 
600 
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pass through the filtering medium. The injection of the fine 
hydrocarbon sediment into the combustion chamber presents the 
question of the effect of the hydrocarbon sediment on the engine- 
combustion process and consequently the effect on engine wear 
and deposits. It is conceivable that, if these hydrocarbon par- 
ticles are small enough and well dispersed, they will be burned 
much the same as atomized fuel droplets. It is also possible 
that if these particles are of sufficient size they will not be burned 
completely and might impinge on combustion-chamber walls 
before the exhaust cycle begins. In the case of the large particles, 
the author has presented information which indicates that higher 
engine wear will occur under this condition. 

From our past experience with various types of diesel engines, 
both two-cycle and four-cycle, we are inclined to believe that 
engines are like individual human beings and that as such, each 
engine behaves differently in regard to the combustion of fuel. 
For example, Fig. 10 of this discussion shows the effect of 
fuel-sulphur content on wear rates in two different types of 
diesel engines. Engine A digests low and high-sulphur fuels to a 
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similar degree, producing about the same effect on engine wear. 
In contrast, Engine B shows a significant difference in engine 
wear between the high-sulphur and low-sulphur fuels. Since 
it has been proved that the effect of sulphur on engine-wear rates 
is related to the chemical state of the sulphur from the con- 
bustion reactions, it can then be assumed that different types 
of engines will behave differently to injected hydrocarbon 
sediment. In Tables 6 and 7 we have presented wear data 
obtained in heavy-diesel-fuel engine tests which show that, in 
this particular type of engine, insoluble sediment had very little 
conclusive effect on engine wear and deposits. 

The dispersion of fine hydrocarbon particles in diesel fuels with 
additives definitely may reduce smoke formation and soot in the 
combustion chamber in certain types of diesel engines. The 
question of just how much of an effect these unburned particles 
have on engine wear, deposits, and lube-oil performance poses a 
question which is of the utmost importance in the utilization of 
economy locomotive diesel fuels. If, in certain types of diesel 
engines, these unburned end products do cause unwanted con- 
ditions, it is conceivable that adequate lubricating oils can be 
formulated to meet this demand. 


J. R. Ware.? The author is to be congratulated on his pio- 
neering of tests to improve the performance of the diesel locomo- 
tive when cheaper, lower-grade fuels are used. His report of 
tests and electron-microscope studies on the effects of dispersant 
additives in fuel oil will stimulate further investigations to find 
the maximum gain that can be realized in use of cheaper fuel oils. 

This subject is a timely one and of great interest to the rail- 
roads, which are now looking for further economies in operation 
of diesel locomotives. Interest in cheaper diesel-fuel oils started 
a number of co-operative test programs on the railroads several 
years ago. The oil companies and engine builders worked 
closely with the railroads to determine the performance and 
maintenance problems that might develop. The possibility that 
these problems can be reduced greatly by use of fuel additives 
is of great interest to the engine builder as well as the locomotive 
user. 

The paper reports satisfactory locomotive operation on off- 
specification fuels that include some with 35-cetane rating, some 
with about 1 per cent sulphur, and several with boiling range end 
point over 700 F. In many of these fuels the Conradson carbon 
value also exceeded specification values. The author also reports 
a reduction in wear rate of rings tested in a Model 1-71 diesel- 
engine test, when a dispersant additive was used to reduce col- 
loidal particle size in the fuel. 

It would be interesting if liner- and ring-wear data were availa- 
ble on some of the Denver and Rio Grande Western locomotive 
tests to compare with tests run under Coordinating Research 
Council auspices several years ago. The fuels used then were 
not as much off specification as the Denver and Rio Grande 
Western economy fuels since they were 40 to 45 cetane with 1 per 
cent sulphur, and had a normal boiling range. However, the 
fuels were tested without use of dispersant additives or ignition 
improvers, and some increase in liner and ring wear was indi- 
cated by these tests. 

It is our opinion that much additional test work on the part of 
the railroads, the oil companies, and the engine builders should 
be carried out to evaluate the author’s theory that, if the size of 
colloidal particles in fuel oil is kept below '/, micron, then com- 
bustion will be more complete, and ring and liner wear, deposits, 
and contamination of the lube oil will be greatly reduced. The 
decrease in maintenance costs and improved ability to burn 


? Chief Mechanical Engineer, Engineering Department, Electro- 
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cheaper fuels that could be obtained if this theory is correct would 
justify the test program. This is, of course, based on low cost of 
the dispersant additive in relation to fuel-price reduction of the 
lower-quality fuels. 

After reviewing this subject of lower quality, cheaper fuels with 
many railroads and oil companies, we also feel that much of this 
cheaper-fuel test program should be directed at even lower-quality 
fuels which promise cost reduction of 2 to 4 cents per gal. 
These fuels will be more closely tied to the price of coal in com- 
petitive markets because they are the heavy distillates or resid- 
uals. Many of the cheaper fuels tested have been only slightly 
off specification and are burner oils or fuel oils of limited availa- 
bility. The bigger saving available in the heavy fuels or blends 
of heavy fuel and regular diesel fuel merits a thorough test pro- 
gram. 

Since these heavier fuels will create additional filtering and 
handling problems and require heating on the locomotive, their 
use would require some railroad investment in additional facili- 
ties. Therefore the test »rogram must prove that locomotive 
operation on this type of fuel is satisfactory with a minimum in- 
crease in wear rates, deposits, and lube-oil deterioration. 

A few railroads already have been testing this type of heavy 
fuel, as well as some stationary and marine-engine operators. 
Some of these test fuels are as low as 25 and 19 in API gravity 
and are over 760 F in boiling-range end point. Their cetane 
rating ranges from 35 to 42, sulphur from 0.2 to 1.0 per cent, 
and Conradson carbon from 0.76 to over 12.0. The burning 
characteristics of fuels like these can be tested in laboratory-test 
engines to check values of peak combustion pressure, ignition 
lag, uncontrolled and controlled rate of pressure rise, thermal 
efficiency, and smoke. But the final performance rating of the 
fuel must be determined by extensive locomotive operation to 


judge operating and filtering problems, deposit-forming condi- 
tions, and engine wear. 
As the author states, these tests must be run with proper con- 
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trol of air, oil, and fuel-filter maintenance, and proper laboratory 
control of lube-oil conditions. We have found in many tests 
that the effect on wear by abrasives in air or oil far exceeded the 
effect of lower-grade fuels. 


We agree with the author that the behavior of diesel fuel is a 
fertile field for research. It is known that fuel additives can 
lower the pour point of fuels or raise the cetane rating, but much 
test work remains to determine to what extent the performance 
of the other cheaper fuels can be improved by the use of dispers- 
ant or other types of additives. As an engine builder we are 
greatly interested in a test program that will find means to reduce 
engine problems caused by the use of high-sulphur fuels, unstable 
fuels, or blends of residual fuels. 


AuTHOR’s CLOSURE 


Mr. Broughten’s studies confirm our findings in service. We 
agree that a well-formulated additive and finely dispersed lub- 
ricating oil is most necessary to assure success in the utilization 
of these types of fuels. In addition, close attention to lubricat- 
ing-oil filters must be adhered to and a satisfactory lubri- 
cating-oil filter used. 


Mr. Ware suggests that it would be interesting if liner-wear 
and ring-wear data were available. Since we are using 100 per 
cent of our fuel to supply all units, we did not deem it necessary 
to run a control test. We can say that we have had no increase 
in our liner and ring wear since starting the use of the economy- 
type fuels. We are directing our attention, as Mr. Ware sug- 
gests, to the use of heavy fuels. It is most gratifying that both 
the engine builders and oil suppliers are greatly interested in 
the problem of fuel supply; this, in my opinion, will result in the 
railroads’ being able to secure fuels at lower costs and higher 
Btu’s and reduce operating problems. The field is fertile and 
it only requires such co-operative research studies for it to suc- 
ceed, 


Fy 
aw 
Fg 
A 
a? mas 
alt 
| 
AT 
A 
ite 
3 
| 
, 
Phage 
ip 
he 
She 
fe 


A paper’ presented before the Heat Transfer Division at 
the 1953 Annual Meeting contains a description of the be- 
low-ice-point temperature apparatus for measuring 
thermal conductivities of gases and liquids, and a few re- 
sults for neon were reported. During the past year low- 
temperature measurements have been made on the re- 
mainder of the rare gases, and also on other gases. Re- 
liable results from thermal-conductivity measurements 
now appear to be forthcoming with the high-temperature 
apparatus to temperatures of 1380 F. 


tures below 0 deg C and to about the boiling point of oxygen. 

Data also were tabulated from measurements for Argon, 
hydrogen, nitrous oxide, methane, ammonia, ethane, ethylene, 
ethyl chloride, Freon 12, and Freon 114, over a range of pressure 
0 deg C. 

During the past year measurements have been largely con- 
fined to completing the measurements in the low-temperature 
range on the following substances: Argon krypton, xenon, 
nitrogen, oxygen, carbon dioxide, and methane. The data for 
these gas measurements were made over a pressure range, and 
where possible for the liquid phase also. The results are tabu- 
lated in Table 1. In Table 2 the constants for an empirical equa- 
tion used to correlate thermal-conductivity data are given, and in 
Table 3 the equations for the pressure effects. 

Our attempts to obtain measurements at high temperatures 
have hitherto not been successful. A fourth revision of the ap- 
paratus was undertaken in the course of the year embodying 
modifications and design changes suggested by the experience of 
the past several years. The revised apparatus is now giving 
reproducible results and a series of measurements have been 
made on argon, air, nitrogen, carbon dioxide, and steam. At 
this time (August, 1954) the temperature reached is 750 C 
(1382 F) and the apparatus temperature has been advanced to 
1650 F. 

In perfecting the apparatus for the high-temperature measure- 
ments we have had the able assistance of Mr. Robert G. Vines of 
Melbourne, Australia, whose unfailing patience and skill have 
brought this long-continued effort to the present promising status. 


tc author’s paper* reported data for neon at four tempera- 
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TABLE 1 NEW MEASUREMENTS 
(Calories 4.186 ij per see per cm per deg C) 
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a Convection was evident at this temperature. 
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TABLE 3 PRESSURE-COEFFICIENT EQUATIONS 


Krypton.......A = Ao(1 + 5580Pr*5) 
Xenon... = Ao(l + 11,750P r*-5) 
Oxygen.... A = + 136Pr*) 


Temp range, 
deg K 


2 0 
1.29 0 
1.25 0 
1.21 0 
1.21 0 
1.21 0 
1.05 — 58 ‘a 
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oy Some Technical Aids for Engineers 


— caper CODE FOR PRESSURE PIPING 


Safety Code for 
« Problems and Contrel 
AIR POLLUTION of .| | ELEVATORS, DUMBWAITERS, 


AND ESCALATORS 


sented at the First International Congress on Air Completely rewritten and expanded, this 1955 
Pollution. Collectively they mirror the experi- Code provides an up-to-date set of safety require } 
ence with atmospheric pollution problems in the ments relating to the design, construction, instal- ge covered pi , i f 
United States and elsewhere, and focus atten- lation, = 
alteration, r of hydraulic, , and 
hand sidewalk dumin tents incorporated in the requirements 


pollution within plants, and processes developed useful in the application of the rules. = i cabeeeemanee 
for removal of sulphur dioxide from gases. AlT.1—1955 $3.50 BS31.1—1955 $3.50 
1955 $7.50 
METALS PROPERTIES METALS ENGINEERING- 
MANUAL ON Supplies designers with a vast amount of data on DESIGN 
CUTTING OF METALS more than 500 metals, including the chemical A book of vital data on the properties, testing, 


Gives useful information on the mechanical 
characteristics and structures of metals to be cut; 
the influence of the composition and micro- 
structure of cach metal on cutting too] wear and 
surface finish, types and function of cutting 
fluids; forces, power, and speeds for specific 
cutting condition; and tabular data on feeds, 


composition of each metal; its hepragrrar heat 


annealing, 
is a fund of working data from the end-quench 
hardenability of steel to the weldability of alum- 


inspection, and selection of metals. Specific 
items covered are high temperature considera- 
tions, elasticity, residual stresses, vibration, 
fatigue, shot peening, cold working, nitriding, 
flame strengthening, impact, corrosion, non- 
destructive testing, surface finish and mass pro- 
duction, and design procedures. 


inum alloys and hot workigg temperature of 


speeds, and depths of cut to be used when turning copper alloys. 1953 $10.00 


AUTOMATIC CONTROLS 
Studies the functional elements of a control, de- 
scribes mathematical raethods for handling con - 
trol problems, deals with important components 
of the control loop and special control problems , 
examines causes of nonlinearities in the contro] 
loop, and treats the off-on regulator and its field 
of application. 

1948 $6.00 


Elevated Temperature 
ties of: 1. CHROMIUM-MOL 
D STEELS 
Il. SELECTED SUPER- 
STRENGTH ALLOYS 


aeagpiee and reduction of area, ru 

Ange I gives data for 2 and 
ape , processing data, 

heat-treatment, and 

about the steels included in ope survey. 

the data for 13 selected 


VISCOSITY OF LUBRICANTS 
UNDER PRESSURE 

148 lubricants comprising twenty-five fatty oils, 

ded oils, and twelve other 
lubricants. Data collected are co-ordinated by 
means of sixty tables in which the results origi- 
nally appearing in diversified units are compared. 
The methods proposed for correlating viscosity- 
pressure characteristics of oils with properties 


steels and cast irons. 
1962 $10.00 
Published by DESIGN DATA AND METHODS 
SMALL PLANT MANAGEMENT Includes stress and deflection methods applied to 
This is the guide-book to consult for sound ad- THE circular and rectangular plates; analysis of 
vice on organizing and operating the small ; information 
> | productivity, and labor relations; how to do and sels, shrinkfitted ies, and thick-walled 
use accounting; and how to pay and save on MECHANICAL There are also numerical solutions 
of gas flow problems, information on two- 
00 ENGINEERS supersonic flow; bearing \ 
1950 $7 pot and methods of solving vibration prob- 
29 W. 39th St.,N. Y.18 | 
DYNAMICS OF 


includes brief descriptions of each determined at atmospheric pressures are re- 

sloy aloog with chemica! tion, recom- viewed and illustrated. Pertinent topics such 

temperature I—1953 as experimental work on heavily loaded bear- 

OF $4.75 each; $3.50 to ASME members ings lubrication calculations, and additional 

METALS 
With Particular Reference to Low Tem- $5.00 
peratures 
The twenty-seven im this book cover the POWER TEST CODES 
ing broad The evaluation of brittle 


and mechanical fact 

toughness test significance and reli reliability and Displacement Suee. var 

certain aspects of Pumpe aud 1954 $2. 

new data on titani Evaporating Apparatus 1955 50 20% DISCOUNT 

steals ot high quenched and Feetwater 1.50 TO ASME MEMB 
Apparatus 1955 $2.00 ERS 


ws $7.50; $5.65 to ASME members 


- 
followi 
The twenty-five papers in this book were pre- 
| uses; and treatment temperatures for forging, 
Each of these Reports graphically summarizes 
. elevated temperature strength data and presents 
failures in ups and enginecring structures, cri- Cc E 1949 $1 50 
of metal behavior for design engineers —Senpressers ame Sunawsters 


